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Syllabus Matching Grid 


Cambridge O Level Mathematics (Syllabus D) 4024/4029. Syllabus for examination in 2018, 2019 and 2020. 












































Theme or Topic Subject Content Reference 
1. Number Identify and use: Book 1: 
* Natural numbers Chapter 1 
* [ntegers (positive, negative and zero) Chapter 2 
* Prime numbers 
* Square numbers 
* Cube numbers 
* Common factors and common multiples 
* Rational and irrational numbers (e.g. m, ua ) 
* Real numbers 
2.  Setlanguage and notation * Use set language, set notation and Venn diagrams to describe sets and Book 2: 
represent relationships between sets Chapter 14 
* Definition of sets: 
e.g. A = (x : x is a natural number}, Book 4: 
В = {(х, у): у=тх + с}, Chapter 2 
C-í(x:axxb), 
D-(a,b,c,...) 
2. Squares, square roots, cubes and | Calculate Book 1: 
cube roots * Squares Chapter 1 
* Square roots Chapter 2 
* Cubes and cube roots of numbers 
4. Directed numbers * Use directed numbers in practical situations Book 1: 
Chapter 2 
5. Vulgar and decimal fractions * Use the language and notation of simple vulgar and decimal fractions and Book 1: 
and percentages percentages in appropriate contexts Chapter 2 
e Recognise equivalence and convert between these forms 
6. Ordering * Order quantities by magnitude and demonstrate familiarity with the symbols Book 1: 
=,#,<,>,=, =. Chapter 2 
Chapter 5 
7. Standard form * Use the standard form A x 10", where n is a positive or negative integer, and Book 3: 
1 «A«10. Chapter 4 
8. The four operations Use the four operations for calculations with: Book 1: 
* Whole numbers Chapter 2 
* Decimals 
* Vulgar (and mixed) fractions 
including correct ordering of operations and use of brackets. 
9. Estimation * Make estimates of numbers, quantities and lengths Book 1: 
* Give approximations to specified numbers of significant figures and decimal Chapter 3 
places 
* Round off answers to reasonable accuracy in the context of a given problem 
10 Limits of accuracy * Give appropriate upper and lower bounds for data given to a specified Book 3: 
accuracy Chapter 3 
* Obtain appropriate upper and lower bounds to solutions of simple problems 
given to a specified accuracy 
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11. Ratio, proportion, rate Demonstrate an understanding of ratio and proportion Book 1: 
Increase and decrease a quantity by a given ratio Chapter 9 
Use common measures of rate 
Solve problems involving average speed Book 2: 
Chapter 1 
12. Percentages Calculate a given percentage of a quantity Book 1: 
Express one quantity as a percentage of another Chapter 8 
Calculate percentage increase or decrease 
Carry out calculations involving reverse percentages Book 3: 
Chapter 5 
13. Use of an electronic calculator Use an electronic calculator efficiently Book 1: 
Apply appropriate checks of accuracy Chapter 2 
Enter a range of measures including ‘time’ Chapter 4 
Interpret the calculator display appropriately 
Book 2: 
Chapter 11 
Book 3: 
Chapter 10 
Book 4: 
Chapter 4 
14. Time Calculate times in terms of the 24-hour and 12-hour clock Book 1: 
Read clocks, dials and timetables Chapter 9 
15. Money Solve problems involving money and convert from one currency to another Book 3: 
Chapter 5 
16. Personal and small business Use given data to solve problems on personal and small business finance Book 3: 
finance involving earnings, simple interest and compound interest Chapter 5 
Extract data from tables and charts 
17. Algebraic representation and Use letters to express generalised numbers and express arithmetic processes Book 1: 
formulae algebraically Chapter 4 
Substitute numbers for words and letters in formulae Chapter 5 
Construct and transform formulae and equations 
Book 2: 
Chapter 2 
Book 3: 
Chapter 1 
18. Algebraic manipulation Manipulate directed numbers Book 1: 
Use brackets and extract common factors Chapter 4 
Expand product of algebraic expressions 
Factorise where possible expressions of the form: Book 2: 
ax + bx + kay + kby Chapter 3 
axr -by Chapter 4 
a +2ab +b Chapter 6 
ax +bx+ce 
Manipulate algebraic fractions 
Factorise and simplify rational expressions 
19. Indices Understand and use the rules of indices Book 3: 
Use and interpret positive, negative, fractional and zero indices Chapter 4 
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20. Solutions of equations and Solve simple linear equations in one unknown Book 1: 
inequalities Solve fractional equations with numerical and linear algebraic denominators Chapter 5 
Solve simultaneous linear equations in two unknowns 
Solve quadratic equations by factorisation, completing the square or by use of. | Book 2: 
the formula Chapter 2 
Solve simple linear inequalities Chapter 5 
Book 3: 
Chapter 1 
Chapter 3 
2]. Graphical representation of Represent linear inequalities graphically Book 4: 
inequalities Chapter 1 
22. Sequences Continue a given number sequence Book 1: 
Recognise patterns in sequences and relationships between different sequences | Chapter 7 
Generalise sequences as simple algebraic statements 
23. Variation Express direct and inverse variation in algebraic terms and use this form of Book 2: 
expression to find unknown quantities Chapter 1 
24. Graphs in practical situations Interpret and use graphs in practical situations including travel graphs and Book 1: 
conversion graphs Chapter 6 
Draw graphs from given data 
Apply the idea of rate of change to easy kinematics involving distance-time Book 2: 
and speed-time graphs, acceleration and deceleration Chapter 2 
Calculate distance travelled as area under a linear speed-time graph 
Book 3: 
Chapter 7 
25. Graphs in practical situations Construct tables of values and draw graphs for functions of the form ax” Book 1: 
where a is a rational constant, пл = –2,—1,0,1,2, 3, апа simple sums of not Chapter 6 
more than three of these and for functions of the form ka‘ where a is a positive 
integer Book 2: 
Interpret graphs of linear, quadratic, cubic, reciprocal and exponential Chapter 1 
functions Chapter 2 
Solve associated equations approximately by graphical methods Chapter 5 
Estimate gradients of curve by drawing tangents 
Book 3: 
Chapter 1 
Chapter 7 
26. Function notation Use function notation, e.g. f(x) 2 3x — 5; f: x — 3x — 5, to describe simple Book 2: 
functions Chapter 7 
Find inverse functions f (х) 
Book 3: 
Chapter 2 
27. Coordinate geometry Demonstrate familiarity with Cartesian coordinates in two dimensions Book 1: 
Find the gradient of a straight line Chapter 6 
Calculate the gradient of a straight line from the coordinates of two points on 
it Book 2: 
Calculate the length and the coordinates of the midpoint of a line segment Chapter 2 
from the coordinates of its end points 
Interpret and obtain the equation of a straight line graph in the form y 2 mx * c | Book 3: 
Determine the equation of a straight line parallel to a given line Chapter 6 
Find the gradient of parallel and perpendicular lines 
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28. Geometrical terms Use and interpret the geometrical terms: point; line; plane; parallel; Book 1: 
perpendicular; bearing; right angle, acute, obtuse and reflex angles; interior Chapter 10 
and exterior angles; similarity and congruence Chapter 11 
Use and interpret vocabulary of triangles, special quadrilaterals, circles, 
polygons and simple solid figures Book 2: 
Understand and use the terms: centre, radius, chord, diameter, circumference, Chapter 8 
tangent, arc, sector and segment 
Book 3: 
Chapter 9 to 
Chapter 13 
29. Geometrical constructions Measure lines and angles Book 1: 
Construct a triangle, given the three sides, using a ruler and a pair of Chapter 12 
compasses only Chapter 14 
Construct other simple geometrical figures from given data, using a ruler and 
protractor as necessary Book 2: 
Construct angle bisectors and perpendicular bisectors using a pair of Chapter 8 
compasses as necessary 
Read and make scale drawings Book 4: 
Use and interpret nets Chapter 8 
30. Similarity and congruence Solve problems and give simple explanations involving similarity and Book 2: 
congruence Chapter 8 
Calculate lengths of similar figures 
Use the relationships between areas of similar triangles, with corresponding Book 3: 
results for similar figures, and extension to volumes and surface areas of Chapter 11 
similar solids Chapter 12 
31. Symmetry Recognise rotational and line symmetry (including order of rotational Book 2: 
symmetry) in two dimensions Chapter 13 
Recognise symmetry properties of the prism (including cylinder) and the 
pyramid (including cone) Book 3: 
Use the following symmetry properties of circles: Chapter 13 
(a) equal chords are equidistant from the centre 
(b) the perpendicular bisector of a chord passes through the centre 
(c) tangents from an external point are equal in length 
32. Angles Calculate unknown angles and give simple explanations using the following Book 1: 
geometrical properties: Chapter 10 
(a) angles at a point Chapter 11 
(b) angles at a point on a straight line and intersecting straight lines 
(c) angles formed within parallel lines Book 3: 
(d) angle properties of triangles and quadrilaterals Chapter 13 
(e) angle properties of regular and irregular polygons 
(f) angle in a semi-circle 
(g) angle between tangent and radius of a circle 
(h) angle at the centre of a circle is twice the angle at the circumference 
(i) angles in the same segment are equal 
(j) angles in opposite segments are supplementary 
33. Loci Use the following loci and the method of intersecting loci for sets of points in | Book 4: 
two dimensions which are: Chapter 8 
(a) at a given distance from a given point 
(b) at a given distance from a given straight line 
(c) equidistant from two given points 
(d) equidistant from two given intersecting straight line 
34. Measures Use current units of mass, length, area, volume and capacity in practical Book 1: 
situations and express quantities in terms of larger or smaller units Chapter 13 
Chapter 14 
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35. Mensuration * Solve problems involving: Book 1: 
(a) the perimeter and area of a rectangle and triangle Chapter 13 
(b) the perimeter and area of a parallelogram and a trapezium Chapter 14 
(c) the circumference and area of a circle 
(d) arc length and sector area as fractions of the circumference and area of a Book 2: 
circle Chapter 12 
(e) the surface area and volume of a cuboid, cylinder, prism, sphere, pyramid 
and cone Book 3: 
(f) the areas and volumes of compound shapes Chapter 10 
36. Trigonometry Interpret and use three-figure bearings Book 2: 
Apply Pythagoras’ theorem and the sine, cosine and tangent ratios for acute Chapter 10 
angles to the calculation of a side or an angle of a right-angled triangles Chapter 11 
Solve trigonometrical problems in two dimensions involving angles of 
elevation and depression Book 3: 
Extend sine and cosine functions to angles between 90° and 180° Chapter 8 
Solve problems using the sine and cosine rules for any triangle and the Chapter 9 
formula area of triangle = ; ab sin C 
Solve simple trigonometrical problems in three dimensions 
37. Vectors in two dimensions 25 Воок 4: 
Describe a translation by using a vector represented by E ‚ АВ ога Chapter 7 
Add and subtract vectors 
Multiple a vector by a scalar 
Calculate the magnitude of a vector D as yx? +y’ 
Represent vectors by directed line segments 
Use the sum and difference of two vectors to express given vectors in terms of 
two coplanar vectors 
Use position vectors 
38. Matrices Display information in the form of a matrix of any order Book 4: 
Solve problems involving the calculation of the sum and product (where Chapter 5 
appropriate) of two matrices, and interpret the results 
Calculate the product of a matrix and a scalar quantity 
Use the algebra of 2 x 2 matrices including the zero and identity 2 x 2 
matrices 
Calculate the determinant |A| and inverse A^! of a non-singular matrix A 
39. Transformations Use the following transformations of the plane: reflection (M), rotation (R), Book 2: 
translation (T), enlargement (E) and their combinations Chapter 9 
Identify and give precise descriptions of transformations connecting given 
figures Book 4: 
Describe transformations using coordinates and matrices Chapter 6 
40. Probability Calculate the probability of a single event as either a fraction or a decimal Book 2: 
Understand that the probability of an event occurring = 1 — the probability of Chapter 15 
the event not occurring 
Understand relative frequency as an estimate of probability Book 4: 
Calculate the probability of simple combined events using possibility Chapter 3 
diagrams and tree diagrams where appropriate 
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41. Categorical, numerical and Collect, classify and tabulate statistical data Book 1: 
grouped data Read, interpret and draw simple inferences from tables and statistical Chapter 15 
diagrams 
Calculate the mean, median, mode and range for individual and discrete data Book 2: 
and distinguish between the purposes for which they are used Chapter 17 
Calculate an estimate of the mean for grouped and continuous data 
Identify the modal class from a grouped frequency distribution Book 4: 
Chapter 4 
42. Statistical diagrams Construct and interpret bar charts, pie charts, pictograms, simple frequency Book 1: 
distributions, frequency polygons, histograms with equal and unequal Chapter 15 
intervals and scatter diagrams 
Construct and use cumulative frequency diagrams Book 2: 
Estimate and interpret the median, percentiles, quartiles and interquartile Chapter 16 
range for cumulative frequency diagrams 
Calculate with frequency density Book 4: 
Understand what is meant by positive, negative and zero correlation with Chapter 4 
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reference to a scatter diagram 
Draw a straight line of best fit by eye 
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Chapter 1 Direct and Inverse Proportion 


TEACHING NOTES 


Suggested Approach 


In Secondary One, students have learnt rates such as $0.25 per egg, or 13.5 km per litre of petrol etc. Teachers may wish to 
expand this further by asking what the prices of 2, 4 or 10 eggs are, or the distance that can be covered with 2, 4 or 10 litres 
of petrol, and leading to the introduction of direct proportion. After students are familiar with direct proportion, teachers can 
show the opposite scenario that is inverse proportions. 


Section 1.1: 


Section 1.2: 


Section 1.3: 


Section 1.4: 


Section 1.5: 


Direct Proportion 

When introducing direct proportion, rates need not be stated explicitly. Rates can be used implicitly (see 
Investigation: Direct Proportion). By showing how one quantity increases proportionally with the other quantity, 
the concept should be easily relatable. More examples of direct proportion should be discussed and explored to 
test and enhance thinking and analysis skills (see Class Discussion: Real-Life Examples of Quantities in Direct 
Proportion). Teachers should discuss the linkages between direct proportion, algebra, rates and ratios to assess 
and improve students’ understanding at this stage (see page 4 of the textbook). Teachers should also show the 
unitary method and proportion method in the worked example and advise students to adopt the method that is 
most comfortable for them. 


Algebraic and Graphical Representations of Direct Proportion 

By recapping what was covered in the previous section, teachers should easily state the direct proportion formula 
between two quantities and the constant k. It is important to highlight the condition k # 0 as the relation would 
not hold if k = 0 (see Thinking Time on page 6). 


Through studying how direct proportion means graphically (see Investigation: Graphical Representation of Direct 
Proportion), students will gain an understanding on how direct proportion and linear functions are related, 
particularly the positive gradient of the straight line and the graph passing through the origin. The graphical 
representation will act as a test to determine if two variables are directly proportional. 


Other Forms of Direct Proportion 

Direct proportion does not always involve two linear variables. If one variable divided by another gives a constant, 
then the two variables are directly proportional (see Investigation: Other Forms of Direct Proportion). In this 
case, although the graph of y against x will be a hyperbola, the graph of one variable against the other will be 
a straight line passing through the origin. Teachers may wish to illustrate the direct proportionality clearly by 
replacing variables with Y and X and showing Y = kX, which is in the form students learnt in the previous section. 


Inverse Proportion 

The other form of proportion, inverse proportion, can be explored and studied by students (see Investigation: 
Inverse Proportion). When one variable increases, the other variable decreases proportionally. It is the main 
difference between direct and inverse proportion and must be emphasised clearly. 


Students should be tasked with giving real-life examples of inverse proportion and explaining how they are 
inversely proportional (see Class Discussion: Real-Life Examples of Quantities in Inverse Proportion). 


Teachers should present another difference between both kinds of proportions by reminding students that ~ is 
X 


a constant in direct proportion while xy is a constant in inverse proportion (see page 20 of the textbook). 


Algebraic and Graphical Representations of Inverse Proportion 

Similar to direct proportion teachers can write the inverse proportion formula between two quantities and the 
constant k. It is important to highlight the condition k # 0 as the relation would not hold if k = 0 (see Thinking 
Time on page 23). 


Although plotting y against x gives a hyperbola, and does not provide any useful information, teachers can show 
by plotting y against 1 ава showing direct proportionality between the two variables (see Investigation: Graphical 
X 


Representation of Inverse Proportion). 
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Section 1.6: 


Other Forms of Inverse Proportion 
Inverse proportion, just like direct proportion, may not involve two linear variables all the time. Again, teachers 
k 


can replace the variables with Y and X and show the inverse proportionality relation Y= —. 
X 


Challenge Yourself 
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Question 1 involves stating the relations between the variables algebraically and manipulating the equations. 
For Question 2, teachers may wish to state the equation relating z, x^ and Jy outright initially, and explain 
that when z is directly proportional to x^, ЈУ is treated as a constant. The same applies to when z is inversely 
proportional to у, x! will be considered as a constant. Question 3 follows similarly from Question 2. 


WORKED SOLUTIONS 


Investigation (Direct Proportion) 


1. The fine will increase if the number of days a book is overdue 











increases. 
2 Fine when a book is overdue for 6 days Е 90 
' Fine when a book is overdue for3 days 45 
=> 
The fine will be doubled if the number of days a book is overdue is 
doubled. 
3 Fine when a book is overdue for 6 days — 90 
' Fine when a book is overdue for2 days ^ 30 
=3 
The fine will be tripled if the number of days a book is overdue is 
tripled. 
4. Fine when a book is overdue for 5 days _ 75 
Fine when a book is overdue for 10 days 150 
icut] 
722 
The fine will be halved if the number of days a book is overdue is 
halved. 
5. Fine when a book is overdue for3 days _ 45 





Fine when a book is overdue for9 days — 135 


w| — 


The fine will be reduced to i of the original number if the number 


of days a book is overdue is reduced to 5 of the original number. 


Class Discussion (Real-Life Examples of Quantities in 
Direct Proportion) 


The following are some real-life examples of quantities that are in direct 

proportion and why they are directly proportional to each other. 

e In an hourly-rated job, one gets paid by the number of hours he 
worked. The longer one works, the more wages he will get. 

The wages one gets is directly proportional to the number of hours 
he worked. 

• A Singapore dollar coin weights approximately 6 g. As the 
number of coins increases, the total mass of the coins will increase 
proportionally. The total mass of the coins is directly proportional 
to the number of coins. 

e The circumference of a circle is equivalent to the product of m and 
the diameter of the circle. As the diameter increases, the 
circumference increases proportionally. The circumference of the 
circle is directly proportional to the diameter of the circle. 

e The speed of a moving object is the distance travelled by the 
object per unit time. If the object is moving at a constant speed, 
as the distance travelled increases, then the time spent in travelling 
increases proportionally. The distance travelled by the object is 
directly proportional to the time spent in travelling for an object 


moving at constant speed. 
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e The length of a spring can be compressed or extended depending 
on the force applied on it. The force required to compress or extend 
a spring is directly proportional to the change in the length of the 
spring. This is known as Hooke’s Law, which has many practical 
applications in science and engineering. 


Teachers may wish to note that the list is not exhaustive. 


Thinking Time (Page 6) 


If we substitute k = 0 into y = kx, then y =0. 
This implies that for all values of x, y = 0. 
y cannot be directly proportional to x in this case. 


Investigation (Graphical Representation of Direct 
Proportion) 


y = 15x in this context means that for any additional number of a day 
a book is overdue, the fine will increase by 15 cents. 
1. FERR EEHE 












































E 












































































































































Fig. 1.1 
2. The graph is a straight line. 
3. The graph passes through the origin. 


Thinking Time (Page 7) 


1. Since y is directly proportional to x, y = kx 


X = 1 
Since k #0, then we can rename =k, where k; is another constant. 


Hence, x = k,y, where k, # 0 and x is directly proportional to y. 

2. x=k,y is the equation of a straight line. When y =0, x 2 0. 

We will get a straight line of x against y that passes through the 
origin. 

3. Ifthe graph of y does not pass through the origin, then y = kx + с, 
when c #0. Since x and y are not related in the form у = kx, y is not 
directly proportional to x. 

4. Asxincreases, y also increases. This does not necessarily conclude 

that y is directly proportional to x. It is important that when x 

increases, y increases proportionally. Also, when x 2 0, y 2 0. 

y = kx + c is an example of how x increases and y increases, but y is 

not directly proportional to x. 
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Investigation (Other Forms of Direct Proportion) 


l. yis not directly proportional to x. The graph of y against x is not 


a straight line that passes through the origin. 




















































































































Fig. 1.3 
y is directly proportional to x^. The graph of y against x? is a 
straight line that passes through the origin. 


Thinking Time (Page 15) 

















1. C =0.2n + 20 
С-20-02п 
С-20- 02 
п 
п = 
С – 20 
Ѕіпсе n б = 5 is a constant, then n is directly proportional 
to C — 20. 
The variable is C — 20. 
2. у-1-4х 
y= 1 =4 
х 
Since X= ba 4 is a constant, then y — 1 is directly proportional 
to x. 


Investigation (Inverse Proportion) 


1. The time taken decreases when the speed of the car increases. 
Time taken when speed of the car is 40 km/h 
Time taken when speed of the car is 20 km/h ~ 





The time taken will be halved when the speed of the car is doubled. 
Time taken when speed of the car is 60 km/h 
Time taken when speed of the car is 20 km/h 





о] = AlN 


The time taken will be reduced to 5 of the original number 


when the speed of the car is tripled. 
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4 Time taken when speed of the caris 30 km/h 4 
' Time taken when speed of the car is 60 km/h ~ 7 
=2 
The time taken will be doubled when the speed of the car is halved. 
5. Time taken when speed of the car is 40 km/h 3 


Time taken when speed of the car is 120 km/h = 1 
=3 
The time taken will be tripled when the speed of the car is reduced 


to j of its original speed. 


Class Discussion (Real-Life Examples of Quantities in 
Inverse Proportion) 


The following are some real-life examples of quantities that are in inverse 

proportion and why they are inversely proportional to each other. 

• Soldiers often dig trenches while serving in the army. The more 
soldiers there are digging the same trench, the faster it will take. 
The time to dig a trench is therefore inversely proportional to the 
number of soldiers. 

e The area of a rectangle is the product of its length and breadth. 
Given a rectangle with a fixed area, if the length increases, 
then the breadth decreases proportionally. Therefore, the length 
of the rectangle is inversely proportional to the breadth of 
the rectangle. 

e The density of a material is the mass of the material per unit volume. 
For an object of a material with a fixed mass, the density increases 
when the volume decreases proportionally. The density of the 
material is inversely proportional to the volume of the material. 

e The speed of a moving object is the distance travelled by the 
object per unit time. For the same distance, when the speed 
of the object increases, the time to cover the distance is decreased 
proportionally. The speed of the object is inversely proportional 
to the time to cover a fixed distance. 

e For a fixed amount of force applied on it, the acceleration of 
the object is dependent on the mass of the object. When the 
mass of the object increases or decreases, the acceleration of 
the object decreases or increases proportionally. This is known 
as Newton’s Second Law and has helped to explain many physical 
phenomena occurring around us. 


Teachers may wish to note that the list is not exhaustive. 
Thinking Time (Page 23) 


If we substitute k = 0 into y= id ,then y 2 0. 
х 


This implies that for all values of x, y = 0 


y cannot be inversely proportional to x in this case. 


Cn 


Investigation (Graphical Representation of Inverse 





Proportion) 
1. We would obtain a graph of a hyperbola. 
2. 
Fig. 1.4 
3. Whenx-20,y- 6. 


When x 2 40, y 2 3. 


Change in value of y 


ој Alw 


The value of y will be halved when the value of x is doubled. 





Speed (x km/h) 10 | 20 30 40 50 60 





1 
Хэс 0.1 | 0.05 |0.033 | 0.025 | 0.02 | 0.017 




















Time taken (y hours) | 12 6 4 3 24 2 








1 
= 0.014 10.013 10.011 | 0.01 10.009 | 0.008 


брееа (х Кпућ) 70 80 90 [100 | 110 | 120 





Time taken (y hours) | 1.7 1.5 13 |12 | 11 1 
































5. The graph is a straight line that passes through the origin. 
> is a constant. 

X 

6. yis directly proportional to X. 

7. y = kX, where k is a constant. x is a constant and y is directly 


proportional to X. 


Thinking Time (Page 26) 


Since y is inversely proportional to x, y = 


Sle ale 


Hence, x = 5 , where k # 0 and x is inversely proportional to y. 


Practise Now 1 


(a) The cost of the sweets is directly proportional to the mass of the 
sweets. 
Method 1: Unitary Method 
50 g of sweets cost $2.10. 
$2.10 
5 





1 g of sweets cost 


$2.10 





380 g of sweets cost x 380 = $15.96. 


$15.96 = $15.95 (to the nearest 5 cents) 
Method 2: Proportion Method 
Let the cost of 380 g of sweets be $x. 
Then © = 2, (2-2) 
380 50 \у у, 
21 


x = — x380 
50 


= 15.96 
= 15.95 (to the nearest 5 cents) 
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Alternatively, 
x _ 380 [хм _ я 
A mai) 
x = 380 х21 
50 
= 15.96 


= 15.95 (to the nearest 5 cents) 
-. 380 g of sweets cost $15.95. 


(b) The amount of metal is directly proportional to the mass of the metal. 


Method 1: Unitary Method 


i of a piece of metal weighs 15 kg. 


15 
A whole piece of metal weighs 4 kg. 


4 


2 of a piece of metal weighs = x 2 = 8 kg. 


CA 


4 
Method 2: Proportion Method 


Let the mass of = of the piece of metal be x kg. 


Then $= (2-2) 


2 3 У » 
5 4 
15 2 
хэс, = 
4 
=8 
Alternatively, 
2 
xl iR - 4) 
15 35x y 
4 
2 
gc 5 
4 
=8 


“. Тће mass of 2 of the piece of metal is 8 kg. 


Practise Now 2 


1. (i) Since y is directly proportional to x, 
then y = kx, where k is a constant. 
When x = 2, y= 10, 
10=kx2 

205 

гуз5х 

(ii) When x = 10, 

y=5x10 
=50 

Alternatively, 

when x = 10, ( increased by 5 times) 

y =5 x 10 (y increased by 5 times) 
=50 


OXFORD 


UNIVERSITY PRESS 





We can also use 22. = 22 1 
У * 
i.e. i = D 
y=5x10 
= 50 
(iii) When у = 60, 
60 = 5х 
хха 
5 
=12 
Since y is directly proportional to x, 
X» 32 
ох 
У „17 
5 2 
у= 1 x5 
^ 2 
= 17.5 
х 4 5 7 8 9.5 


























Since y is directly proportional to x, 


then y = kx, where k is a constant. 
When x = 5, y = 30, 
30 =kx5 
“k=6 
“ y = 6x 
When y = 48, 
48 =6хх 
хе 48 
6 
=8 
When y 2 57, 
5726xx 
хе 57 
6 
=9.5 
When x 2 4, 
y=6x4 
-24 
When x = 7, 
y=6x7 
=42 


Practise Now 3 


(i) Since C is directly proportional to d, 


then C = kd, where k is a constant. 
When d= 60, C = 100, 


100 =k x 60 
хэ? 
3 
ваза 
3 


(ii) When d 2 45, 


C - 3 х45 
3 


=75 
-. The cost of transporting goods is $75. 
(iii) When C = 120, 


120= > ха 
3 
d=120x 2 
5 
=72 


.. The distance covered is 72 km. 


: 5 
у С==а 


When d=0,C=0. 
When d=3,C=5. 





Practise Now 4 


(i) Total monthly cost of running the kindergarten 





= $5000 + 200 x $41 
= $13 200 
(ii) Variable amount = $20 580 — $5000 
= $15 580 
Number of children enrolled = M 
= 380 
(iii) Variable amount =n x $41 
= $41n 
Total monthly cost = variable amount + fixed amount 
“. С = 41п + 5000 


(iv) C= 41n + 5000 
When n = 0, C = 5000. 
When п = 500, С = 25 500. 





C is not directly proportional to n because the line does not pass 
through the origin. 
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Practise Now 5 


(a) Since y 2 6x", ie. >. = 6 is a constant, then y is directly proportional 
x 
tox. 


3 


(b) Since Vy =x, ie. уу = | is a constant, then ЈУ is directly 
х 


proportional to x^. 


Practise Now 6 


1. (0) Since y is directly proportional to x’, 
then y = kx’, where k is a constant. 
When x = 3, y= 18, 

18 =Ах 3? 
18 29k 
S22 
у о 
(1) Мћеп х = 5, 
у=2х5° 
= 50 
(iii) When y = 32, 
32 = 2x% 
x 216 


ух ==\16 


=+4 


Iv) Since y is directly proportional to x^, then the graph of y against 
(iv) Si is directl ional to x^, then the graph of y agai 


x isa straight line that passes through the origin. 
у= 20 

Мер х= 0, у = 0. 

Меп х= 2, у = 8. 





2. Since y is directly proportional to x^, 
then y = kx’, where k is a constant. 
When x =2,y=21, 

21 =kx 2? 
21 =4k 
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3. х 2 2.5 3 5 7 























у 36 56.25 81 225 441 








Since y is directly proportional to x^, 
then y = kx’, where k is a constant. 
When x =3,y=81, 

81 =kx3? 
wk =9 
лу 90 
When y = 56.25, 
56.25 =9 xx 

х?= 6.25 


х = \6.25 (х>0) 


225 
When y= 441, 
441 29xx 

x =49 

x= V49 (x>0) 

=7 

When x = 2, 
y=9x2? 

= 36 
When x = 5, 
у=9х5° 

= 225 


Practise Now 7 


(i) Since / is directly proportional to T°, 
then / = kT’, where k is a constant. 
When T 2 3,1 2 220.5, 


220.5 =кх 3? 
220.5 29k 
wk =245 
2.1 = 24.5Т° 
(ii) When T 2 5, 
1= 24.5 х 5° 
= 612.5 


-. The length of the pendulum is 612.5 cm. 
(iii) 0.98 m 2 98 cm 

When / = 98, 

98 = 24.5Т° 

Т? =4 
АТ ЈА (Т>О) 

=2 

-. The period of the pendulum is 2 s. 
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Practise Now 8 


The time taken to fill the tank is inversely proportional to the number 
of taps used. 

Method 1: Unitary Method 

4 taps can fill the tank in 70 minutes. 

1 tap can fill the tank in (70 x 4) minutes. 


7 taps can fill the tank in ax = 40 minutes. 


Method 2: Proportion Method 
Let the time taken for 7 taps to fill the tank by y minutes. 
Then 7y 2 4 x 70 (xiy, 2 xoy;) 
4х 70 
Peg 
=40 
-. 7 taps can fill the tank in 40 minutes. 





Practise Now 9 


(a) The three variables are ‘number of men’, ‘number of trenches’ and 
‘number of hours’. 


First, we keep the number of trenches constant. 











Number of men Number of trenches Number of hours 
3 2 5 
1 2 5х3 
5 2 5х3 23 
5 
Next, we keep the number of men constant. 
Number of men Number of trenches Number of hours 
5 2 3 
5 1 3 
2 
5 7 3 x7=105 
2 


-. 5 men will take 10.5 hours to dig 7 trenches. 
(b) The three variables are ‘number of taps’, ‘number of tanks’ and 
‘number of minutes’. 


First, we keep the number of tanks constant. 











Number of taps Number of tanks Number of minutes 
7 3 45 
1 3 45 x7 
5 3 Dx 7 263 


Next, we keep the number of taps constant. 








Number of taps Number of tanks Number of minutes 
5 3 63 
5 1 е 21 
3 


-. 5 taps will take 21 minutes to fill one tank. 


Practise Now 10 


1. (i) When x = 8, (x increased by 4 times) 


y= 3 (у decreased by 4 times) 
21325 
Alternatively, 
Ху» = Хуу, 
8ху-2х5 
үе 10 
8 
= 1.25 


(ii) Since y is inversely proportional to x, 
Шеп у= E , where k is a constant. 
x 


When x =2,y=5, 


422 
2 

25 10 
1 10 
Sym = 
х 

(iii) When y = 10, 

10= £ 
х 

: 10 
AX m De 
10 


=1 


2. Since y is inversely proportional to x, 








X2 = Ху 
3xy=2x9 
жы ЕЁ 
3 
=6 
3 х 0.5 1 2. 3 5 
1 
у 8 4 2 13 0.8 


























Since y is inversely proportional to x, 
then y = Ё , where k is a constant. 

d 
When x =2,y=2, 


2 


I 
че Ры> 


AK 


54 


When y = 4, 


4 = 


зорь RIA 


Practise Now 11 

(i) Since is inversely proportional to R, 
Шеп /- & , where k is a constant. 
When R=05,/= 12, 


12 = 


| 
ы 


-. The current flowing through the wire is 2 A. 
(ii) When J = 3, 


З = 


Ё = 


Wl A |с 


=2 


*. The resistance of the wire is 2 Q2. 
Practise Now 12 


: 4 . 2 ] - | 
(а) Зтсеу= — ,ie.x yz 4isaconstant, then y is inversely proportional 
2 
tox. 


. 1. : 2 
(b) Since y = —, ic. xy? = 1 is a constant, then y^ is inversely 


Vx 


proportional to Ух : 





(с) Since y= а 2” i.e. (x + 2)y = 5 is a constant, then у is inversely 
х + 


proportional to x + 2. 
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Practise Now 13 


1. (à Whenx=8 =2 x4, (8 is 2 times of 4) 


y= E x2 (yis ~ times of 2 since y is inversely 


proportional to х?) 
1 


2 
(ii) Since y is inversely proportional to x^, 


k . 
then y - — , where k is a constant. 
х 


Ућепх= 4, у=2, 


k 
= 
7 к = 32 
_ 32 
= 0р 
х 
(iii) When y = 8, 
32 
R= = 
x? 
2_ 32 
X mc 
8 
=4 
х = = “4 
= +2 


2. Since y is inversely proportional to 4х 3 


К : 
then y= e , where k is a constant. 
x 


When x =9, y=6, 








_ К 
Jo 
k 218 
_18 
vx 
When x = 25, 
18 
У = == 
25 
= 3.6 
3. х 0.25 1 4 16 36 
1 
y 16 8 2 2 13 


























Since y is inversely proportional to vx ; 


k : 
Шепу- di , where k is a constant. 
x 


When x= 1,y=8, 


k 
BEL 
Л 

wk =8 
гуа 
у= 
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When y = 16, 


16 = 


Vx 


I | | се 


Il 
р ы 
а 


= 
I 
О м 


2 

© 

5 

= 

Ш 

Ex 
w] = 


– 
|= 
Ш 


= о 
[= == 


1 
E 
=6 
x26 
= 36 
When x 2 4, 
_ 8 
= Ja 
When x= 16, 
= 
”= Jie 
=2 


Practise Now 14 
(i) Since F is inversely proportional to d, 
k 
then F = d , where k is a constant. 


When d= 2, F = 10, 


40 
F = Fa 
When d=5, 
40 
F= 52 
= 1.6 
-. The force between the particles is 1.6 №. 


(1) Ућеп Е = 25, 


40 
d* 
2 
25 
_8 


5 


8 
d= E (d>0) 


= 1.26 (to 3 s.f.) 
-. The distance between the particles is 1.26 m. 


25 = 


Ф = 


Exercise 1A 


1. 


(i) The number of books is directly proportional to the mass of 
books. 


108 books have a mass of 30 kg. 


1 book has a mass of 0 kg. 
108 


150 books have a mass of E х 150 = 41 = kg. 
108 3 


(ii) The mass of books is directly proportional to the number 
of books. 
30 kg is the mass of 108 books. 


1 kg is the mass of a books. 


20 kg is the mass of > x 20 = 72 books. 


(i) The number of books is directly proportional to the length 
occupied by the books. 
60 books occupy a length of 1.5 m. 


1 book occupies a length of = m. 


50 books occupy a length of » х 50 = 125 т. 


(ii) The length occupied by the books is directly proportional to the 
number of books. 
1.5 т = (1.5 х 100) ст 
= 150 т 
150 em is the length occupied by 60 books. 


1 ст is the length occupied by m books. 


80 cm is the length occupied by 90 х 80 = 32 books. 


(1) Since y is directly proportional to x, 
then y = kx, where k is a constant. 
When х = 4.5, у=3, 


3 =Ах4.5 
ЕЕ 
3 
=, ys Sy 
5 5 


(ii) When y = 6, 
6= =x 


х=бх 3 
2 


(iii) When x 2 12, 
2:2, 
3 
=8 

(i) Since Q is directly proportional to P, 


y x12 


then Q = kP, where k is a constant. 
When P = 4, Q = 28, 
28-1х4 
ekz] 
7 О =7Р 
(1) When P- 5, 
О=7х5 
= 35 
(iii) When Q = 42, 
42 =7хР 
Р=6 
(a) The mass of tea leaves is directly proportional to the cost of tea 
leaves. 


3 kg of tea leaves cost $18. 


1 kg of tea leaves cost $ (5) : 


10 kg of tea leaves cost $ Е х 10 = $60. 


(b) The mass of sugar is directly proportional to the cost. 
b kg of sugar cost $c. 


1 kg of sugar cost $ е : 


b 
The amount of metal is directly proportional to the mass of the metal. 


a kg of sugar cost $ £ xa | =$ ОС. 


5 of a piece of metal has a mass of 7 kg. 


7 
A whole piece of metal has a mass of 5 Ко. 


9 
2 of a piece of metal has a mass of 1 xu 3 2 kg 
7 5 7 5 
: Е 9 
Since z is directly proportional to x, 
Zo a 
Z2 ~ £l 
du 
18 12 
х= 3. х18 
12 
= 4.5 
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Since B is directly proportional to A, 


B, 


ш Бе = 


(b) 


1 
1 
8 


= 


Bi 

A 

c 
3 


x24 


8 


= 


=4 


10. 





x 4 20 24 


36 


44 

















y 1 5 6 


9 





11 





Since y is directly proportional to x, then y 2 kx, where k is a 


constant. 
When х = 24, у = 6, 
б = кх 24 


9= 1 хх 
4 


х=9х4 
= 36 
When y=11, 


Т2 
4 


х= 11х4 
= 44 
When x = 4, 
1 
4 
=1 
When x = 20, 


у= х4 


y x 20 


11. 





I 
п | 


2 3 5.5 


9.5 





y 24 | 36 | 66 














9.6 


114 








Since y is directly proportional to x, 
then y = kx, where k is a constant. 
When x 2 3, y 2 3.6, 
3.6 Zkx3 
2212 
и. у = 1.2 
When y = 9.6, 
9.6 = 1.2 хх 
х= 96 
12 
=8 
Уућеп у = 114, 
114 =1.2 хх 
х= 114 
12 
=9.5 
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12. 


0) 


(ii) 


@) 


(ii) 


) 


(ii) 


When x = 2, 
yz12x2 
=24 
When x =5.5, 
y=12x55 
= 6.6 
Since y is directly proportional to x, 
then y = kx, where k is a constant. 
When x = 5, y = 20, 
20 =kx5 
wk =4 
и. у = 4х 


у=4х 
When x 20, y 2 0. 
When x=2,y=8. 





Since z is directly proportional to y, 
then z = ky, where k is a constant. 
When y =6,z=48, 
48 =kx6 

wk =8 

“. 5 = у 
z= 8y 
When y=0,y=0. 
When x=1,y=8. 





Since F is directly proportional to m, 
then F = km, where k is a constant. 
When т = 5, = 49, 
49 =kx5 
wk =98 
7 Е =9.8т 
When m= 14, 
Е =9.8х 14 
= 137.2 


(iii) When F = 215.6, 
215.6 =98xm 
215.6 
n.s. ce 


9.8 
-22 


(iv) F 2 9.8m 
When m 20, F 2 0. 
When m=1,F =9.8. 





13. (i) Since P is directly proportional to T, 
Шеп Р = КТ, where К is a constant. 
When T= 10, y = 25, 

25 = кх 10 
2446-2525 
+P EST 

(ii) When T 2 24, 
Р-25х24 
= 60 
(iii) When P = 12, 
12=25xT 
12 
25 
=48 


(iv) P=2.5T 
When T=0, P=0. 
When T=2,P=5. 





14. (i) Since V is directly proportional to R, 
then V = kR, where k is a constant. 
When R=6,V=9, 
9=kx6 
“k= 15 
/. У = 1.5В 


(ii) When R = 15, 
V=15x15 
=225 
(iii) When V = 15, 
15=15xR 
_ 15 
15 
=10 


(iv) V=1.5R 
When R = 0, V=0. 
When R = 2, V=3. 





15. (i) Total income for that month 
= $600 + $8 x 95 
= $1360 
(ii) Variable amount = $1680 — $600 
= $1080 


Number of tyres he sells in that month = 10 


= 135 
(iii) Variable amount =n x $8 
= $8n 
Total income = variable amount + fixed amount 
-. D = 8п + 600 

(iv) D 2 8n + 600 

When n = 0, D = 600. 

When n = 50, D = 1000. 





Dis not directly proportional to n because the line does not pass 
through the origin. 
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16. Let the mass of ice produced be m tonnes, 
the number of hours of production be T hours. 
Since m is directly proportional to T, 


Шеп т = КТ, where k is a constant. 


When T= 20 — 10 — 1 Q2 
60 60 3 
20=кх} 
3 
хї60 
- m = 60Т 


WheaTei7s- 2, 
60 


1 
т = 60 [125 - z) 


=95 


-. The mass of ice manufactured is 95 tonnes. 


Exercise 1B 


1. (i) Since x is directly proportional to y", 
then x = ky’, where k is a constant. 
When y = 2, x = 32, 
32 =kx 2 
32 = 8k 
2-4 
wx = 4y? 
(ii) When y = 6, 
х-4х6 
= 864 
(iii) When x = 108, 
108-4ху 
3_ 108 
а 
=27 
у=3 


y 


(iv) x = 4y° 
When y=0,x=0. 
When y = 2, x = 32. 





2. (i) Since z’ is directly proprotional to w, 
then 22 = kw, where k is a constant. 
When w = 8,z = 4, 


4 =kx8 
16 = 8k 
n k=2 
202523 
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(ii) When w = 18, 
2=2х18 
= 36 
z=+V36 
= +6 
(iii) When z= 5, 
5 22xw 
у = 25 
2 
= 12.5 
(iv) z 2 2w 


@) 


(ii) 


(a) 


(b) 


(c) 


(d) 


When w 20,z? 2 0. 





Since y is directly proportional to x", 

then y = kx", where k is a constant. 

Since y m’ is the area of a square of length x m, then y =x’. 
kx" =x? 

“n=2 

Since y is directly proportional to x", 

then y = kx", where k is a constant. 

Since y cm’ is the volume of a cube of length x cm, then у = х“. 
"= х 
уулл 3 


Since y = 4x, i.e. = — 4 is a constant, then y is directly 
х 


proportional to x^. 


Since y 2 3 vx ‚те. = 3 is a constant, then y is directly 
х 
proportional to vx : 


Since y’ = 5x’, ie. S - 5 is a constant, then y? is directly 
х 


proportional to x^. 
3 
Since p! 2 q^, ie. P. = ] is a constant, then p’ is directly 
4 


proportional to q’. 



























































Pes z directly proportional to x’, 8. 2 02 05 07 15 18 
- = - т 0.016 | 0.25 | 0.686 | 6.75 | 11.664 
2 8? Since m is directly proportional to r^, 
93 = 4 then m = kr’, where k is a constant. 
fx 8° x9 When r = 1.5, т = 6.75, 
4 675 Skx 5? 
= 729 2 
2 = +729 m= 
=427 When m= 0.25, 
Since q is directly proportional to (p — 1)’, 025-22xr 
(рь-17 (а 1) ғ =0.125 
4 4 r = 30.125 
(р-1)° _ (3-1)? -05 
80 0 When m = 11.664, 
(рту = 350 хво 11.664 = 2 х 
= 16 = т^ = 5.832 
р-1=-4 ог р-1=4 r= ¥5.832 
p=-3 p-5 =18 
“„р=-30г5 When r = 0.2, 
mes2x02 
х 3 4 5 6 7 – 0.016 
y 81 192 375 648 1029 When r 207, 
Since y is directly proportional to x’, m=2x0.7 
then y = kx’, where k is a constant. = 0.686 


When x = 6, у = 648, 
648 = кхб? 
7 к= 3 
7 у= 3х 
When y = 375, 
375 =3 х 
х? = 125 
х= 4125 
=5 
When y = 1029, 
1029 23 xx 
х? = 343 
х = 3/343 
=7 
When x = 3, 
y=3x3° 
= 81 
When x =4, 
у=3х4 
= 192 


9. (i) Since L is directly proportional to Ум : 


then L=k VN , where k is a constant. 
When N= 1,L=2.5, 
25 -k4 
28:25 
n L2254N 
(ii) When N = 4, 
1=2.5х 4 
= 5 
-. The length 4 hours after its birth is 5 cm. 
(iii) When L 2 15, 
15 225x4N 


ҮМ =6 
N=6 
= 36 
.. It will take 36 hours for the earthworm to grow to a length 
of 15 cm. 
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10. Since y is directly proportional to x’, 
then y = kx’, where k is a constant. 
When x = 1, 
у=Кх1? 
-k 
When x = 3, 
y=kx3 
= 9k 
Since the difference in the values of y is 32, 
9k- k = 32 
8k = 32 
wk =4 
ду=4х 
When x = -2, 
у=4х(2) 
=16 
11. Since y is directly proportional to x’, 
» _ 
xb 
y = 
(2х) | 





y= —y x (2x) 


x 4x 


ха а ја З 


= 4а 
12. Let the braking distance of a vehicle be D m, 
the speed of the vehicle be B m/s. 
Since D is directly proportional to B°, then D = kB’, where k 
is a constant. 
When B=b, D=d, 


d=kxb 
d 
SE y 
а 


When the speed of the vehicle is increased by 200%, 
B = (100% + 200%) xb 
100 + 200 
= х 
100 
=3b 
When B = 3b, 


b 


d 1 
D = = (3) 


d 2 
= т (957) 
=9а 
Percentage increase in its braking distance 


- 94-4 „100% 
4 





= 800% 
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Exercise 1C 


1. 


(a) The number of pencils is directly proportional to the total cost 
of the pencils. 

Assumption: All pencils are identical and cost the same each. 

(b) The number of taps filling a tank is inversely proportional to 
the time taken to fill the tank. 

Assumption: All taps are identical and each tap takes the same 
time to fill the tank. 

(c) The number of men laying a road is inversely proportional to 
the taken to finish laying the road. 

Assumption: All the men work at the same rate in laying 
the road. 

(d) The number of cattle to be fed is directly proportional to the 
amount of fodder. 

Assumption: All the cattle eat the same amount of fodder. 

(e) The number of cattle to be fed is inversely proportional to the 
time taken to finish a certain amount of the fodder. 
Assumption: All the cattle eat the fodder at the same rate. 

~<. (b), (c) and (e) are in inverse proportion. 

The number of men to build a bridge is inversely proportional to the 

number of days to build the bridge. 

8 men can build a bridge in 12 days. 

1 man can build the bridge in (12 x 8) days. 


12x8 


6 men can build the bridge in = 16 days. 





The assumption made is that all the men work at the same rate in 
building the bridge. 


(1) Since x is inversely proportional to y, 





Уб = уз 
25 хх= 5 х40 
5 х 40 
= 
25 
=8 


(ii) Since x is inversely proportional to y, 
k 
then x = y , where k is a constant. 


When y = 5, x = 40, 


40 = k 
5 
“. К = 200 
200 
= 
y 
(iii) When x = 400, 
200 
400 = — 
у 
y = 200 
7 400 
=0.5 


4. 


(i) Since Q is inversely proportional to P, 
Шеп О= 5 , where k is a constant. 


When P 22,0 2 025, 


0.25 = k 
2 


s k=0.5 
0.5 
.О = - 
1 
2P 
(ii) When P =5, 
1 
0= 55) 
=0.1 
(iii) When Q = 0.2, 
1 


026.5. 
2P 
эрг i. 
02 

=5 
P=25 


The number of days is inversely proportional to the number of 
workers employed. 

16 days are needed for 35 workers to complete the projet. 

1 day is needed for (35 x 16) workers to complete the project. 


35 x 16 


14 days are needed for =40 workers to complete the project. 


Number of additional workers to employ = 40 – 35 
=5 

(i) The number of days is inversely proportional to the number of 
cattle to consume a consignment of fodder. 
50 days are needed for 1260 cattle to consume a consignment 
of fodder. 
1 day is needed for (1260 x 50) cattle to consume a consignment 
of fodder. 


= 840 cattle to consume 


75 days are needed for pox 


a consignment of fodder. 
(ii) 1260 cattle consume a consignment of fodder in 50 days. 
1 cattle consume a consignment of fodder in (50 x 1260) days. 
1575 cattle consume a consignment of fodder in 
50 x 1260 
1575 
The number of athletes is inversely proportional to the number of 


= 40 days. 


days the food can last. 
72 athletes take 6 days to consume the food. 
1 athlete takes (6 x 72) days to consume the food. 


72— 18 2 54 athletes take © x B 





= 8 days to consume the food. 


Number of additional days the food can last = 8 — 6 

= 2 days 
The assumption made is that all athletes consume the same amount 
of food every day. 


8. Since z is inversely proportional to x, 
XE, = XZ 
xx70=7x5 
= 7х5 
70 
=0.5 
9. Since B is inversely proportional to A, 
А,В, = АВ, 
14xB=2x35 
B= 2x35 
14 
=> 


10. (а) х 05 2 2.5 3 8 
y 24 6 4.8 4 1.5 



































Since y is inversely proportional to x, 
then y = k , where k is a constant. 
x 


When x = 3, y = 4, 

ask 

3 

"kz12 
. 12 
ys z 
When y = 24, 
12 
= 
12 
24 

= 0.5 
When y = 1.5, 


12 


24 = 


х = 


1.5 = 


OXFORD 


UNIVERSITY PRESS 





(b) x 


3 


4 


4.5 


144 


25 








У 


12 





9 





8 





2.5 





144 








Since y is inversely proportional to x, 
then y= 5 , where k is a constant. 
х 


\Мһепх= 4, у= 9, 


_ 36 


=45 
When y = 2. 


25 = 36 


= 1.44 


11. (i) Since fis inversely proportional to À, 
then f= , where k is a constant. 


When A = 3000, f= 100, 


100 = —*_ 
3000 
“. К = 300 000 
. 4. 300000 
f= 
When A = 500, 
300 000 
f= 500 
= 600 


5, 








-. The frequency of the radio wave is 600 kHz. 
(ii) When ј = 800, 


800 = 


_ 300 000 





300 000 
А 


800 


= 375 


г. The wavelength of the radio wave is 375 m. 
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12. 


13. 


14. 


(1) Since tis inversely proportional to N, 
then f= ~ , where k is a constant. 


When N =3,t=8, 
= 
3 
"kz24 
zm 
N 
(ii) When N — 6, 
f= 24 
6 
=4 
-. The number of hours needed by 6 men is 4 hours. 


8 


E 


Gii) When += i | 


-. 32 men need to be employed. 
The three variables are ‘number of glassblowers’ , ‘number of vases’ 
and ‘number of minutes’. 
First, we keep the number of vases constant. 


Number of glassblowers Number of vases. Number of minutes 





12 12 9 
1 12 9х12 
8 12 9 ын 2133 


Next, we keep the nmber of glassblowers constant. 


Number of glassblowers Number of vases Number of minutes 





8 12 135 
: i 135 
12 
8 32 135 #22 =36 
12 


-. 8 glassblowers will take 36 minutes to make 32 vases. 

The three variables are ‘number of sheep’ , ‘number of consignments’ 
and ‘number of days’. 

First, we keep the number of consignments constant. 

Number of sheep Number of consignments.) Number of days 


100 1 20 
1 1 20 x 1000 
550 1 20 x 1000 _ 36 4 
550 11 


Next, we keep the number of sheep constant. 


Number of sheep Number of consignments.) Number of days 


550 1 36 А 
11 


550 400 = 36 = =11 400 


-. 11 consignments of fodder are needed. 


15. In 1 minute, tap A alone fills up — of the tank. 


In 1 minute, tap B alone fills up — of the tank. 


© = alr 


In 1 minute, pipe C alone empties 5 of the tank. 


In 1 minute, when both taps and the pipe are turned on, 
1 1 1 _19 











sti = — of the tank is filled up. 
6 9 15 9 
Time to fill up the tank — »" 2. 
=4 It minutes 
19 
16. Total number of hours worked on the road after 20 working days 
=20х50х8 
= 8000 hours 
The length of the road laid is directly proportional to the number of 
hours. 
1200 m of road is laid in 8000 hours. 
1 m of road is laid in aay hours. 
1200 
; 1:41. 8000 
3000 — 1200 2 1800 m of road is laid in 1900 x 1800 = 12 000 hours. 
Let the number of additional men to employ be x. 
(30 – 20) х (50 + x) x 10 = 12 000 
100(50 + x) = 12 000 
50 + х = 120 
х =70 
.. 70 more men needs to be employed. 
Exercise 1D 3. 
1. (i) Since x is inversely proportional to y^, 
ух =y ix 1 
4 хх= 2? х 50 
2° x 50 
хе 48 
= 6.25 
(ii) Since x is inversely proportional to y^, 
then x = = , where k is a constant. 
When y = 2, x = 50, 
50 = А, 
“. К = 400 
x= 0 4. 
у? 


(iii) When x = 3.2, 


(i) 


(ii) 





joe" 
= 
ya 
32 
= 125 
у = 4125 
=5 


Since z is inversely proportional to Ме : 


then z= T , where k is a constant. 
w 
When w = 9,z = 9, 
k 
9 = — 


49 


When w = 16, 
27 


б 


= 6.75 


(iii) When z 2 3, 


(a) 


(b) 


(c) 


(d) 


(e) 


1 3. 2 1 ad 
Since y = —, ie. yx’ = 3 is a constant, then y is inversely 
x 


proportional to x^. 


: 1. : 2-2 
Since y= T „те. у vx = | is a constant, then y is inversely 
х 


proportional to Ух : 

Ѕіпсе у = = , ie. y°x° = 5 is a constant, then y’ is inversely 
x 

proportional to x^. 

Since n = —D Le. n(m — 1) 2 7 is a constant, then n is 

inversely proportional to m — 1. 

Since g = =. ,ie.q(p * 1) 2 4 is a constant, then q is 


(р+1 


inversely proportional to (p + 1). 


Since z is inversely proportional to Yx ‘ 


У = Уа 


i216 xz- 364 x5 


= 3/64 x 5 
4216 

23d 

3 
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Since q' is inversely proportional to p + 3, 7. (i) Since F is inversely proportional to d^, 


(p; * 34; = (р + 34i 


И 5 then F = = , Where & is a constant. 
(17 +3)ха =(2+3)х5 а 






































204° = 125 (ii) When F = 20, let the distance between the particles be x m. 
pa = 
720 x 
=6.25 s. k = 20x 
2 
а = + М6.25 -F= Е 
а 
= +2.5 1 
5 1 2 4 10 20 When the distance is halved, i.e. d= > X; 
t 80 10 | 125 | 0.08 | 001 p. 2x 
2 
Since t is inversely proportional to У, 
then t= 5, , Where k is a constant. = 20x? x = 
x 
When s = 1,1 = 80, = 80 
80 = -. The force is 80 М. 
i | 8. (i) Fora fixed volume, since h is inversely proportional to r°, then 
80 ћ= A , where K is a constant. 
оф = a r 
* When r 2 6,1 2 5, 
When ż = 0.08, k 
5= — 
0.08 = m 6 
5 УК = 180 
ES 80 180 
0.08 „йе =—- 
> 
= 1000 
When r = 3, 
= 3 
s = 4/1000 _ 180 
=10 32 
When # = 0.01, = 20 
бй 80 -. The height of cone B is 20 cm. 
шин P (ii) When h = 1.25, 
ss 80 1.25 = 180 
0.01 г? 
= 8000 2 _ 180 
үглээ 
s = 4/8000 1.25 
20 = 144 
When s =2, r 2 4144 (r»0) 
80 =12 
= 
23 -. The base radius of cone C is 12 cm. 
= 10 9. Since y is inversely proportional to 2x + 1, 
Wh = 4, ; 
ens Шеп у= k , where k is a constant. 
t= 20 2х +1 
~ 43 When x = 0.5, 
= 1.25 2 k 
У 2005) +1 
= 
2 
When x = 2, 
2 k 
У= 22) +1 
= К 
5 
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10. 


п. 


Since the difference in the values of y is 0.9, 
E figs 
25 
0.3k 2 0.9 
wk =3 
3 
2x+1 
When x = -0.25, 
_ 3 
7 20025) +1 
=6 
Since y is inversely proportional to x’, 
Xy, = му, 
(Зху у = х?р 
9xy 2 bx? 
bx? 
9x? 
229 
9 
Let the force of attraction between two magnets Бе Х М, 





Ayes 


y 


y- 


the distance between two magnets be Y cm. 


Since X is inversely proportional to Y?, 
k 
then X = y" where k is a constant. 


When X=F,Y=r, 


aX 

32 

Е = Ер 
Fr? 
AX y 


When the distance between the magnets is increased by 400%, 


У = (100% + 400%) хк 
100 + 400 
= —100 - xr 
-5r 
When Y 2 5r, 
_ Fr? 
"dry 
Fr? 
- 25r! 
-0.04F 
Comparing with X = cF, 
-. The value of c is 0.04. 








Review Exercise 1 


1. 


(1) Since y is directly proportional to х, 
then y = kx, where k is a constant. 
When x=2,y=6, 


6 =kx2 
Ske3 
лу = 3х 


(ii) 


When x= 11, 
у=3х11 
= 33 


(iii) When у = 12, 


12 =3хх 
х=4 


(iv) y = 3x 


(ii) 


(ii) 





When x 20, y 2 0. 
When x =2,y=6. 


























Since A is directly proportional to B, 
then A = kB, where k is a constant. 
2 


When B = р 


с чл 


l= =kx 


wld 
о] сл 


Жэ 
7А = 2В 


When B= L, 
3 


> 
| 
ы 
х 
wile 


Эм 


унет. 
2 


2xB 


ш юе 
Ш 


a2 
4 
Since y is directly proportional to x^, then y = kx’, 
where k is a constant. 
When х = 3, у = 108, 


108 2kx3? 

108 z 27k 

“К=4 

ysr 

When x = 7, 

у=4х7 
= 1372 
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4. 


(iii) When y = 4000, 


4000 24 x x? 
Qj. 4000 
4 
= 1000 
x = 41000 
= 10 
(iv) y 2 4X 


When x 20, y 2 0. 
When x 2 5, y = 600. 




















(i) Since n is directly proportional to m, 
then n = km’, where k is a constant. 
When m = 2.5, n = 9.375, 
9375-kx2.5 
га Ю215 
г. п= 1.5т? 

When m = 3, 
п= 1.5 х3? 
= 13.5 

(1) Ућеп п = 181.5, 

181.5 = 1.5 хт? 


(i) Since t is directly proportional to fs $ 


then t =k &/s , where k is a constant. 
Уућеп 5 = 64,1 =4, 
4=кх 464 
= 4k 
k=l 
t= Ys 
When 5 = 125, 
t= 3/125 
=5 
(ii) When t=2, 
2= Ys 
8-2 
-8 
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6. (i) Since y is inversely proportional to x, 
Шеп у= k , where k is a constant. 
x 


When x =3,y=4, 
d 
3 
skea 
. 12 
уз = 
(ii) When x = 6, 
_ 12 
"t€ 
22 
(iii) When у = 24, 
12 
y 
12 
24 
=0.5 
7. (i) Since q is inversely proportional to p^, 
k 


24 = 


х= 


then g= p , where k is a constant. 


When p =5,q =3, 


wk =75 
aec 
(ii) When p = 10, 
=? 
10? 
= 0.75 
(iii) When q = i 
1.75 
3 р” 
p =75x3 
= 225 
р =- 225 (р«0) 
= 15 


8. (i) Since z is inversely proportional to w + 3, 


then z= 





k , where k is a constant. 
wt+3 


When w = 3,z=4, 


_24_ 
wt+3 

When у = 9, 
m um 


9+3 
=2 


(ii) When z= 2.4, 











js. ^^ 
у + 3 
w+3= 28 
2.4 
= 10 
и =7 
9. х 0.2 0.5 1 1.25 2 
у 37.5 6 15 0.96 | 0.375 

















Since y is inversely proportional to 2x’, 


then y = where k is a constant. 





2 ? 


When x = 2, y = 0.375, 
k 
2(2)° 
wk =3 
_ 3 
2x 
When y = 1.5, 
3 
22 
2% = 3 
1.5 
=2 
[=l 
х=1(х>0) 
When y = 0.96, 


0.375 = 





ey 


1.5 = 


х? = 1.5625 


x2 41.625 (x»0) 


= 1.25 
When x 202 





When x 2 0.5, 
= 3 
77 5057 
=6 
10. (i) Total monthly charges 
= $9.81 + $0.086 x 300 





= $35.61 
(ii) Variable amount = $20.56 — $9.81 
= $10.75 
10.75 


Duration of usage = —— 
0.086 


= 125 minutes 








11. 


12. 


(iii) Variable amount = n x $0.086 
= $0.086n 
Total income = variable amount + fixed amount 
“. C =0.086n + 9.81 
C —9.81 20.086n 
С – 9.81 
T 


Since — 0.086 is a constant, then C — 9.81 is directly 


proportional to n. 
(i) Since G is directly proportional to h, 
then G = kh, where k is a constant. 
When h = 40, G= 2200, 
2200 =k x 40 
s kes5 
“. а =55ћ 
(ii) When h = 22, 
С = 55 х 22 
= 1210 
-. The gravitational potential energy of the objects is 1210 J. 
(iii) When G = 3025, 
3025 =55 xh 
. 3025 
55 
=55 
2. Тре height of the object above the surface of the Earth 
is 55 m. 
Let the donations Kate makes be $d, 
the savings of Kate be $s. 


h 


Since d is directly proportional to =, 
then d = ks?, where k is a constant. 
When s = 900, 
d = k x 900° 

= 810 000k 
When s = 1200, 
d = k x 1200 

= 1 440 000k 
Since Kate’s donation increases by $35, 
1 440 000k — 810 000k = 35 


63 000k = 35 
35 
k= 630000 
1 
7 18000 
Amount Kate donates in January = uU x 9007 
= $45 


1 
Amount Kate donates in February = 18 000 Х 12007 or 45 + 35 


= 580 
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13. (i) Since P is inversely proportional to V, 
then P= ы , Where k is a constant. 


When V = 4000, P = 250, 


ae 
4000 
2 к= 1 000 000 
. р_ 1000 000 
V 
When V = 5000, 
_ 1000000 
^ . 5000 
= 200 


-. The pressure of the gas is 200 Pa. 
(ii) When P = 125, 


125 = 1000 000 
V= 1000 000 
125 
= 8000 


. The volume of the gas is 8000 dm’. 


14. Let the number of days for 5 men to complete the job be x. 


The number of men is inversely proportional to the number of days 


to complete the job. 
5 men take x days to complete the job. 
1 man takes x x 5 days to complete the job. 


6 men take = 





days to complete the job. 


Since the job can be completed 8 days earlier when 1 more man is 


hired, 


хх5 xad 





6 
5x 
6 
5х = 6(х- 8) 
= бх- 48 
х = 48 


=x-8 


It takes (48 x 5) days for 1 man to complete the job. 


It takes 1 day for (1 x 48 x 5) men to complete the job. 


It takes 48 – 28 = 20 days for 1L 49 X 5 

the job. 

Additional number of men to hire 2 12— 5 
27 


-. 7 more men should be hired. 
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= 12 men to complete 


Challenge Yourself 


1. 


(а) 


(b) 


(c) 


@) 


(ii) 


0) 


Since A is directly proportional to C, 
then A = k,C, where k, is a constant. 
Since B is directly proportional to C, 
then A = k,C, where k, is a constant. 
A+B=k,C+k,C 

=(К, + КС 


А+В 


Since = К, + k is a constant, then A + B is directly 





proportional to C. 

From (a), 

А-В-4С-,С 
= (k, - k)C 


A+B 


Since = k, — k, is a constant, then A — B is directly 





proportional to C. 
АВ = (КСОКЊОС) 





= КЫС? 
VAB = Jk kc? 
= ЈАЊ С 
Since = = kk, is a constant, then AB is directly 


proportional to C. 
Since z is directly proportional to x^ and inversely 

kx? 
proportional to Jy , then z= ——, where k is a constant. 


a 


When x 22, y 29,z 216, 
ко) 


49 


_ 4k 


3 


16 





<к=16х2 
4 


12 
12x? 





EZ = 


y 
When x=5,y=4, 
12(5) 
22125) 
МА 
= 150 
Since T is directly proportional to B and inversely proportional 
to P, then 





Т= А , where k is a constant. 


When B =3, P= 18, T= 20, 





20 = k x3 
18 
_ К 
E 
“. К = 120 
120B 
= 


(ii) When B =4, P= 16, 
т 120х4 
16 
= 30 





-. The number of days needed is 30. 


(iii) When В = 10, T = 24, 


34 _ 120 x 10 
P 
р. 120x10 
24 
-50 


.. 50 painters need to be employed. 
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Chapter 2 Linear Graphs and Simultaneous Linear Equations 


TEACHING NOTES 


Suggested Approach 


Students have learnt the graphs of straight lines in the form y = mx + c in Secondary One. In this chapter, this will be expanded 


to cover linear equations in the form ax + by =k. 


They have also learnt how to solve simple linear equations. Here, they will be learning how to solve simultaneous linear 


equations, where a pair of values of x and of y satisfies two linear equations simultaneously, or at the same time. Students are 


expected to know how to solve them graphically and algebraically and apply this to real-life scenarios by the end of the chapter. 


Teachers can build up on past knowledge learnt by students when covering this chapter. 


Section 2.1: 


Section 2.2: 


Section 2.3: 


Section 2.4: 


Section 2.5: 
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Gradient of a Straight Line 
Teachers should teach students how to take two points on the line and use it to calculate the vertical change (rise) 
and horizontal change (run), and then the gradient of the straight line. 


To make learning more interactive, students can explore how the graph of a straight line in the form y = тх + с 
changes when either m or c varies (see Investigation: Equation of a Straight Line). Through this investigation, 
students should be able to observe what happens to the line when m varies. Students should also learn how to 
differentiate between lines with a positive value of m, a negative value of m and when the value of m is 0. 


Further Applications of Linear Graphs in Real-World Contexts 

Teachers can give examples of linear graphs used in many daily situations and explain what each of the graphs 
is used for. Through Worked Example 2, students will learn how the concepts of gradient and y-intercept can be 
applied and about their significance in real-world contexts and hence solve similar problems. 


Horizontal and Vertical Lines 

Teachers should bring students’ attention to the relationship between the graphs of y = mx + c where m = 0, 
i.e. c units up or down parallel to the x-axis depending on whether c > 0 ог с < 0. Hence, teachers can lead students to 
the conclusion that the graphs of y = mx + c for various values of c are parallel and cut the y-axis at different points 
corresponding to different values of c. Students also need to know that vertical lines parallel to the x-axis have the 
equation x = a and how this is related to the graphs of y = mx + c. 


Graphs of Linear Equations in the form ax + by = k 

Before students start plotting the functions, they should revise the choice of scales and labelling of scales on 
both axes. Students are often weak in some of these areas. Many errors in students’ work arise from their choice 
of scales. Teachers should spend some time to ensure students learn how to choose an appropriate scale. At this 
stage however, the choice of scales are specified in most questions. 


Solving Simultaneous Linear Equations Using Graphical Method 

It is important teachers state the concept clearly that the point(s) of intersection of two graphs given the 
solution of a pair of simultaneous equations and this can be illustrated by solving a pair of linear 
simultaneous equations and then plotting the graphs of these two linear equations to verify the results 
(see Investigation: Solving Simultaneous Linear Equations Graphically) 


Teachers should show clearly that a pair of simultaneous linear equations may have an infinite number of solutions 
or no solution (see Class Discussion: Coincident Lines and Parallel Lines, and Thinking Time on page 66). 


Section 2.6: 


Section 2.7: 


Solving Simultaneous Linear Equations Using Algebraic Methods 

The ability to solve equations is crucial to the study of mathematics. The concept of solving simultaneous linear 
equations by adding or subtracting both sides of equations can be illustrated using physical examples. An example 
is drawing a balance and adding or removing coins from both sides of the balance. 


Some students make common errors when they are careless in the multiplication or division of both sides 
of an equation and they may forget that all terms must be multiplied or divided by the same number throughout. 
The following are some examples. 


e x+ 3y = 5 is taken to imply 2x + 6y =5 
• 5х + 15у = 14 is taken to imply x + 3y = 14, and then x = 14 — 3y 


Applications of Simultaneous Equations in Real-World Contexts 

Weaker students may have problems translating words into simultaneous linear equations. Teachers may wish 
to show more examples and allow more practice for students. Teachers may also want to group students of 
varying ability together, so that the better students can help the weaker students. 


Challenge Yourself 


Question 1 can be solved if the Thinking Time activity on page 88 has been discussed. The simultaneous equations 


: : ae 25220160 1. 
in Question 2 can be converted to a familiar form by substituting = with a and m with b. 


Teachers can slowly guide the students for Question 3 if they need help in forming the simultaneous equations. 


For Questions 4 and 5, teachers can advise students to eliminate one unknown variable and then applying the 
guess and check method which they have learnt in Primary Six. 
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WORKED SOLUTIONS 


Investigation (Equation of a Straight Line) 


1. Asthe value of c changes, the y-coordinate of the point of intersection 
of the line with the y-axis changes. The coordinates of the point 
where the line cuts the y-axis are (0, c). 

2. As the value of m increases from 0 to 5, the steepness of the line 
increases. 

3. As the value of m decreases from 0 to —5, the steepness of the line 
increases. 

4. A line with a positive value for m slopes upwards from the left to 
the right while a line with a negative value for m slopes downwards 
from the left to the right. 


Class Discussion (Gradients of Straight Lines) 


E(2.5.6). 








> 
15 
=2 
(ii) Yes, gradient of DE = gradient of AB. 


(iii) Hence, we can choose any two points on a line to find its gradient 


(i) Gradient of DE = 


because the gradient of a straight line is constant. 


Class Discussion (Gradients in the Real World) 


1. Angle of inclination = 45° 
2. 


2 units 





Angle of inclination = 63° 
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1 unit 
2 





Angle of inclination = 27° 


4. A road with a gradient of 1 is generally considered to be steep. 


Teachers may wish to get students to name some roads in Pakistan 
which they think may have an approximate gradient of 1 and to ask 
students how they can determine the gradients of the roads they have 


named. 


5. A road with a gradient of 2 is generally considered to be steep. 


Investigation (Gradient of a Horizontal Line) 


B(-1,2), D(4, 2) 
In the line segment AC, rise = 0 and run 2 3. 
rise 


Gradient of AC = —— 
run 


1 
2 
3. In the line segment BD, rise = 0 and run = 5. 
4 


w| © 


=0 
Gradient of BD = 5€ 
run 


_ 0 
5 
=0 
-. The gradient of a horizontal line is 0. 


Investigation (Gradient of a Vertical Line) 


1. 0(3,2),5(3,-3) 
2. Inthe line segment PR, rise = 4 and run = 0. 
3. In the line segment QS, rise = 5 and run = 0. 
4. Gradient of PR = "S€ 
run 

_4 

“о 

= undefined 


Gradient of QS = пзе 
тип 
_ 5 
-0 
-. The gradient of QS is undefined. 


-. The gradient of a vertical line is undefined. 


Investigation (Equation of a Horizontal Line) 


1. 


2. 
3. 
4 


The gradient of the horizontal line is 0. 

B(-2, 3), D3, 3) 

The y-coordinates of all the four points are equal to 3. 
y=3 


Investigation (Equation of a Vertical Line) 


1. 


горы 


The gradient of the horizontal line is undefined. 

QQ. 1), 52, -4) 

The x-coordinates of all the four points are equal to 2. 
х-2 


(v) The graph of y = 25 - 3 coincides with the graph of 


Зх —4у = 6. 
3х-4у-6 
3x — 3x — 4y = -3x + 6 (Subtract 3x from both sides) 
-4у--3х-46 
ES ша (Divide both sides by —4) 
-4 -4 
"Ww 
4 2, 


Investigation (Solving Simultaneous Linear Equation 


Graphically) 
Investigation (Graphs of ax + by = k) 1. 


0) 





(ii) The point A(2, —1) lies on the graph. The point B(-2, 5) 
does not lie on the graph. 
Whenxz2,2(2)* y 3 
4+y=3 
y=-l 
When x = —2, 2(-2) фу 23 
4+y=3 
y=7#5 
A(2, -1) satisfies the equation 2x + y = 3. B(-2, 5) does not 
satisfy the equation 2x + y = 3. 
Gii) When x=1,y=p=1. 
(iv) When y=-7,x=q=5. 
(v) The graph of y =—2x + 3 coincides with the graph of 
2х+у=3. 
2х+у=3 
2х- 2х+у=-2х+3 
у=-2х+3 


(Subtract 2x from both sides) 





(ii) When x =2,y=r=0 

(iii) When y =-1.5,x=s=0 

(iv) The coordinates of two other points are (—2, —3) and (4, 1.5). 
Other points can be used, as long as they lie on the line. 


Сэ 





(ii) The coordinates of the point of intersection of the two graphs 


are (1, 1). 


(iii) For 2x - 3y 2 5 


When x 2 -2,2(-2) - 3y 2 5 
у=3 
When x = 0, 2(0) + 3y =5 
2 
pod z-2 
When x = 1,2(1) + 3y=5 
у=1 
When x = 2, 2(2) + 3y =5 


#4 


[OE 


у= 
У!Вепх = 4, 2(4) +3у=5 
у=-1 
For3x-yz2 
When x = -2, 3(-2) -y=2 
y=-8 #3 

When x =0,3(0)-y =2 

у=-2 
When x =1,3(1)-y =2 

у=1 
Whenxz2,3(2)-yz2 

у=4 
У!Вепх = 4, 3(4) -у=2 

у= 10 
The pair of values satisfying both equations is x= 1, y 2 1. 
The pair of values is the same as the point of intersection of the 
two graphs. 
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Class Discussion (Coincident Lines and Parallel Lines) 


1. (а) 0) 





(ii) The coordinates of the point of intersection of the two graphs 
are (2, -1) z 
(iii) The pair of values of x and y that satisfies both equations are 00 
х=>=апду=-1. 
The coordinates of the point of intersection of the two graphs 
is the pair of values of x and y that satisfies both the equations. 


A coordinates that lies on one line will satisfy the equation of 

that line. The same applies to the second line. Hence, the 

coordinates of the point of intersection is the same as the point 

that lies on both lines and that satisfy both equations. 

: : 1 : (iii) 
Class Discussion (Choice of Appropriate Scales for Graphs 
and Accuracy of Graphs) 


1. The graphs should look different to students who have used different 
scales in both axes. 
Teachers should remind students to make a table of values, with at 
least 3 points, so as to construct the graph of a linear equation. 
Though two points are sufficient to draw a straight line, the third 
point will act as a check for the accuracy of the straight line. 





It is likely that most students will use 1 cm to 1 unit for both scales. . . . : 

: : (b) The graphs of each pair of simultaneous equations are a pair 

For the better students, prompt them to experiment with other scales, | хан 
of lines that coincide. 


such as 2 cm to 1 unit, 4 cm to 1 unit or 5 cm to 1 unit. 
2. (i) y=29 
(ii) x =-0.6 


If students use 1 cm to 1 unit for both scales, they would discover 


(c) Yes, each pair of simultaneous equations has solutions. 
The solutions are all the points that lie on the line. 


2. (a) (0 


that the point in (i) lies between squares on the graph paper. 

3. By substituting the given value into the linear equation, one can 
check for the accuracy of the answers. 

4. Usea larger scale (from 1 cm to 1 unit to 2 cm to | unit) and redraw 
the graph. 
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(b) The graphs of each pair of simultaneous equations are a pair of 
parallel lines. 

(c) No, each pair of simultaneous equations does not have any 
solution since they do not intersect and have any point of 


intersection. 


Thinking Time (Page 66) 


(a) A pair of simultaneous equations where one equation can be obtained 
from the other equation through multiplication or division, that is, 
both equations are equivalent, has infinitely many solutions. 

(b) A pair of simultaneous equations where one equation can be 


contradicted by the other equation has no solution. 


Besides the equations in the Class Discussion on the same page, 
teachers may wish to ask students to come up with their own pairs 
of simultaneous equations with infinitely many solutions or no 


solutions. 


Thinking Time (Page 68) 


The solutions to a linear equation in two variables are the set of x values 
and y values that satisfy the linear equation. There are infinitely many 
solutions for all real values of x and y. 

For example, the solutions to the equation 2x + y = 13 is the set 

{(x, y): 2x + y = 13}. Some solutions in the set are (1, 11), (2, 9), 

(3, 7) etc. 


Thinking Time (Page 71) 


13x-6y 220 — (D) 
7х+4у=18 — (2) 
7x(1:91x-42y 2140 — (3) 
13 x (2): 91х + 52у = 234 — (4) 


(3) - (4: 
(91x – 42у) – (91х + 52у) = 140 – 234 
—94у =-94 
у =1 
Substitute y = 1 into (1): 13x — 61(1) = 20 
13x = 26 
x=2 


-. The solution is x = 2 and y = 1. 
No. it is not easier to eliminate x first as the LCM of 13 and 7 is larger 
than 12. 


Thinking Time (Page 73) 


7х-2у=21 — (1) 
4х+у=57 — (2) 


Ргот (2), х = NL — (3) 


Substitute (3) into (1): 


57-у 
| Өзу 
| 1 | y=21 


7(57 – у) – ву = 84 
399 – Ту – Ву = 84 





у=21 
Substitute y = 21 into (3): x = 57—21 
=9 


“. The solution is x = 9 and y = 21. 

If x is made the subject of equation (1) or (2), we will get the same 
solution. Making y as the subject of equation is easier since algebraic 
fractions will not be introduced then. 


Thinking Time (Page 74) 


2x+y=6 — (1) 

x=1- 37 -© 
2x (2): 2x =2-y 

2х+у=2 — (3) 
Comparing (1) and (3), we notice that the gradients of the 2 equations 
are the same but with different constants; i.e. they are parallel lines with 
no solution. 
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Thinking Time (Page 78) Gradient = É 
Let the smaller number be x. Then the greater number is 67 — x. : 
и. (67 –х)–х = 3 73 
67 – 2х = 3 1 
2х = 64 =. 
Ax232 (d) 
Greater number = 67 – 32 
= 35 


The two numbers are 32 and 35. 


Practice Now 1 


(a) 





Gradient = — E 
2 


--6 


Practise Now 2 


(a) Time taken for the technician to repair each computer = 20 minutes 





(b) Distance between the technician's workshop and his first customer 
Gradient — 2 -9Кш 


= (c) (i) Gradient of OA = 5 


(b) 
The average speed of the technician was a km/min. 
(ii) Gradient of AB =0 
The average speed of the technician was 0 km/min. 


(iii) Gradient of BC = -5 





The average speed of the technician was Š km/min. 


(їу) Gradient of CD = 0 
The average speed of the technician was 0 km/min. 


(v) Gradient of DE = - 


Gradient = — 


N|= of & 


The average speed of the technician was 3 km/min. 


Practise Now (Page 56) 


(a) Linel: yz 1 
Line 2: y 2 -3.5 





OXFORD 
UNIVERSITY PRESS ё 


(b) 


(b) 





The lines are horizontal. The y-coordinates of all the points on the 
lines are a constant. 


Practise Now (Page 58) 





(a) Line I: x 24 
Line 2: x = -1.2 
(b) 


(c) From the graph in (b), 
When x =-1, 
а=у= 4 

(д) (8) х-соогатае = 0.5 




















Practise Now 4 
1. х+у=3 
x 0 2 4 
y 1 -1 
Зх+у=5 
x 0 2 4 
y -1 -7 




















The lines are vertical. The x-coordinates of all the points on the lines 
are a constant. 


Practise Now 3 


(a) When x =-2,y=p, 


3(-2) +p =1 
–6 +р=1 
+ p= 





Scale: x-axis: 1 cm to 1 unit 


y-axis: 1 cm to 2 units 


The graphs intersect at the point (1, 2). 
-. The solution is x 2 1 and y 2 2. 
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2. 7х-2у+11=0 





























х —2 0 2 

y -1.5 55 12.5 
6x+y+4=0 

x -2 0 2 

y 8 —4 -16 






























































































































































ГГ ГГ 





Scale: x-axis: 1 cm to 1 unit 


y-axis: 1 cm to 5 units 


The graphs intersect at the point (—1, 2). 
“. The solution is x 2 -1 and y = 2. 


Practise Now 5 


1. (а) x-y=3 —() 
4х+у=17 — (2) 
(2) + (1): 
(4х + у) + (х- у) = 17 +3 
4х+у+х-у=20 
5х = 20 
х=4 
Substitute x = 4 into (2): 
4(4) + у = 17 
16+у = 17 
у= 1 
“. The solution is x = 4 and y= 1. 
(Б) 7x+2y=19 — (1) 
Tx + 8y=13 — (2) 
(2) - (0): 
(7x + 8y) — (7x + Зу) = 13 – 19 
7х + 8у- 7х-2у=-6 


6y 2-6 
y=-l 
Substitute y = —1 into (1): 
Ix * 2(-1) 2 19 
7х—2 = 19 
7х = 21 
х=3З 


-. The solution is x = 3 апду=-—1. 
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(с) 13х +9у=4 — (1) 
17х –ду =26 — (2) 
(1) + (2): 
(13х + у) + (17х – ду) = 4 + 26 
13x + 9y + 17x — 9y = 30 


30x = 30 
х=1 
Substitute x = 1 into (1): 
13(1) + 9у = 4 
13 + ду =4 
9y 2-9 
y 2-1 


-. The solution is x 2 1 and y 2 -1. 
(d) 4x-5y = 17 — (1) 
x-5yz8 — (2) 
(1) - (2): 
(4х – 5у) – (х– 5у) = 17 – 8 
4х – 5у-х+ 5у = 9 


3х = 9 
x=3 
Substitute x = 3 into (2): 
3-5y=8 
-5y =5 
y=-l 


-. The solution is x 2 3 and y 2 -1. 
2. 3x-y+14=0 — (1) 
2х+у+1=0 — (2) 
(1) + (2): 
(Зх у + 14) + (2х фу + 1) =20 + 0 
Зх—у+14+2х+у+1=0 


5х+ 15 =0 
5х =-15 
х =-3 


Substitute x — —3 into (2): 
2(—3)+у+1 =0 
y-5 =0 
у=5 
-. The solution is x 2 —3 апа у = 5. 


Practise Now 6 


(a) 2x -3y 18 — (1) 
3x-y=5 — (2) 
3 x (2): 9x -3y=15 — (3) 
(1) + (3): 
(2х + Зу) + (9х – Зу) = 18 + 15 
2x + Зу + 9х – Зу = 33 


11х = 33 
х= 3 
Substitute x = 3 into (2): 
3(3)-y=5 
9-yz5 
у=4 


-. The solution is x 2 3 and y z 4. 


(b) 4х+у=11 – (1) 
3x+2y=7 — (2) 
2x (1): 8x + 2y = 22 — (3) 
(3) – (2): 
(8х + 2у) – (Зх + 2у) = 22-7 
8х + 2у – Зх – 2у = 15 


5х = 15 
х= 3 
Substitute x = 3 into (1): 
43)+y=11 
12+y=11 
y=-l 


.. The solution is x = 3 апа у = –1. 


Practise Now 7 


(a) 9x+2y=5 — (1) 
7x-3y 213 — (2) 
3 x (1): 27x + 6y = 15 — (3) 
2 x (2): 14x - 6y = 26 — (4) 
(3) + (4): 
(27х + бу) + (14х – бу) = 15 + 26 
27x + 6y + 14x — 6y = 41 


41х =41 
x=] 
Substitute x = 1 into (1): 
9(1)+2y =5 
9+2у=5 
2y 2-4 
у=-2 


“. The solution is x = 1 апі у = –2. 


(b 5x-4yz17 — (1) 
2x-3y=11 — (2) 
2x (1): 10x-8y=34 — (3) 
5х (2): 10х- 15у=55 — (4) 
(3) - (4): 
(10x — 8y) - (10x — 15y) 2 34 - 55 
10х – ду – 10x + 15y = -21 


Ty =-21 
у=-3 
Substitute y 2 —3 into (2): 
2x — 3(-3) = 11 
2х+9=11 
2x:22 
х=1 


-. The solution is x 2 1 and y 2 -3. 


Practise Now 8 


Method 1: 
Ко =. . =f 
3 (1) 
Sid ual — (2) 
6 2 


1 2X 15. 
sS 5 2 (3) 


(2) – (3): 
2 В 
(-2)- (3-333 -2 
о ВЕ 
6 4 6 2 
3 =1ł} 
20 2 
x=10 
Substitute x = 10 into (1): 
10 ».4 
2 3 
5-7 =4 
3 
У =1 
3 
у=3 
-. The solution is х = 10 апа у = 3. 
Method 2: 
X o Yz4 Ц 
2 3 (1) 
2 y 1 
—х-—=3— —(2 
"о (2) 


30 х (1): 15х – 10у = 120 — (3) 
60 х (2): 24х – 10у = 210 — (4) 
(4) - (3): 
(24х – 10у) – (15х – 10у) = 210 – 120 
24х – 10у – 15х + 10у = 90 
9х = 90 
х= 10 
Substitute x 2 10 into (3): 
15(10) - 10y = 120 
150 – 10у = 120 
—10у =-30 
у=3 
-. The solution is x 2 10 and y 2 3. 


Practise Now 9 


Зу-х=7 — (1) 
2х+3у=4 — (2) 
From (1), х= 3у-7 — (3) 
Substitute (3) into (2): 
2(3у-7) + Зу = 4 
бу – 14 + Зу = 4 
9у = 18 
у=2 
Substitute y — 2 into (3): 
x =3(2)-7 
=-1 
-. The solution is x 2 -1 апд у = 2. 


C 6 > OXFORD 
` UNIVERSITY PRESS 


Practise Now 10 


3х-2у=8 — (1) 
4х+ 3у =5 — (2) 
From (1), Зх = 2у + 8 


х= 0+8 — (3) 


Substitute (3) into (2): 
(8) +3у =5 


4(2у + 8) + 9у = 15 
ду + 32 + 9у = 15 1. 
17у + 32 = 15 
17y = -17 
y=-l 
Substitute y 2 —1 into (3): 
-.2CD-«8 
3 





х 
=2 
-. The solution is x z 2 and y z -1. 


Practise Now 11 2. 


x-1 





(a) - 0) 


у-1 
From (1), 
3(x—-1) 22(y -3) 

3x-3 =2y-6 

3x-2y =-3 — (3) 
From (2), 
2(x-2)2y-1 

2x-4=y-1 

yz2x-3 — (4) 

Substitute (4) into (3): 

3x - 22x - 3) 2 -3 3. 
3x-4x+6=-3 

-х+6 = –3 


< < 
> > 





[= шм 


— (2) 


х= 9 
Substitute x = 9 into (4): 
у = 2(9) -3 
= 15 
“. The solution is x = 9 and y= 15. 
(b) 3x+2y =3 — (1) 


1 3 — Q) 


x+y x+2y 
From (2), 
х+2у = 3(х+ у) 








= 3х + Зу 
у=-2х — (3) 
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Substitute (3) into (1): 
Зх + 2(-2x) 23 

Зх – 4х = 3 

х= -3 
Substitute x = —3 into (3): 
у= 2-3) 
=6 

-. The solution is x = —3 and y = 6. 


Practise Now 12 


Let the smaller number be x and the greater number be y. 
x+y=36 — (1) 
у-х=9 — (2) 
(1) + (2): 
2y =45 

у = 22.5 
Substitute y 2 22.5 into (1): 
х+ 22.5 = 36 

х= 139 

-. The two numbers are 13.5 and 22.5. 

Let the smaller angle be x and the greater angle be y. 


HI -1 


40-9 =28° — © 

3x (1): x+y = 180° — (3) 

4х (2): у-х= 112° — (4) 

(3) + (4): 

2у = 292° 

у = 146° 

Substitute y 2 146? into (3): 

х + 146° = 180° 
х =34° 

-. The two angles are 34° and 146°. 

x+y+2=2x+1 — (1) 
2у=х+2 — (2) 


From (1), 
у=х-1 — (3) 
Substitute (3) into (2): 
2(x-1)2x-42 

2х-2=х+2 

х=4 

Substitute x = 4 into (3): 
y=4-1 

=3 
Length of rectangle = 2(4) + 1 

=9cm 
Breadth of rectangle = 2(3) 
=6cm 


Perimeter of rectangle = 2(9 + 6) 
= 30 ст 


-. The perimeter of the rectangle is 30 cm. 


Practise Now 13 
Let the numerator of the fraction be x and its denominator be y, 


х 
i.e. let the fraction be FE 








Хх +1 

Set о 

x-5 | 

y»-573 0 

From (1), 

5(х + 1) = 4(у+ 1) 

5х+5 =4у+4 

5х-4у=—1 — (3) 

From (2), 

2(x-5) 2y-5 

2x- 10 2y-5 

у=2х-5 — (4) 

Substitute (4) into (3): 

5x - 42x - 5) 2-1 

5х-8х+20 =1 
-3x = -21 

х=7 

Substitute x = 7 into (4): 

y =2(7)-5 

=9 


.. The fraction is ; 2 


Practise Now 14 


1. Let the present age of Kate be x years and that of Kate’s father be 
y years. 
Then in 5 years’ time, Kate’s father will be (y + 5) years old and 
Kate will be (x + 5) years old. 
4 years ago, Kate’s father was (y — 4) years old and and Kate was 
(x — 4) years old. 
у+5=3(х+5) —(1) 
у-4=6%-4) — (2) 


From (1), 
у+5=3х+15 
у=зх+10 — (3) 
Substitute (3) into (2): 
Зх+ 10-4 =6(х-4) 
= бх— 24 
Зх = 30 
х=10 
Substitute x 2 10 into (3): 
y 2 3(10) + 10 
=40 


-. Kate's present age is 10 years and Kate's father's present age 


is 40 years. 


2. Letthe amount an adult has to pay be $x and the amount a child has 
to pay be $y. 
11х+ 5у= 280 — (1) 
14х + 9у = 388 — (2) 
9х (1): 99х + 45у = 2520 — (3) 
5 х (2): 70х + 45у = 1940 — (4) 


(3) – (4): 
(99х + 45у) – (70х + 45у) = 2520 – 1940 
29х = 580 
х = 20 


Substitute x = 20 into (1): 
11(20) + 5y= 280 


220 + 5y = 280 
Sy = 60 
y=12 
Total amount a family of 2 adults and 3 children have to pay 
= $(2x + 3y) 
= $[2(20) + 3(12)] 
= $76 
-. The family has to pay $76. 


Practise Now 15 


Let the tens digit of the original numer be x and its ones digit be y. 
Then the original number is 10x 4 y, the number obtained when the digits 
of the original number are reversed is 10y + x. 

х+у=11 —(1) 
10х+у- (10у+х) =9 — (2) 


From (2), 
10х-у-10у-х-9 
9х-9у-9 
х-у=1 — (3) 

(0 + (3): 
2х = 12 
x=6 
Substitute x = 6 into (1): 
б+у= 11 

у=5 


-. The original number is 65. 


Exercise 2A 


1. Gradient of Line 1 2 0 
The Gradient of Line 2 is undefined. 
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Gradient of Line 1 2 — 2 


=-1 
Gradient of Line 2 = 0 
Gradient of Line 3 = 15 
15 
=1 


Gradient of Line 4 = — 3 


--2 


| 


The gradient of Line 5 is undefined. 





4. Gradient of Line 1 20 
Gradient of Line 2 = gradient of Line 5 
=-3 
The slope of Line 3 is undefined. 
Gradient of Line 4 = gradient of Line 6 


£ 
2 


Exercise 2B 


1. (a) Khairul left home at 1000 hours. 
(b) Distance Khairul travelled before he reached the cafeteria 
= 50 km 


(c) (i) Gradient of OA = 20 


-50 
Khairul’s average speed was 50 km/h. 
(ii) Gradient of AB = 0 
Khairul’s average speed was 0 km/h. 


(iii) Gradient of BC = 30 


2 
= 60 
Khairul’s average speed was 60 km/h. 
2. (a) Distance between Ethan's home and the post office 2 40 km 
(b) Total time Ethan stayed at the post office and at the hawker 


centre 
=1+ 1 
2 
=1 1 hours 
2 
(c) (i) Gradient of OA = 2 
=20 
Ethan's average speed was 20 km/h. 
(ii) Gradient of BC 2 — 20 
12 
= 131 
3 


Ethan's average speed was 13 i km/h. 


(iii) Gradient of DE 2 — 20 


=-20 
Ethan's average speed was 20 km/h. 
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Exercise 2C (b) 


1. (a) Line 1: y 26 
Line2: y 2 -2 





(b) 





The lines are horizontal. The y-coordinates of all the points on 








the lines are a constant. (c) From the graph in (b), 
2. (a) Line 1: x 20.5 When y 2 0.5, 
Line2: x 2 -2 r=x=-3 
(b) (4) (8) y-coordinate = 3 5 
4. (а) -2х-у--3 
|» E 0 2 
| y -5 -3 1 




















The lines are vertical. The x-coordinates of all the points on the 
lines are a constant. 
3. (a) When x= -5,y =p, 
—(-5)+2р=4 
5+2р =4 
2р--1 
_ 1 
P 
When x=5,y=q, 
-5-24-4 
24-9 


1 
=4— 
T 2 





1 1 (c) (ii) Area of trapezium 
“р=——,4=4%— 
2 " -lx 11 +1 х1 
2 2 


= 1 1 units? 
4 
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Exercise 2D 


1. 


(а) 3x-y=0 





























Scale: x-axis: | cm to | unit 


y-axis: 1 cm to 5 units 


The graphs intersect at the point (—1,—3). 
-. The solution is x 2 —1 and y=-3. 
(b) x-y 23 











х -4 —2 0 
у —1 1 
х-2у--1 


























Scale: x-axis: | cm to 1 unit 


y-axis: 1 cm to 2 units 


The graphs intersect at the point (-5, —2). 
-. The solution is х = –5 апа у = -2. 














(© 3х-2у=7 
х -1 1 | 
у -5 -2 4 
2х+3у=9 
х -3 0 3 
y 5 3 1 




















Scale: x-axis: 1 cm to 2 units 


y-axis: 1 cm to 2 units 


The graphs intersect at the point (3, 1). 


.. The solution is x = 3 and y= 1. 

















(d) 3x+2y=4 
x -2 2 4 | 
y 5 -1 -4 
5х+у=2 
х -1 1 2 
y 7 -3 -8 | 




















Scale: x-axis: 1 cm to 1 unit 


y-axis: 1 cm to 2 units 


The graphs intersect at the point (0, 2). 


-. The solution is х = 0 and y = 2. 
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(e) 2x+5y=25 2. (a) x+4y-12=0 









































x 0 5 10 х -4 0 8 

y 3 1 у 1 
3х-2у-9 4х+у- 18 =0 

х 1 3 х 3 6 

y -3 0 6 y 10 6 —6 


























FF Т 
| ГГ 


Scale: x-axis: 1 cm to 2 units 





Scale: x-axis: 1 cm to 2 units y-axis: 1 cm to 5 units 


y-axis: | cm to 5 units : : 
The graphs intersect at the point (4, 2). 















































The graphs intersect at the point (5, 3). -. The solution is x 2 4 and y z 2. 
-. The solution is x 2 5 and y 2 3. (b) 3x 4y-2z20 
(f) 3x - 4y 2 25 x -2 0 2 

х -1 3 7 у 8 2 -4 
у -7 —4 -i 2x-y-3=0 

4х-у= 16 х -2 0 2 
х 0 4 6 у 227 -3 1 
y -16 























Scale: x-axis: 1 cm to 1 unit 


y-axis: 1 cm to 5 units 





Scale: x-axis: 1 cm to 2 units The graphs intersect at the point (1, —1). 
y-axis: 1 cm to 5 units -. The solution is x z 1 and y z -1. 


The graphs intersect at the point (3, —4). 
-. The solution is x 2 3 and y 2 -4. 
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(с) Зх-2у- 13 =0 




















х -1 1 3 

у -8 -5 -2 
2х+2у=0 

х —2 0 2 

у 2 -2 




















(b) @ y= px42 

































































Scale: x-axis: 1 cm to 1 unit x -8 0 4 
y-axis: 1 cm to 2 units y 0 2 
The graphs intersect at the point (2.6, —2.6). (©) 2x-y 2-9 — (1) 
-. The solution is x 2 2.6 and y 2 2.6. x-4y=-8 — (2) 
(d) 2x+4y+5=0 From (1), y 2 2x € 9 
EE 45 | 25 | 05 Po Cem eem 
y 1 0 -1 y= 25 +2 
ЕВ From (a)(ii), the graphs intersect at the point (—4, 1). 
x -4 3.5 6 -. The solution is x 2 —4 апа у = 1. 
y -1 0.5 1 4. (а) х+2у=3 
х -3 1 3 
y 3 1 0 | 
2х+4у=6 
х -3 1 3 
y 3 1 0 




















Scale: x-axis: 2 cm to 5 units 


y-axis: 2 cm to 1 unit 


The graphs intersect at the point (1.5, —0.5). 
-. The solution is x 2 1.5 and y 2 -0.5. 
(а) @) у=2х+9 





Scale: x-axis: 1 cm to 1 unit 





x | -8 0 4 y-axis: 1 cm to 1 unit 
y -7 9 17 

















The graphs of each pair of simultaneous equations are identical. 


The simultaneous equations have an infinite number of solutions. 
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(b) 4x+y=2 (d) 2y+x=4 





























x —2 0 2 х —2 0 2 
y 10 2 -6 y 3 2 1 
4х+у=-3 2y+x=6 
х -2 0 2 х -2 0 2 
у 4 










































































шип иши! 
ЕЦ 

НЕ НЕЗНА 
ЕРЕРЕЕНЕНЕН 








Scale: x-axis: 1 cm to 1 unit : : 
: . Scale: x-axis: 1 cm to 1 unit 

y-axis: 1 cm to 5 units : : 
y-axis: 1 cm to 1 unit 


The graphs of each pair of simultaneous equations are parallel : : : 
grap pa . 4 P The graphs of each pair of simultaneous equations are parallel 

and have no intersection point. : : : 
. : . and have no intersection point. 

The simultaneous equations have no solution. 1 : у 
The simultaneous equations have no solution. 


















































() 2у-х-2 5. (4) у-3-5х 
Е эг 0 - х -1 0 1 
y 9 : у 8 3 -2 
Deum 5x*y-1z20 
x -2 0 2 Е 2 0 1 
> ! 1 у 6 1 E 























Scale: x-axis: 1 cm to 1 unit | . 
Scale: x-axis: 2 cm to 1 unit 


-axis: 1 cm to 1 unit : : 
y y-axis: 1 cm to 5 units 


The graphs of each pair of simultaneous equations are identical. : : : 
: . Dd . The graphs of each pair of simultaneous equations are parallel 

The simultaneous equations have an infinite number of solutions. ; р › 
and have no intersection point. 


The simultaneous equations have no solutions. 


OXFORD Cw > 
UNIVERSITY PRESS 


(b) 


































































Зу+х=7 
х -5 -2 4 
у 4 3 1 
15у = 35 — 5х 
х -5 -2 4 
у 4 3 1 
ЕНЦЫН 









































































































































Scale: x-axis: 1 cm to 2 units 


y-axis: 1 cm to 1 unit 


The graphs of each pair of simultaneous equations are identical. 


The simultaneous equations have an infinite number of solutions. 


Exercise 2E 


1. 


(a) 


(b) 


(c) 


х+у= 16 — (1) 
х-у=0 — (2) 
(1) + (2): 
(х+у) + (х-у) = 16+0 
х+у+х-у = 16 


2х =16 

х= 8 
Substitute x = 8 into (1): 
8+у=16 

у=8 

2. The solution is x 2 8 and y 2 8. 
x-yz5  —(D 
х+у=19 — (2) 
(2) + (1): 


(х+у)+(х—у)=19+5 
х+у+х-у=24 
2х = 24 
х= 12 
Substitute x = 12 into (2): 
12+y=19 
у=7 
-. The solution is х = 12 and y=7. 
lix-4y 212 — (1) 
9x-4yz8 — (2) 
(1) + (2): 
(11х + 4у) + (9х – 4у) = 12 +8 
Пх + ду + 9х – Фу = 20 
20х = 20 


х=1 


Substitute x = 1 into (1): 
11(1) + 4y = 12 
11+4y=12 
4y=1 
ys 1 


. The solution is x = 1 and y = 


Ale 


(d) 4y+x=11 — (1) 


(e) 


(f) 


Зу-х=3 — (2) 
(1) * (2): 
(4y +x) + 8y-x) 2110 43 
Ду+х + Зу-х = 14 
7у = 14 
у=2 
Substitute y = 2 into (1): 
4(2) +х =11 
8+х = 11 
ж=3 
-. The solution is x 2 3 and y z 2. 
3x+y=5 — (1) 
x+y=3 — (2) 
(1) - (2): 
(Зх + у) – (х+ у)= 5 – 3 
3x+y-x-y=2 


2x =2 
х=1 
Substitute x 2 1 into (2): 
1+у=3 
у=2 


-. The solution is x 2 1 and y 2 2. 
2х+3у=5 — (1) 
2х+7у=9 — (2) 
(2) – (1): 
(2x + Ty) — (2x + Зу) = 9 – 5 
2x + Ty -2x -3y z 4 


4у-4 

у=1 

Substitute y = 1 into (1): 
2х+3(1) = 5 
2х+3 = 5 
2х = 2 
х= 1 


2. Тће зоаНоп 1$ х = 1 апау = 1. 
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(2) 


7х-Зу=15 — (1) 


Substitute c — 2 into (2): 


11х-3у=21 — (2) 32) «2d 27 
Q) - (1): 6 +2а =7 
(11x — 3y) - (7x - 3y) 221 - 15 24-1 
11х- Зу- 7х+3у =6 dias 1 
4x 26 2 
х =1 1 -. The solution is c 2 2 and d - = 
2 
: "PP . (К) 3f+4h=1 — (1) 
Substitute x 2 1 2 into (1): 5f-4h=7 — (2) 
ЦЭ -3y 215 (1) + (2): 
2 (3f + 4h) + (5f— 4h) =1+7 
101 —зу=15 3f+4h + 5f—4h =8 
2 8/-8 
зу --41 fel 
2 Substitute f= 1 into (1): 
у=-15 3(1) +4һ = 1 
3-41-1 
-. The solution is x 2 1 5 and y =-1 5 ; 4А = 2 
(h) 3y-2x29 —(1) n2-l 
2y-2x27 — 0) 2 
0)-02) 2. The solution is f 1 andh--7. 


(3y 2x) - Qy -2x) 29-7 


(0 6j-kz23 —(1 
Зу – 2х- 2у + 2х = 2 


3k+6j=11 — (2) 


=2 
Substitute y = 2 "i (1): ав a . 
Gk * 6j) - (6j 0) 2 11 - 23 
=з ЗЕ + 6] – 6] + Е = 12 
6-2х-9 4k =-12 
Bro k=-3 
get Substitute k = -3 into (2): 
2 3(—3) + 6] = 11 
“. The solution is x = —1 5 апа у = 2. –9 + 6ј = 11 
@ 3а—2Ь=5 —@) 6j=20 
2b-5a=9 — (2) Жыз. 
(0+0): 1 


(За – 2) + (25 – 5а) = 5 + 9 


-. The solution is 2 3 1 апа к= 3. 
За – 25 + 25 – а = 14 


2. (а) 7х-2у-17 — (1) 


ИЕ Зх+ 4у =17 — 0) 
| | а= 2х (1): 14х-4у= 34 — (3) 
e into (2): (3) + О): 
(14х — 4у) + (3х + Ду) = 34 + 17 
зе 14х – Ду + Зх + Ду =51 
КОЕН 17х = 51 
b =-13 e 
-. The solution is a = —7 and b 2 -13. Substitute x = 3 into (2): 


0) 5c-2d =9 — (1) 


3(3) + 4у = 17 
3c+2d =7 — (2) gadai 
(1) + Q): hoe 
(5c - 2d) + (3c + 2d) =9+7 2-9 


5с- 24 + Зс+ 24 = 16 
8с = 16 
с= 2 


-. The solution is x 2 3 and y 2 2. 
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(ђ) 16х + Бу = 39. — (1) 


(с) 


4х- Зу = 31 — (2) 
4х (2): 16х – 12у = 124 — (3) 
(1)- (3): 
(16x + 5у) – (16х – 12у) = 39 – 124 
16x + 5y — 16x + 12y =-85 


17y 2-85 
у=—5 
Substitute y 2 —5 into (2): 
4х – 3(—5) = 31 
4х + 15 = 31 
4x = 16 
x=4 


.. The solution is x = 4 and y 2 —5. 
x+2y=3 —() 
3x+5y=7 — (2) 
3 x (1): 3x+ 6y=9 — (3) 
(3) – (2): 
(3x + 6y) — 3x + Sy) =9-7 

3x + бу- Зх-5у=2 


y=2 
Substitute y = 2 into (1): 
х+2(2)=3 
x+4=3 
x=-l 


-. The solution is x 2 -1 and y = 2. 


(@) 3x+y=-5 — (1) 


(e) 


7х-3у-1 --02) 

3 x (1): 9x + 3y =-15 — (3) 

(3) – (2): 

(9х + Зу) – (7х + Зу) = –15 – 1 
9x + 3y - 7x Зу =-16 


2х =-16 
х=-8 
Substitute x 2 —8 into (1): 
3(-8) + у = –5 
24+ у = –5 
у = 19 


-. The solution is x 2 —8 апа у = 19. 


Jx-3y 213 — (1) 
2x-yz3 — 0) 

Зх (2): бх-Зу=9 — (3) 

4)- (3): 

(7x - 3y) - (6x - 3y) 2 13-9 
7х – Зу – бх + Зу =4 


х=4 

Substitute x = 4 into (2): 
2(4)-y 23 
8-у-3 
у=5 


-. The solution is x 2 4 апд у = 5. 


(f) 


(b) 


9x-5yz2 — (1) 

3x-4y=10 — (2) 

3 x (2): 9x — 12y = 30 — (3) 

(0 - (3): 

(9х – 5у) – (9х – 12у) = 2 – 30 
9x — 5y — 9x + 12y = -28 


Ty =-28 
y=-4 
Substitute y 2 —4 into (2): 
3x-4(-4) 210 
3x 416 210 
3x 2-6 
x =-2 


-. The solution is x = —2 and y = —4. 

7x-3y 218 — (1) 

6х+7у=25 — (2) 

7 х (1): 49х –21у = 126 — (3) 

3х(2): 18х+ 21у=75 — (4) 

(3) + (4): 

(49х — 21у) + (18х + 21у) = 126 + 75 
49х — 21у + 18х + 21у = 201 


67х = 201 
x23 
Substitute x — 3 into (2): 
6(3) + 7у = 25 
18 + Ту = 25 
Ту =7 
у=1 


“. The solution is x= 3 and y= 1. 

4x+3y=-5 — (1) 

3x-2y243 — (2) 

2x (1): 8x + 6y =-10 — (3) 

3 x (2): 9x -– бу = 129 — (4) 

(3) + (4): 

(8х + бу) + (9х – бу) = –10 + 129 
8х + бу + 9х – бу = 119 


17х = 119 
xc 
Substitute x — 7 into (1): 
4(7) + 3y =-5 
28 + 3y =-5 
3y =-38 


у=-1 
-. The solution is x 2 7 and y z -11. 
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(с) 2х+3у=8 —(1) (3) – (4): 


5х+2у=9 — (0) (10х – 8у) – (10х – З5у) = 46 – 55 
2х(1): 4х+6у= 16 — (3) 10х – 8у – 10х + 35у = –9 
3х (2): 15х+ бу= 27 — (4) 27у = —9 
(4) - 3): yd 
(15x + бу) – (4х + бу) 2 27 – 16 3 


15x + 6y- 4x- 6y = 1 


Substitute y = — E into (1): 
lix 2 11 3 


x=1 з-4-1рэ 
Substitute x = 1 into (2): 
5(1) 4 2y 29 5х+ 3 293 
5+2у=9 ; 
2y 24 5x =212 
у=2 1 
-. The solution is x 2 1 and y 2 2. x24 3 

(d) 5x+4y=11 — (1) НЭР Ї 1 
3x+5y=4 — (J ТАЕ ВОНИ Hopes 
Зх (1): 15х + 12у = 33 — (3) 4. (a) х+у=7 — (1) 

5 х (2): 15x € 25y 220 — (4) х-у=5 — (2) 
(4) – (3): From (1), y27-x — (3) 
(15х + 25у) – (15х + 12у) = 20 – 33 Substitute (3) into (2): 

15х + 25у – 15x — 12y = -13 х-(7-х)=5 

13у = –13 х-7+х=5 
у=-1 2х =12 

Substitute y — —1 into (1): х=6 
5х + 4—1) = 11 Substitute x = 6 into (3): 

5x-4=11 y=7-6 

5х = 15 =1 
х=3 “. The solution is x = 6 and y= 1. 

-. The solution is x 2 3 and y=-1. (b Зх-у=0 — (1) 

(e) 4х-Зу=-1 — (1) 2х+у=5 — (2) 
5х-2у=4 — (2) From (2), y 2 5- 2x — (3) 
2x(1:8x-6y2-2 — (3) Substitute (3) into (1): 
3x(2:15x-6y212 — (4) Зх – (5 – 2х) = 0 
(4) – (3): 3х-5 + 2х = 0 
(15х – бу) – (8х – бу) = 12 – (2) 5х = 5 

15х – бу – 8х + бх = 14 х= 1 
7х = 14 Substitute x = 1 into (3): 
x=2 y =5-2(1) 
Substitute x = 2 into (2): =3 
5(2)-2у-4 -. The solution is x 2 1 and y 2 3. 
10-2у=4 (© 2x-7y25 — (1) 
2у=6 3x+y=-4 — (2) 
y=3 From (2), y 2 -4- 3x — (3) 
-. The solution is x 2 2 and y 2 3. Substitute (3) into (1): 

(f 5x-4y 223 — (1) 2х-7(-4- 3х) =5 
2х-7у=Ш — (2) 2х+ 28 + 21х = 5 
2х (1): 10х-8у=46 — (3) 23x = 23 
5 х (2): 10х – 35у = 55 — (4) х= -1 

Substitute x = —1 into (3): 
y 2-4-3(C1) 


--1 
2. The solution is x =—1 and y=-1. 


OXFORD 
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(d 5х-у=5 
Зх + 2у = 29 


From (1), y=5x-5 — (3) 
Substitute (3) into (2): 


- 0) 
- 0) 


3x + 2(5Хх – 5) = 29 


Зх + 10х – 10 


=29 


13x 2 39 
х=3 


Substitute x = 3 into (3): 


y 25(3)-5 
=10 


-. The solution is x = 3 and y = 10. 


(e) 5x+3y=11 
4x-y=2 


Егот (2), у=4х-2 — (3) 
Substitute (3) into (1): 


- 0) 
— (2) 


5х + 3(4х—2)= 11 
5x-12x- 6-11 
17x 217 


х-1 


Substitute x = 1 into (3): 


<. The solution is x = 1 and y = 2. 


у=&@1)-2 
=2 

( 3х+5у =10 

х-2у=7 


Егот (2), х=2у+7 — (3) 
Substitute (3) into (2): 


- 0) 
- (2) 


3(2y + 7) + Sy = 10 
бу + 21 + 5у = 10 
lly =-11 

y=-l 


Substitute y — —1 into (3): 


х =2(-1) +7 
=5 


-. The solution is х = 5 апа у = –1. 


(9 х+у=9 
5х- 2у = 4 


From (1), у= 9-х — (3) 
Substitute (3) into (2): 


- 0) 
- 0) 


5x -2(9 -x)24 
5x—184 2x 24 
7х = 22 


х 


Substitute x = 3 5 into (3): 


jaddal 


7 
"s 
7 


-. The solution is x 2 3 5 and y=5 7 


(h) 5х-2у-3 
х-4у=-6 


7 


— (Q0) 
— (2) 


6 


(b) 


(c) 


сто 


From (2),x=4y-6 — (3) 
Substitute (3) into (1): 
5(4y — 6) + 2y = 3 
20у – 30 + 2у = 3 

22у = 33 


у= 1 


о] 


Substitute y 2 1 5 into (3): 


1 
= 24 тел] — 
х (5) 6 
=0 
-. The solution is x - 0 and y- 17 


х+у=0.5 — (1) 
х-у=1 — (2) 
(1) + (2): 
(х+у) + (х-у) = 0.5 +1 
х+у+х-у = 1.5 
2х = 1.5 
х= 0.75 
Substitute x 2 0.75 into (1): 
0.75 * y 20.5 
у=-0.25 
-. The solution is x 2 0.75 and y 2 -0 25. 
2x+04y =8 — (1) 
5x-12y 29 — (2) 
3x (1): 6x + 1.2y=24 — (3) 
(3) + (2): 
(6x + 1.2y) + (5x — 1.2y) =24 +9 
6x + 1.2y + 5x — 1.2y = 33 


Их =33 
x23 
Substitute x = 3 into (1): 
2(3) +0.4у =8 
6+0.4у =8 
0.4y 22 
у=5 


-. The solution is x 2 3 and y 2 5. 
10х –Зу=245 — (1) 
3х- 5у = 13.5 — (2) 
5 х (1): 50х – 15у = 122.5 — (3) 
3х(2): 9х-15у=40.5 — (4) 
(3) – (4): 
(50х – 15у) – (9х – 15у) = 122.5 – 40.5 
50x – 15у – 9х + 15у = 82 
41х = 82 
x22 
Substitute x — 2 into (1): 
102) - 3y = 24.5 


20-3у- 24.5 
Зу =-4.5 
у =-1.5 


-. The solution is x 2 2 and y = -1.5. 


OXFORD 
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(9) 


(а) 


(b) 


(c) 


6х +5у = 105 — (1) 
5х-3у =-2 — 00) 
3х(1): 18х+ 15у = 31.5 — (3) 
5 x (2): 25x- 15y=-10 — (4) 
(4) + (3): 
(25х – 15у) + (18х + 15у) = –10 + 31.5 
25х – 15у + 18x + 15y = 21.5 
43x 2 21.5 
х=05 
Substitute x 2 0.5 into (1): 
6(0.5) + 5у = 10.5 
3 + 5у = 10.5 
5у =7.5 
у = 1.5 
-. The solution is x 2 0.5 and y 2 1.5. 
4x-y-7=0 — (1) 
4x-3y-1120 — (2) 
(2) - (0): 
(Ax -* 3y- 11) - (Ax - y - 7 0-0 
4х-3у-11-4х-у-47-0 
4у=4 
у=1 
Substitute y — 1 into (1): 
4x-1-7=0 
4х = 8 
х= 2 
-. The solution is x 2 2 апа у = 1. 
7х+2у-33=0 — (1) 
3y-7x-1720 — (2) 
(1) + (2): 
(7х + 2у – 33) + (3у - 7x - 17) 2040 
7х + 2у – 33 + Зу – 7х – 17 = 0 
5у = 50 
у = 10 
Substitute y = 10 into (1): 
7х + 2(10) - 33 =0 
7х + 20-33 =0 
7х = 13 
х= 16 
7 


“. The solution is x = 1 5 апд у = 10. 


5х-Зу-2=0 — (1) 
x+5y-6=0 — (2) 

5 x (2): 5x + 25y-30=0 — (3) 

(3) - (0: 

(5х + 25у – 30) – (5х – 3у – 2) = 0-0 
5х + 25у – 30 – 5х + 3у+2 = 0 


28у = 28 
у= 1 
Substitute y = 1 into (2): 
x+5(1)-6=0 
x+5-6=0 
х=1 


та 


solution is x 2 1 and y = 1. 
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(d) 5x-3y-1320 — (1) 


(e) 


(f) 


(a) 


7x-6y-2020 — (2) 
2 x (1): 10х- 6у-26=0 — (3) 
(3) – (2): 
(10х – бу – 26) – (7х – бу – 20) = 0-0 
10х – бу – 26 – 7х + бу + 20 = 0 
3х=6 
х=2 
Substitute x = 2 into (1): 
5(2)-3у-13-0 
10-3у-13-0 
Зу=3 
у=1 
-. The solution is x 2 2 апа у = 1. 
7х+3у-8=0 — (1) 
3àx-4y-1420 — (2) 
4х (1): 28х + 12у – 32=0 — (3) 
3х (2): 9х-12у-42=0 — (4) 
(3) + (4): 
(28х + 12у- 32) + (9х- 12у- 42) =0+0 
28х + 12у – 32 + 9х – 12у – 42 = 0 


37х = 74 
х= 2 
Substitute x = 2 into (1): 
7(2)-3у-8-0 
14-3у-8-0 
Зу=—6 
у=-2 


-. The solution is x 2 2 and y 2 –2. 
3x+5y+8=0 — (1) 
4x+13y-2=0 — (2) 
4х (1): 12х + 20у + 32=0 — (3) 
3х (2): 12х + 39у-6=0 — (4) 
(3) – (4): 
(12х + 20у + 32) – (12х + 39у – 6) = 0-0 
12x + 20у + 32 – 12х – 39у +6 = 0 
19у = 38 
у= 2 
Substitute y = 2 into (1): 
3x + 5(2) +8 = 0 
3х+10+8 = 0 
3x = -18 
х=-6 
“. The solution is x =—6 and y =2. 


Хх +1 1 
= — (1) 
Х- 





2 
2 





о] &|ш 


d -Q 


From (1), 

4х+ 1) = 3(у + 2) 
4х +4 = Зу+6 
4х-Зу =2 — (3) 


(b) 


(c) 


From (2), 
5(х — 2) = 3(у— 1) 


5х-10-3у-3 
5x-3y =7 — (4) 
(4) – (3): 


(5x - 3y) - (4x - 3y) 27 - 2 
5х—Зу—4х+3у=5 


X» 
Substitute x — 5 into (3): 
4(5)-3y 22 
20-3у-2 
Зу = 18 
у=6 
-. The solution is x 2 5 and y 2 6. 
X 2 -5 — (1 
3 2 6 0) 
2 2 
3х-—у=3— — (2 
575929) 
9у 1 
9х(1):3х– — =7— — (3 
(1) 5 2 (3) 
(2) – (3): 





2 9у 2 1 
= 3 7 
(3x 5) E >) 5 5 
2 
5 


10 
1 1 
4– у=-4—. 
10^ ^ ^10 
peel 
Substitute y = —1 into (2): 
2 2 
3x- —(-1)23— 
5 | ) 5 
Зо ныаг 
5 
Зх =3 
х 


“. Тће воїшйоп 18 х= 1апду=-—1. 
3 


X 

L-lyz3 — (1 
дв? (1) 
5 у 

-x- 1212 —(Q 
3 2 (2) 


8x(1:2x-3yz24 — (3) 

6x(2:10x-3y2 72 — (4) 

(4) – (3): 

(10x – Зу) – (2х – Зу) = 72 – 24 
10x – Зу – 2х + Зу = 48 


8х = 48 
x26 
Substitute x = 6 into (3): 
2(6) - 3y 224 
12 – Зу = 24 
Зу--12 
у=-4 


-. The solution is x 2 6 and y 2 -4. 


(d) 


(a) 


(b) 


х-3  y-7 
ве ЈЕ = = ee 
5 > 0) 


Пх=13 — 0) 


26 x (1): 26 e-3- 130-7) 


26 78 
26,_78—13,_91 d 
5 5 y (3) 
(2) – (3): 
26 78 
п | 7E qu tay edd 
x (22. т) y - (13y - 91) 
lix- x+ I8 =13y-13y+91 
5 5 
sya gs” 
5 5 
x=13 
Substitute x = 13 into (2): 


11(13) = 13у 
у= П 
2. The solution is x = 13 and y = 11. 
2x+5y=12 — (1) 
4x+3y=-4 — (2) 
From (1), 2x 2 12- 5y 
_ 12 –5у 
2 
Substitute (3) into (2): 
(252) 43y 2-4 
2 ) 
24 – 10у + Зу z-4 
7y 228 
у=4 
Substitute y = 4 into (3): 
c 12 2) 


— (3) 


x 








=-4 
-. The solution is x 2 —4 and y = 4. 
4x—-3y 225 — (1) 
6x+5y=9 — (2) 
From (1), 4x = 3y + 25 





Substitute (3) into (2): 


Зу + 25 
s( 1 





ЕЖ 


у=-3 
Substitute y 2 —3 into (3): 
хос Xt 25 
=4 
-. The solution is х = 4 апа у = –3. 


OXFORD 
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(с) 3x+7y=2 — (1) 
6x-5y=4 — (2) 
From (1),3x 2 2 - 7y 

_ 2- Ту 

3 

Substitute (3) into (2): 


2—Ty х 
4 3 је = 


4- 14у-5у =4 
19у =0 
у=0 
Substitute y = 0 into (3): 
_ 2-70) 
3 


x 


— (3) 








2 
3 


-. The solution is x = 5 апа у = 0. 
(d) 9x+2y=5 — (1) 

7х- Зу = 13 — (2) 

From (1), 9x = 5 – 2y 





5-2у 
хэ--53 — (3 
9 (3) 
Substitute (3) into (2): 
5-2y 
7 – 3у = 13 
кок 
35 _ Dt asy = 13 
9 9 
5 1 
42у--01 
9 У 9 
у=-2 
Substitute y 2 —2 into (3): 
25-2C2) 
9 


=1 
-. The solution is x = 1 and y = 2. 
(е) 2y—5x=25 — (1) 
4x+3y=3 — (2) 
From (1), 2y 2 5x € 25 


- 5%+25 _ (3) 





Substitute (3) into (2): 





Substitute x 2 —3 into (3): 
_ 5(-3) + 25 
5 2 
-5 
“. The solution is x = -3 and y = 5. 
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(0) 3x-5y=7 — (1) 


4х-Зу=3 — (2) 
From (1), 3x 2 5y 4 7 
ya 2t 
3 
Substitute (3) into (2): 


(2227) -ay=3 


= (3) 





AET 28 -3y =3 
3 3 
2 1 
З-у--6-1 
3? 3 
goa * 


Substitute y 2 —1 = into (3): 


8 
_ (Aie 
Peces 


б 
П 


- 


x 


.. The solution is x = -£ and = –1 8 ; 


2 +у+2=0 — (1) 
5 
= -y-10=0 — (2) 


From (D, y 2-7 -2 — (3) 


Substitute (3) into (2): 


х х 
2-1-т- -10-0 
3 | 5 2] 


Žž +5 +2-10=0 
3 5 

B ax 

15 

х= 15 

Substitute x 2 15 into (3): 
_В _ 

5 
=—5 


-. The solution is x 2 15 and y 2 —5. 


y= 2 


ХҮУ-а -а) 


Зх+у _ 





1-2 


From (1), x -*y 29 
x=9-y — (3) 
Substitute (3) into (2): 
39 -»)*»., 
5 
27-3y+y=5 
2у = 22 
у= 1 
Substitute y = 11 into (3): 
x=9-11 
=-2 
“. Тће зоћшоп 15 х = –2 апа у = 11. 


[(9] 


10. (а) 


(b) 


Зх-у=23 — (1) 
X uo 

2414 -0 

3 4 B 

From (1), y 23x -23 — (3) 
Substitute (3) into (2): 


2 Зх- 23 _д 





х 
a 

Ах + 9х – 69 = 48 

13х = 117 
х=9 

Substitute x = 9 into (3): 
у = 3(9) – 23 

=4 
-. The solution is x 2 9 and y 2 4. 


From (1), 2x + 3y = 24 
2х = 24 – Зу 
24 – Зу 
2 


х= 


Substitute (3) into (1): 
3252 Lud 
3 2 6 
48 — бу-у =6 
Ту =42 
у =6 
Substitute y = 6 into (3): 
qu 24 х0) 





=3 
-. The solution is x 2 3 and y 2 6. 
2 _ 1 





EQ edi 
х+у 2x+y 
3x+4y =9 — (2) 
From (1), 


2(2х+у)=х+у 
4х+2у=х+у 
у=-3х — (3) 
Substitute (3) into (2): 
3x + 4(-3x) =9 
Зх – 12x =9 
-9x = 9 
x=-l 
Substitute x 2 —1 into (3): 
y =-3(-1) 
=3 
-. The solution is x 2 -1 and y 2 3. 


1 -la m 
<@-Э=+т@-» —@) 


1 2\_1 
(и +25]= 40-5» —0) 


- 0) 


(с) 


20х(1): 

4(х—2) = 5(1-y) 
4x-825-5y 

4х+5у =13 — (3) 

21 x (2): 


2 
[25] 216 -» 
3х+8 =21- 7у 
Зх = 13 – 7у 


r= Baty в 


Substitute (4) into (3): 
4852) + 5у =13 


52 28 
2^ 229 y 5y 213 
poor 





1 1 
4-у=4— 

3” 3 

yel 
Substitute y — 1 into (4): 
xd 13 - 7(1) 

3 

=> 
“. The solution is x = 2 and y= 1. 
5х+у - = ыэ -0 





7x-3 -x 


21.2 — (2) 





45 x (1): 
5(5x + у) =90 – 9(х + у) 
25x + Sy = 90 – 9х – 9у 
З4х + 14у = 90 
17х + 7у =45 — (3) 
6 x (2): 
3(7x — 3) = 6+ 2(y—x) 
21х-9=6+2у- 2х 
2у = 23х - 15 
.. 23x - 15 
у= TE 
Substitute (4) into (3): 


ит 13) = 45 


tier ел 48 
poem 


— (4) 


971; =971 
2 2 


х=1 
Substitute x = 1 into (4): 


23(1) - 15 
у – 230) 


2 
=4 
-. The solution is x 2 1 and y = 4. 
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(д #5 cc — (1) (3) + (4): 
3 5 (80s — 30h) + (875 + 30h) = -90 + 48 


X7 22x-3y45 — (2) 75 =42 
2 5=6 
НОЗИ ОНИ РАМОН Substitute s — 6 into (1): 
5х + 5у = Зх – Зу 
аву 8(6) – Зћ = –9 
48 – Зћ =-9 
| | ен ui 3h =57 
Substitute (3) into (2): h=19 
— = 2(-4у) -Зу+5 .. The height above the ground is 19 m and the time when the cat 
тээ. meets the mouse is 5 s. 
10y 25 
1 Ехегсїве 2Е 
ы 2 1. Letthe smaller number be x and the greater number be y. 
Substitute y — m into (3): х+у=138 — (1) 
1 a y-x=88 — (2) 
х=-4{) (1) + (2): 
0 (х + у) + (9 –х) = 138 + 88 
212 1 х+у+у-х = 226 
2. The solution is x = —2 апі у = z 2у =226 
11. When x =3,y=-1, y=113 
3р(3) * q(-1) 2 11 Substitute y = 113 into (1): 
9р-4-11 — (1) х + 113 = 138 
-40) 5141) гр х=25 
р=-3а-5 — (2) -. The two numbers are 25 and 113. 
Substitute (2) into (1): 2. Letthe smaller number be x and the greater number be y. 
9-34-5)-4-11 y-x=10 — (1) 
-27/4 -45 -q = 11 x+y=4x — (2) 
284 =-56 From (2), y 2 3x — (3) 
а =-2 Substitute (3) into (1): 
Substitute q — —2 into (2): Зх-х=10 
р =-3(-2)-5 2х = 10 
=1 х=5 
-. The values of p and of q are 1 and —2 respectively. Substitute x = 5 into (3): 
12. When x =-11,y=5, у = 3(5) 
р(-11) -56) 4 -15 
-llp+25=q — (1) -. The two numbers are 5 and 15. 
q(-11) + 7(5) =p 3. Let the cost of a belt be $x and the cost of a wallet be $y. 
–1а+35=р — (2) х+у=42 — (1) 
Substitute (2) into (1): 7х + 4y 2213 — (2) 
–1– Па + 35) +25 = 4 From (1), y 242-x — (3) 
1219 – 385 + 25 = 4 Substitute (3) into (2): 
120q 2 360 7х + 4(42 —х) = 213 
а =3 7х + 168 —4х = 213 
Substitute g = 3 into (2): 3x = 45 
–11(3) + 35 =р х=15 
р=2 Substitute x 2 15 into (3): 
-. The values of p and of q are 2 and 3 respectively. y 242-15 
13. 8s-3hz-9 — (1) =27 
—295 + 10л = 16 — (2) -. The cost of a belt is $15 and the cost of a wallet is $27. 


10 x (1): 80s — 30h =-90 — (3) 
3 x (2): 875 +30h=48 — (4) 


OXFORD 
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Let the cost of 1 kg of potatoes be $x and the cost of 1 kg of carrots 
be $y. 
8x+5y=28 — (1) 
2х+ 3у = 11.2 — (2) 
4х (2): 8х + 12у = 44.8 — (3) 
(3) - (0): 
(8х + 12у) – (8х + 5у) = 44.8 – 28 
8х + 12y — 8x — 5y = 16.8 
7y 216.8 
у=24 
Substitute y = 2.4 into (2): 
2x + 324) 2 11.2 
2x+7.2 =11.2 
2х=4 
x=2 
-. 1 kg of potatoes cost $2 and 1 kg of carrots cost $2.40. 
Let the first number be x and the second number be y. 
x+7=2y — (1) 
y+20=4x — (2) 
Кот (1),х=>2у–7 — (3) 


Substitute (3) into (2): 
у+20=4(2у-7) 
= 8у – 28 
7у= 48 
6 
=6— 
ds 


Substitute y — 2 into (3): 


6 
х =2(65 -7 


-6 


~ | сл 


-. The two numbers are 6 3 and 6 6 : 


Let the smaller number be x and the greater number be y. 
x+y=48 — (1) 
1 
x=` y — (2 
ас. 
Substitute (2) into (1): 


1 
—у+у =48 
57 y 


у =48 


"|o 


у =40 
Substitute y = 40 into (2): 
1 
x = —(40 
5 (40) 


=8 
-. The two numbers are 8 and 40. 


Let the smaller angle be x and the greater angle be y. 
50+ =2е — (1) 


1 


z072 = 14° — (2) 


5х(1):х+у= 120° — (3) 
2х(2):у-х=28° — (4) 
(3) + (4): 
(х + у) + (у –х) = 120° + 28° 
х+у+у-х = 148° 
2у = 148° 
у = 74° 
Substitute y = 74° into (3): 
x + 74° = 120° 
x = 46° 
. The two angles are 46° and 74°. 
The sides of an equilateral triangle are equal. 
x+y-9=y+5 —() 
у+5=2х-7 — (2) 

From (1),x = 14 
Length of each side = 2(14) - 7 

= 21 ст 
-. The length of each side of the triangle is 21 cm. 

Зх-у = 2х+у — (1) 
Зх-у+2х+у+2(2х- 3) = 120 — (2) 
From (2), 
Зх-у+2х+у+4х- 6 = 120 

9х = 126 

х= 14 

Substitute x = 14 into (1): 
304) –у =2(14) + у 


42-у=28+у 
2у=14 
у=7 
Area of rectangle = [3(14) — 7] x [2(14) — 3] 
=35х25 
= 875 ст’ 


~. The area of the rectangle is 875 cm’. 


. The sides of a rhombus are equal. 


2х+у+1= а 


— (0 


2х+у+1=х-у — (2) 
Ргот (2), х=-2у-1 — (3) 
Substitute (3) into (1): 
3-2у-1)-у-2 
2 

—7у-5 

2 

—бу-2 =-7у-5 
у=-3 
Substitute y = —3 into (3): 
x =-2(-3)-1 
=5 
Perimeter of the figure = 4[5 — (-3)] 
= 32 ст 


2(—2у-1)+у+1= 


-4у-2-4у41- 





-. The perimeter of the figure is 32 cm. 
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11. Let the numerator of the fraction be x and its denominator be y, 


12. 


13. 
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х 
i.e. let the fraction be у? 


x-1 
jal" 





— (1) 
х +1 
у+1 = 
From (1), 
2(x-1)2y-1 
2x-2=y-1 
yz2x-1 — (3) 
Substitute (3) into (2): 
х+=ї- _ _ 2 
2%=1+1 3 
З(х + 1) = 4х 
Зх + 3 = 4х 
xm 
Substitute x = 3 into (3): 
у =2(3)-1 
=5 





— (2) 


WIN Nie 


-. The fraction is Ё ; 


Let the age of Kai Kai in 2013 be x years old 

and the age of Jia Jia in 2013 be y years old. 

x*yzll — (1) 

х+9=3у — (2) 

(1) - (2): 

(x*y)-(x49)211—3y 
x+y-x-9=11-3y 


у-9-11-3у 
Ду = 20 
у=5 
Substitute y — 5 into (1): 
x+5=11 
x=6 
In 2014, 
Age of Kai Kai=6+ 1 
=7 
Age of Jia Jia=5+ 1 
=6 


-. In 2014, the ages of Kai Kai and Jia Jia are 7 years and 
6 years respectively. 
Let the amount an adult has to pay be $x and the amount a senior 
citizen has to pay be $y. 
6x+4y= 228 — (1) 
13х+7у=459 — (2) 
From (1), 3x - 2y2 114 — (3) 
2 x (2): 26x + 14y 2918 — (4) 
7 x (3): 21x + 14y = 798 — (5) 
(4) - (5: 
(26х + 14у) – (21х + 14у) = 918 – 798 
26x * 14y - 21x - 14y = 120 
5х = 120 
х=24 


14. 


15. 


16. 


Substitute x = 24 into (3): 
3(24) + Зу = 114 
72 + 2у = 114 
2y = 42 
у= 21 
Total amount 2 adults and a senior citizen have to pay 
= 2($24) + $21 
= $69 
-. The total amount is $69. 
Let the number of gift A to buy be x 
and the number of gift B to buy be y. 


10х + 8у = 230 — (1) 
х+у=2+2+ 13 + 10 
227 — (2) 

Егот (2), у=27-х — (3) 


Substitute (3) into (1): 
10x + 8027 – х) = 230 
10х + 216 – 8х = 230 


2х = 14 
х=7 
Substitute x = 7 into (3): 
y=27-7 
= 20 


.. Lixin should buy 7 gift A and 20 gift B. 
Let the number of chickens be x and the number of goats be y. 
x+y=50 — (1) 
2x+4y=140 — (2) 
From (1), y 250- x — (3) 
Substitute (3) into (2): 
2x + 4(50 – х) = 140 
2х + 200 – 4х = 140 
2х = 60 
х = 30 
Substitute x = 30 into (3): 
у = 50 – 30 
=20 
Number of more chickens than goats = 30 — 20 
=10 
-. There are 10 more chickens than goats. 
Let the amount Ethan has be $x and the amount Michael has be $y. 


х+у=80 — (1) 
х= у —@ 
From (1), y=80-—x — (3) 
Substitute (3) into (2): 
1 1 
a = z (80 — x) 
Зх = 160 – 2х 
5х = 160 
х = 32 
Substitute x = 32 into (1): 
32 + у = 80 
у =48 


-. Bthan received $32 and Michael received $48. 


17. Let the amount deposited in Bank A be $x 
and the amount deposited in Bank B be $y. 
х+у =25000 — (1) 
0.6 0.65 
p mci = (2 
1007 7 1007 T O 


From (2), y = at — (3) 


Substitute (3) into (1): 


x+ 17 х =25 000 
13 


25 225000 
13 


х = 13 000 
Substitute x 2 13 000 into (3): 
12 
= — (13 000 
13 ( ) 


= 12000 
-. Rui Feng deposited $13 000 in Bank A and $12 000 in Bank B. 
18. Let the smaller number be x and the greater number be y. 


2-2? 22 -D 
X 
5x-2 


x 
From (1), y - 2 2 2x 





=2 —@ 


ge VES — (3) 
X 


Substitute (3) into (2): 


у-2 
5 5 )-2 
О 


у = 14 
Substitute y = 14 into (3): 
2 
=6 
.. The two numbers are 6 and 14. 
19. Let the tens digit of the original number be x and its ones digit be y. 
Then the original number is 10x + y, the number obtained when the 


digits of the original number are reversed is 10y + x. 
х+у= 5 (10x +9) —(@) 


(10х + у) – (10у+х) 2 45 — (2) 
From (1), 

8(х + у) = 10х+у 

8х + ду = 10х + у 


From (2), 
lOx * y - 10y-x 2 45 
9x —9y 2 45 
х-у=5 — (4) 
Substitute (3) into (4): 
7 


ly-yz5 
2777 


Substitute y — 2 into (3): 
7 

х= =(2 
5 (2) 


27 
-. The original number is 72. 
20. Let the cost of 1 pear be $x and the cost of 1 mango be $y. 
8х + у=10+11 — (1) 
5x+4y=10-1.75 — (2) 
4х (1): 32х+ 20у = 444 — (3) 
5 х (2): 25х+ 20у = 41.25 — (4) 
(3) – (4): 
(32х + 20у) – (25х + 20у) = 444 – 41.25 
32х + 20y - 25x – 20у = 3.15 
7х = 3.15 
х= 045 
Substitute x = 0.45 into (2): 
5(0.45) + 4y = 8.25 
2.25 + 4y = 8.25 
4y =6 
у=15 
“. 1 pear costs $0.45 and 1 mango costs $1.50. 
21. (i) Let the number of shares of Company A Huixian's mother has 
be x and the share price of Company B on Day 7 be $y. 
4.6х — 2000у = 7400 — (1) 
4.8x — 5000(y - 0.5) 2 -5800 — (2) 


From (1), 
2000у = 4.6х – 7400 
4.6х – 7400 
= — (3 
7 2000 e 
Substitute (3) into (2): 
4.6x — 7400 
зах – 500( 2522 тию -0.5 ]=-550 
4.8x — 11.5x + 18 500 + 2500 = -5800 
6.7х =26 800 


х = 4000 
-. Huixian's mother has 4000 shares of Company A. 
(ii) From (i), 
substitute x = 4000 into (3): 
_ 4.6(4000) - 7400 
2000 
=5.5 
Share price of Company B on Day 122 5.5 - 0.5 
=5 
-. The share price of Company B on Day 12 is $5. 
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Review Exercise 2 3. (i) Price Company A charges for 20 minutes of talk time = $0.80 
(ii) Price Company B charges for 50 minutes of talk time = $3.80 
1. (a) (iii) For less than 30 minutes of talk time, Company B charges a 
lower price than Company A, thus Company B would be 
able to offer Jun Wei a better price. 
(iv) m, = gradient of A 
4 
50 
2 
25 
m, = gradient of B 


Since m, » m,, Company B has a greater rate of increase in 





charges. 

(v) At $4 per month, 
duration of talk time offered by Company A = 60 minutes and 
duration of talk time offered by Comapny B = 52 minutes. 
Since Company A offers more talk time for $4 per month, 
Michael should choose Company A. 


4. (а) 2х+у=2 





























m = y-intercept 





=2 
n= gradient of line 
236 
3 
=12 (c) From the graph in (b), 
When y 2 2, 
р=х=2 


(d) (ii) The coordinates of the point of intersection are (-0.5, 3). 
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5. 


(a) (i) Whenx=-5,y=p, 


5(-5) - 3p z2 
–25 – Зр =2 

Зр = –27 

p=-9 

When x =7,y=q, 

5(7)– За =2 
35 – За = 2 
За = 33 
4-11 

“ p=-9,q=11 


(ii) 


(b) (i) 3х-4у-7 





x -5 3 7 
у 55 -0.5 -3.5 

















(c) The graphs intersect at the point (1, 1). 
-. The solution is x 2 1 and y = 1. 
(a) 7x 32yz10 — (1) 
5х+2у=6 — (2) 
(1) - (2): 
(7х + 2у) – (5х + 2у) = 10-6 
7х + 2у – 5х -– 2у = 4 
2x =4 
X2 





Substitute x = 2 into (2): 
5(2) + 2y =6 
10 + 2y =6 
2y 2-4 
у=-2 
-. The solution is x 2 2 and y = –2. 


(b 9x44y 228 — (1) 


4y-1I1x 2-12 — (2) 
(1) - (2): 
(9х + 4y) - (4y - 11x) 2 28 - (-12) 
9х + 4у – 4у + 11х = 28 + 12 
20х = 40 
ж=2 
Substitute x = 2 into (1): 
9(2) + ду = 28 
18 + 4у = 28 
4у = 10 
1 
у 262 


.. The solution is x = 2 and y = 25 ] 


(с) 2х–5у=22 — (D 


2х-Зу=14 — (2) 

(0 - 2): 

(2x — 5y) — (2x — 3y) = 22 – 14 
2х – 5у – 2х + Зу = 8 


2y =-8 
y=-4 
Substitute y = —4 into (2): 
2x - 3(-4) 2 14 
2х+ 12 = 14 
2х=2 
х=1 


-. The solution is x 2 1 and y 2 -4. 


(d) 6x-y=16 —(1) 


3x+2y =-12 — (2) 
From (1), y=6x-16 — (3) 
Substitute (3) into (2): 
Зх + 2(6х – 16) = –12 
3x + 12x — 32 = -12 
15x 220 
х=1 1 


Substitute x = 1 5 into (3): 


1 


--8 


-. The solution is x 2 1 5 апду=—8. 
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(е) 4х+3у =0 — (D 
5у+ 53 = Их — (2) 


From (D.xe- 1 — @) 


Substitute x 2 — i y into (2): 


3 
5у + 53 = 185 


2.33, 
4 
1 
13—y 2 -53 
27 
у=-4 


Substitute y = —4 into (3): 
3 

х=-- (-4 
269 


-3 
-. The solution is x 2 3 and y 2 -4. 
(0) 5х-4у=4 —@) 
2х-у=2.5 — (2) 
From (2), y 22x - 2.5 — (3) 
Substitute (3) into (1): 
5х- 4(2х-2.5) =4 
5х- 8х + 10 =4 
3x =6 
x=2 
Substitute x = 2 into (3): 
у =2(2) – 2.5 
=15 
“. The solution is x = 2 and y = 1.5. 


7. Let the first number be x and the second number be y. 


х+11=2у — (1) 
y+20=2x — (2) 
From (1),x=2y-11 — (3) 


Substitute (3) into (2): 
y+20 =2(2y-11) 
=4у- 22 

Зу= 42 

у = 14 
Substitute y = 14 into (3): 
x =2(14)-11 

=17 


-. The two numbers are 17 and 14. 
The parallel sides of a parallelogram are equal. 
х+у+1=3х-4 — (1) 

2у-х=х+2 — 0) 
From (1),y=2x-5 — (3) 
Substitute (3) into (2): 
2(2х-5) -х=х+2 

4х - 10-х=х+2 

2х = 12 
x=6 
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10. 


Substitute x = 6 into (3): 
y=2(6)-5 
=7 
Perimeter of parallelogram = 2{[2(7) — 6] + (6+ 7+ 1)} 
= 44 ст 
.. The perimeter of the parallelogram is 44 cm. 
Let the numerator of the fraction be x and its denominator be y, 
i.e. let the fraction be : 
х-1 1 
y+2 2 
x+3 1 
ус а 
From (1), 
2(x-1)2y-«2 
2х-2=у+2 
у=2х-4 — (3) 
From (2), 
4(x-3)25(y-2) 
4х + 12 =5у- 10 
4x—5y 2-22 — (4) 
Substitute (3) into (4): 
4x—5(2x- 4) 2 22 
4x — 10х + 20 = –22 
6x = 42 
х= 7 
Substitute x = 7 into (3): 
y=2(7)-4 
= 10 





- 0) 





— (2) 


.. The fraction is T i 
10 


Let the tens digit of the number be x and its ones digit be y. 
x+y=12 — (1) 


y=2x — (2) 
Substitute (2) into (1): 
x+2x=12 

3х= 12 
х=4 
Substitute x = 4 into (2): 
y =2(4) 
=8 
.. The number is 48. 


11. (i) Let Khairul’s present age be x years old 


and Khairul’s monther’s present age be y years old. 
у+4=3(х+4) — (1) 
y-6=7x-6) — (2) 
From (1), y+ 4 =3x + 12 
y=3x+8 — (3) 
Substitute (3) into (2): 
3x+8-6=7(x-6) 
3x+2 =7x-42 
4x =44 
x=11 
<. Khairul’s present age is 11 years. 


12. 


13. 


14. 


(ii) From (i), 
Substitute x 2 11 into (3): 
у=3(11)+8 
=41 
Age of Khairul's mother when he was born 2 41— 11 
= 30 
-. The age of Khairul's mother was 30 years. 


Let the amount Shirley has be $x and the amount Priya has be $y. 


20х-3) =у+3 — (1) 
Х+5 = 2(у- 5) — (2) 
From (1),2x-6=y+3 
y=2x-9 — (3) 


Substitute (3) into (2): 
х+5=2(2х-9-5) 
=4х-28 
Зх = 33 
xzll 

Substitute x 2 11 into (3): 
y=2(11)-9 

=13 


-. Shirley has $13 and Priya has $11. 
Let the number of smartphones be x 
and the number of tablet computers be y. 
х+у= 36 — (1) 
895х + 618у = 28 065 — (2) 
From (1), y 2 36- x — (3) 
Substitute (3) into (2): 
895x + 618(36 — x) = 28 065 
895х + 22 248 — 618х = 28 065 


277х = 5817 
x=21 
Substitute x = 21 into (3): 
y 236-21 
= 15 


-. The vendor buys 21 smartphones and 15 tablet computers. 
Let the cost of 1 cup of ice-cream milk tea be $x 
and the cost of 1 cup of citron tea be $y. 
5х + Ау=268 — (1) 
7х + бу = 38.6 — (2) 
3 х (1): 15х + 12у = 804 — (3) 
2х (2): 14х+ 12у=77.2 — (4) 
(3) - (4): 
(15x + 12у) – (14х + 12у) = 80.4 – 77.2 
15x + 12у – 14х- 12у = 3.2 
х= 3.2 
Substitute x = 3.2 into (1): 
5(3.2) + 4у = 26.8 
16 + 4у = 26.8 
бу = 10.8 
у= 2.7 
Difference in cost 2 $3.20 — $2.70 
= $0.50 
-. The difference in cost is $0.50. 


15. 


16. 


17. 


Let the mass of $2.50 per kg coffee powder be x kg 
and the mass of $3.50 per kg coffee powder be y kg. 
х+у=20 — (1) 
2.5x + 3.5y = 20 x 2.8 
=56 — (2) 
From (1), y 2 20- x — (3) 
Substitute (3) into (2): 
2.5x + 3.5(20 — x) = 56 
2.5х+ 70 – 3.5х = 56 


х= 14 
Substitute x = 14 into (3): 
y =20-14 
=6 


. Vishal uses 14 kg of the $2.50 per kg coffee powder and 6 kg of 
the $3.50 per kg coffee powder. 


120x + (175 — 120)y =2680 — (1) 
120x + (210 – 120)у = 3240 — (2) 
From (1), 120x + 55у = 2680 — (3) 
Егот (2), 120х + 90у = 3240 — (4) 


(4) – (3): 
(120х + 90у) – (120х + 55у) = 3240 – 2680 
120х + 90у – 120х – 55у = 560 
35у = 560 
у = 16 
Substitute y = 16 into (3): 
120x + 55(16) = 2680 
120x + 880 = 2680 
120x = 1800 
x=15 
Amount to pay for 140 minutes of talk time 
= 120 х 15 + (140 – 120) x 16 
= 2120 cents 
= $21.20 
-. The amount Ethan has to pay is $21.20. 
Let the number of students in class 2A be x. 
and the number of students in class 2B be y. 
72х + 75у = 75(73.48) 
= 5511 — (1) 
хњу=75 — 0) 
From (2,y275-x — (3) 
Substitute (3) into (1): 
72х + 75(75 – х) = 5511 
72х + 5625 – 75х = 5511 


Зх = 114 
х = 38 
Substitute x = 38 into (3): 
у= 75 – 38 
= 37 


г. Class 2A has 38 students and class 2B has 37 students. 
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Challenge Yourself 


1. à px-y-26 —(1 

8x-2y =q — (2) 

From (1), 2px — 2y = 12 

For the simultaneous equations to have an infinite number of 


solutions, the two equations should be identical. 


2р = 8 4 
р=4 i 
а=12 


(11) For the simultaneous equations to have no solution, the two 
equations should have no point of intersection. 
“ p=4,q#412 

(iii) For the simultaneous equations to have a unique solution, the two 
equations should have one and only one point of intersection. 


-. p #4 and q is any real number. 


2 449-15 (р 
. += — 
х y 
Ч 6 
Jl 224 (2 
5x y (2) 


From (1), 4y * 15x 2 15xy — (3) 
From (2), 7y - 30x 2 15xy. — (4) 


(3) = (4): 
4y + 15x = 7y — 30x 
3y = 45x 
у=15х — (5) 
Substitute (5) into (1): 
= pulo eqs 
Х 15х 
4 + 1 = 15 
X x 
2 215 
х 
1 
aW mem 
3 


Substitute x — i into (5): 


1 
— 2 5. 
y НӨ 


=5 
-. The solution is x = i and y = 5. 


3. Letthe first number be x and the second number of y. 

П? + 13у 2395  — (1) 

26у – 218 = 121% — (2) 
2 x (1: 22x? + 26у = 790 — (3) 
(3) – (2): 

(222 + 26у?) – (26у: – 218) = 790 - 121x* 

22 + 26у‘ – 26у‘ +218 = 790 - 121x* 
1432? = 572 
х =4 


хэ2(х»0) 
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Substitute x = 2 into (1): 
11(2): + 13у' = 395 
44 + 13у = 395 
13у = 351 
у =27 
у=3 
-. The solution is x 2 2 and y 2 3. 
(i) Let the number of spiders be x, the number of dragonflies be y 
and the number of houseflies be z. 
x+y+z=20 — (1) 
8х + бу + 62 = 136 — (2) 


2y+z=19 — (3) 
Егот (3), < = 19-2у — (4) 
Substitute (4) into (1): 
х+у+19-2у=20 

у=х-1 — (5) 
Substitute (4) into (2): 
8х + бу + 609 – 2у) = 136 
8х + бу + 114 – 12у = 136 
8х – бу = 22 
4x—3y 211 — (6) 
Substitute (5) into (6): 
4х-3(х-1)-11 
4х-3х+3 =11 
x=8 


-. The number of spiders is 8. 
(ii) From (i), 
Substitute x — 8 into (5): 


y=8-1 
ET 
-. The number of dragonflies is 7. 
(iii) From (i) and (ii), 
Substitute y = 7 into (4): 
z=19-2(7) 
=5 


.. The number of houseflies is 5. 
Let the number of roosters be r, the number of hens be h and the 
number of chicks be c. 
r+h+c=100 — (1) 


5r 3h 4 = 100 — (2) 

3 x (2): 15r + 9h + c = 300 — (3) 

6)- (1): 

(15r + 9h + c) — (r + h + с) = 300 – 100 
15r +9h+c-r-h-c = 200 


14r + 8ћ = 200 
Тг + 4ћ = 100 
& del Tr 
4 
-025- т 
4 


Since h is a positive integer, by divisibility, 7 must be a multiple 
of 4. 














25- — >0 
4 
IF <25 
4 
Tr < 100 
r<142 
7 
2. Possible values of r = 4, 8 and 12 
r h c r+h+c 
4 18 78 100 
11 81 100 
12 4 84 100 

















.. The farmer can buy 4 roosters, 18 hens and 78 chicks, 8 roosters, 


11 hens and 81 chicks or 12 roosters, 4 hens and 84 chicks. 
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Chapter 3 Expansion and Factorisation of Quadratic Expressions 
TEACHING NOTES 
Suggested Approach 


The teaching of the expansion and factorisation of algebraic expressions should focus primarily on the Concrete-Pictorial- 
Approach. In Secondary One, students have learnt how to expand simple linear expressions using the Distributive Law 
of Multiplication. Teachers may want to show the expansion of algebraic expressions using the area of rectangles. 


E.g. Expand a(b + c). 4—— —— à — —»-— b —» 





Area of rectangle = a(b + c) ab ac 


& 








= ађ + ас 





Teachers can further reinforce the concept of expanding quadratic expressions using the area of rectangles. 








E.g. Expand (a + Б)(с + 4). ар 
Area of rectangle | ae be 
=(a+t+b)(c +d) | 
— ac * ad * bc * bd | ad bd 














Section 3.1: Quadratic Expressions 
Students have learnt how to simplify simple linear algebraic expressions in Secondary One using algebra discs 
(E.g. *x' disc, '—x' disc, ‘1’ disc, ‘—1’ disc). Teachers should further introduce another two more digital algebra 
discs (E.g. *x^ disc, '—x^ disc) to help students to visualise and learn how to form and simplify simple quadratic 
expressions. Use the Practise Now examples in the textbook. 


Section 3.2: Expansion and Simplification of Quadratic Expressions 
Teachers can build upon prerequisites and move from expanding linear expressions to expanding simple 
quadratic expressions, of the form a(b + c) using the algebra discs (see Practise Now on page 98 of the textbook). 


To expand quadratic expressions of the form (a + b)(c + d), teachers may use the algebra discs to illustrate how 
the ‘expanded terms’ can be arranged in the rectangular array. Teachers should also highlight to students how 
to ‘fill up’ the ‘terms’ in the multiplication frame after the expansion process (see Class Discussion: Expansion 


of Quadratic Expressions of the Form (a + b)(c + d)). 


Section 3.3: Factorisation of Quadratic Expressions 
Most students would find factorising quadratic expressions of the form ax? + bx + c difficult. Students should be 
provided with ample practice questions and the factorisation process may need to be reiterated multiple times. 
Teachers should begin with simple quadratic expressions (E.g. those of the form x^ 4 bx + c) to allow students 
to gain confidence in obtaining the 2 linear factors of the quadratic expressions. 


Teachers should instruct students to explore the factorisation process of simple quadratic expressions using the 
algebra discs (see Practise Now on page 107 of the textbook). 


Next, without using algebra discs, teacher should illustrate to students the steps to factorising quadratic expressions 
using a ‘Multiplication Frame’ (see Page 108). 


Once students have acquired the technique in factorising simple quadratic expressions, teachers can then challenge 
the students with more difficult quadratic expressions. 
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WORKED SOLUTIONS 


Class Discussion (Expansion of Quadratic Expressions of 
the Form (a + b)(c + d)) 


1. (a) х+3)(х +6) =х(х + 6) + 3(х + 6) 
=x + 6x + 3x4 18 
=x + 9x4 18 
(b) (x 3)(x—- 6) 2 x(x- 6) - 3(x- 6) 
=x 6x43x-18 
= 3? – 3х 18 
(с) (x-3)(x * 6) 2 x(x * 6 - 3(x * 6) 
= х? + бх Зх – 18 
= 3? + 3х 18 
(d) (x—-3)(x- 6) 2 x(x-6) - 3x - 6) 
2X5 -6x-3x418 
= —9х+18 
(e) (3x + 1)(2x + 3) = 3x(2x + 3) + 1(2x + 3) 
=6x +9x+2x+3 
=6х + Пх+3 
(К (3х+0Ох-3) = 3хОх - 3) + 1(2х- 3) 
= 6x" — 9x + 2x -3 
=6x -7x-3 
(е) (3х – 1)(2х+ 3) = 3х(2х + 3) – 1(2x + 3) 
= бх? + 9х – 2х 3 
26x + 7х 3 
(h) Gx- D)2x- 3) 2 3xQx - 3) - 12x - 3) 
= 6: –9х – 2х + 3 
=6х – Пх+3 
2. (a-b)(c-* d) -a(c- d) -* b(c * d) 
= ас + аа + бес + ђа 


Practise Now (Page 93) 


(a) —4x° + 2x7 = -2x° 
(b) —4x° + (-2x’) 2 -4Ax? - 2x 
=-6x° 
(с) 4? - 2x! 22x! 
(d) 4? — (—2x)) 2 4x! « 2x3 
26x 
(e) 2120 -3-x «4122x - 33 -341 
zyc 
(f) 53 - (29) 4 2- (22x) - 3x - 4 
= 5% -х+2 +202 3-4 
= 5+2 -х-3х+2-4 
=7x —4x-2 


Practise Now (Page 94) 


(а) «2x «x 4 2 2x -x- 1 

(b) -—2x'-x41) 22x +х-1 

(с) x 42x 41- (3x! - 5x-2) 
=x +2x+1-3x -5x+2 
=x -3x +2x-5x+1+2 
=-2x -3x +3 


(d) -x? - 4) - 2x - 7x 4 3 
=х +4+2х —7х +3 
=x 42x -Tx +443 
= 32 —7х +7 


Practise Now (Page 96) 


(a) 2 2x! «x - 1) 2 -AxX * 2x - 2 
(b) 392 -2x - 3) 2 3X! - 6x € 9 
(c) 4 + (–3х) + (-1) + 302 – 4) 

= 44: – 3х – 1 + 3 12 

= 4 + 3х – 3х – 1 – 12 

= 7х? — Зх - 13 
(4) 202 + 4x — 5) - (6 x) 

= 24: + 8х – 10 – 6 –х 

= 202-32 + 8x- 10-6 

= 2 + 8х 16 


Practise Now 1 


(a) 7x! -Ax - 6x! - x 2 TX! 6x! - Ax - x 
= 13? — 5х 

(Б) –(–52) + Зх + (–6) + 2(3х – 8х + 4) 
= 5x° + 3x-6 + 6x" — 16x +8 
= 5x° + 6x + 3x- 16x -6+8 
= 1152 — 13х+2 

(© 4 -1- (1+ 13х- 2) 
= 402 1 – 722 13х+2 
= 4х? — 7х? - 13х-1+2 
=-3x°- 13x41 

(d) -(332 - 5x -8) c x3 6x 5 
=-3x -5x+8 +x +6x+5 
=-3x +x -5x+6x+8+5 
=-2x +x+13 


Practise Now (Page 98) 


(а) 3(2х+ 1) = 3(2х) + 3(1) 
=6х+ 3 

(b) —3(2x — 1) = —3(2x) + (-3)(-1) 
=-6x +3 

(c) x(-2x + 3) = x(-2x) + x(3) 
= 2x? + 3x 

(d) —2x(x — 3)2 -2x(x) + (-2x)(-3) 
= 2x + 6x 


Practise Now 2 


(a) 34x - D 2 12x 43 
(b) 7(5x—2) 2 35x - 14 

(c) 5x(2x - 3) 2 10x? - 15x 
(d) –2х(8х – 3) = -16х? + 6х 


OXFORD 


UNIVERSITY PRESS 


Practise Now 3 


(a) 5(x - 4) - 3Ox * 4) 
= 5x — 20 — 6х – 12 
= 5x — 6x — 20 — 12 
=—х— 32 

(Б) 2х(2х+ 3) – х(2 – 5х) 
= 4x + 6x- 2x + 5х? 
= 4x + 5x + 6x- 2x 
= 9х? + 4х 


Practise Now 4 


(а) (х+ 2)(х +4) 
= х(х + 4) + 2(х +4) 
=x +4x+2x+8 
=x +6x+8 

(b) (3x - 4)(5x - 6) 
= 3x(5x — 6) - 4(5x — 6) 
= 15? — 18х - 20х + 24 
= 152? – 38х + 24 

(с) (5 + х)(2– Зх) 
= 5(2 – 3х) + х(2 – 31) 
= 10 – 15Х + 2х – 37 
= 10 – 13х – 322 

(d) (1— 73)(11x — 4) 
- (11x - 4) - 7x(11x — 4) 
= 11х-4- 77? + 28х 
=-77x + 11x +28x-— 4 
--77Х + 39x —4 


Practise Now 5 


(2x — 1)(х + 5) - 5х(х — 4) 
= 2х(х + 5) — (x + 5) — 5х(х—4) 
=2x + 10x -x-5 -5x «20x 
= 2х? — 5х? + 10х-х+ 20х- 5 
= 3x7 + 29x —5 


Practise Now (Page 107) 




















(a) x x 5 
x х 5х 
1 х 5 
. Х' + 6бх + 5 = (х + 1)(х + 5) 
(b x х —5 
х х —5х 
-1 -Х 5 
ла 6х+5 = (х 1)(х- 5) 
OXFORD 


UNIVERSITY PRESS 

















(c) 


x х 6 





тә 


х х 6x 





2 2% 12 








хх + 8х + 12 = (x + 2)(х + б) 











x х -6 
х x -бх 
-2 —2х 12 








nx -8x4-12 2 (x -2)(x - 6) 


Practise Now 6 


(a) 


(b) 


(c) 


(d) 

















x xxx 
721xTor(-1) xX C7) 
x x 7 
x x 7х 
1 x 7 

х+ 7х = 8х 


nx + 8х +7 = (Х + DG) 

х=ххх 

28 = 1 x 28 or (-1) x (-28) 
=2 х 140г (2) х (14) 
=4х7 ог (-4) х (-7) 


х х —7 





2 


х х —Ix 








-4 | -4х | 28 
(74x) 4 (—7x) 2 -11x 
г. ?— 11х + 28 = (х-4)(х-7) 
х=ххх 
-221x(2)or -D x2 























x х 2 

x x 2x 

-1 -Х -2 
(-х) + 2х=х 


д? +х—2 = (х— 1)(х +2) 

х=ххх 

—8=1х(—8)ог(—1)х8 
=2х (-4) ог (-2) х4 


x х -8 

















х+ (-8х) =-7х 
nx -7x-8 2 (x D(x- 8) 


Practise Now 7 
(a) 29 Z2xxx 
12 21x12or (-1) x C12) 
-2хбог(-2)х(-6) 
-3х4ог(-3)х(-4) 


х х 4 





2х 2х? 8х 














3 3x 12 
Зх + 8х = 11х 
г. 2х° + 11х + 12 = (Ох + 3)(х +4) 
(b) 5225xxx 
6= 1 x6 or (-1) x (-6) 
= 2x3 or (-2) x (-3) 


x x -2 





5x 5х? | -10x 





-3 -3х 6 
(-3х) -(-10х) --13х 
д. 5х - 13х +6 = (5х – 3)(х– 2) 
(с) 2x) 2 2х хх 
-9 = 1 x(-9) or (-1) x9 
= 3 x (3) or (-3) x3 














x x —3 





-2х | -2х бх 














3 3х -9 
3x + 6x = 9x 
У. – 2 + 9x —9 = (-2x + 3)(x- 3) 
(d) 932 — 33x + 24 = 3(3x° — 11x + 8) 
3x? = 3x xx 
8 = 1x8 or -1) x (-8) 
= 2x4 or (-2) x (-4) 








x x -1 
3х Зх? —3х 
-8 -8х 8 














(-8x) * (-3x) 2 -11x 
79x! - 33x 4 24 2 3(3x - 8(x - D) 


Exercise 3A 


1. (a 6х2+ 19 + 9х8 
= бх? + 9х + 19—8 
= 157 + 11 
(b) х2+ 2х 7 (1122) – 5х- 1 
= х2 + 20-7 + 1122 5х- 1 
= + ПА +2x-5x-7-1 
= 1252 — 3х 8 


(©) у+ C3») 4 207 – бу) 
=у-—Зу + 2у – 12у 
=-Зу + 2у + у– 12 у 
=-у– Пу 
(4) 5х – х – (02 – 10x) 
= 532 х а? + 10х 
25x х2 х + 10х 
= 4х? + 9х 
(е) –(4 + 9х + 2) + 3x°- 7x42 
= 4х? — 9х- 2+ 3х? – 7х + 2 
= 40 + 302 —9х-7х-2+2 
= 32 16х 
(0 +1 -7y-8y’) + 207 –Зу – 1) 
=-1+7у+8у + 2у –бу-2 
=8y +2y +7y-6y-1-2 
= 10у'+у-3 
(а) 12 х 5х = 12 Хх 5 хх 
= 60х 
(b) x x6x 2xx6xx 
=бхххх 
= 6х? 
(с) (-2х)х 8х = (-2) x x x8xx 
= (-2) х8 хххх 
=-16x° 
(d) (-3х) х (-10х) 
= (-3) ххх (-10) хх 
= (-3)х (-10) хххх 
= 30x? 
(а) 4(3х + 4) = 12х+ 16 
(Б) —6(—7х— 3) = 42х + 18 
(c) 8(=х—3)=—8х—24 
(4) -2(5х-1)--10х-2 
(e) 5х(3х – 4) = 15Х – 20х 
(f) —8х(3х + 5) =-24х? — 40x 
(g) —5x(2 — 3x) = –10х + 152? 
(В) -x(x - 1)=x +x 
(а) 4(2a +3) + 5(а + 3) = 8а + 12 + 5а + 15 
= 8а + 5а + 12 + 15 
= 13а +27 
(b) 9(5 — 25) + 3(6 – 55) = 45 – 185 + 18 – 155 
=45 + 18 – 185 – 155 
= 63 – 336 
(с) с(Зс+ 1) + 2с(с + 3) = Зс + с+ 2с + бс 
= Зс +20 + с + бе 
= 50 +7с 
(d) 6d(5d — 4) + 24(3а — 2) 2 30d? — 24d 6d? — Ad 
= 304 + 6d? — 24d — Ad 
= 360 – 284 
(а) (х+ 3)(х+ 7) = х(х +7) + 3(х+ 7) 
= + 7х + 35+ 21 
=х + 10х + 21 
(b) (4x + 1)(3х + 5) = 4х(3х + 5) + (3х + 5) 
= 12x + 20x + 3x45 
= 12x° + 23x +5 
OXFORD 


UNIVERSITY PRESS 


(а) 7Qa 4 1) - 4(8a 3) 

- 14a 4 7 32a 12 
-14a-32a47-12 
--18а-5 

(Б) 3/25-1)-2(55-3) 

-65-3-105-6 
-65-105-3-6 
=-4ђ + 3 

(c) 3c(5 4 c) - 2c(8c - 7) 

= 15с + 3c? - 6c? 4 14c 
= 15с + 14c 4 3c? – бс? 
z29c - 3c? 

(d) 2d(3d — 5) - d2. — d) 

-64-104-24-4 
= 64+ 4-104-24 
= 74 - 124 
(е) К9-2/) +4К/- 8) 
=-Of + 2f? + 4f? — 32 
= Of? + 4f? — 9f -— 32f 
= 67° 417 
(f) —2h(3 4 Ah) — 5h(h — 1) 
=-6h — 8h? — 5h? + 5h 
=-8/? — 51? — би + 5h 
=-13k -h 
(а) (а + 1)(a - 9) 2 a(a - 9) * (a - 9) 
=а’-9а+а-9 
=а’-8а-9 
(b) (b -2)(b 4 7) 2 b(b 4 7) -2(b + 7) 
=b +7b-2b-14 
=b +5b-14 

(c) (c—- 5)(c - 6) 2 c(c - 6) - 5(c - 6) 

2c -6c-5c430 
-с-11с-30 
(d) Gd + 15 — 2d) = 3d(5 — 2d) + (5 - 2d) 
z 15d - 6d? 4 5 - 2d 
= 60 + 154-24 + 5 
= – 64 + 13а + 5 
(e) (1 -f)Uf* 6) 2 Cf * 6) —A7f + 6) 
-7f-6-7f -6f 
=-7/? + 7/- 67+ 6 
--784/46 

(f) (4 —3h)(10 - 9h) - 4(10 — 9h) - 3h(10 — 9h) 
= 40 — 36h — 30h + 27h" 
= 40 – 661 + 271" 

(a) 5 + (х+ 1)(х+3) 25 x(x-3) - (x3) 
=5+х +3х+х+3 
=x +3x+x+5+3 
=x +4x+8 

(b) 3x + (x+ 72x- 1) = 3x + (2х 1) + 72x- 1) 

=3x+2x -x+ 14x-7 
=2х' +3х-х+14х-7 
= 20+ 16х-7 


OXFORD 


UNIVERSITY PRESS 


(c) (3x + 2)(x —9) + 2x(4x + 1) 
= 3x(x — 9) + 2(x — 9) + 8x° + 2x 
= 3x° — 27x + 2x — 18 + 822 + 2х 
23x 4 8x! -27x 4 2x - 2x 18 
= 11x —23x- 18 
(d) (к—3)(х— 8) + (х— 4)(2х + 9) 
= x(x — 8) — 3(x— 8) + x(2x + 9) — 4(2x + 9) 
=x — 8x- 3x +24 + 2Х' + 9х – 8х – 36 
= х? + 252 – 8х – Зх + 9х – 8х + 24 – 36 
= 347 – 10х – 12 
(а) 47 – (3х – 4)(2х + 1) = 47 – [3х(2х + 1) – 4(2x + 1)] 
= 4х? — (6х + Зх – 8х – 4) 
= 4х? — 6Х: – Зх + 8х + 4 
= –2х' + 5х + 4 
(b) 2x(x - 6) - 2x & 5)(7 - x) 2 2x - 12x - Qx(7 — x) + 50 – 20] 
= 2х°- 12x — (14x - 2x? 4 35 — 5x) 
= 2х°— 12х- 14х + 2x" — 35 + 5х 
22x 42x!- 12x - 14x 4 5x — 35 
= 44: – 23х – 35 
(с) (4х—3)(х + 2) – (3х— 5)(—х — 9) 
= [4x(x + 2) – 3(х + 2)] – [3х(=х — 9) — 5(—х — 9)] 
= (4х? + 8х - 3х — 6) — (—3х”— 27х + 5х + 45) 
= 4Х' + 5х— 6 + 3х° + 22х-45 
= 4: + 3х + 5х + 227 – 6 – 45 
= 7% + 27х— 51 
(4) (2х + 3)(5х — 2) — 2(5х — 3)(х + 1) 
= [2х(5х — 2) + 3(5х — 2)] - 2[5x(x + 1) — 3(х + 1)] 
= (10x? — 4x + 15x — 6) — 2(5x° + 5x — 3x — 3) 
= 10x? + 11x —6 — 2(5x° + 2x — 3) 
= 1027 + 11х-6- 10? -4х+6 
= 107 — 10х? + 11х-4х-6+6 


= 7х 





Ехегсіѕе ЗВ 


1. 


(а) а =аха 
821x8or(-Dx(-8) 
= 2x4 or (-2) x (-4) 

















x a 8 
a a 8a 
1 a 8 
а + 8а = 9а 
2 а + да + 8 = (а + 1)(а + 8) 
(b) b =bxb 


15 = 1х 15 ог (-1)х (-15) 
-3х5ог(-3)х(-5) 
х b 5 





2 


b р 5b 





3 3b 15 
3b +5b=8b 
г. Б®+ 8Ь+ 15 = (b 3)(Ь + 5) 











(с) с =<схс 
20 = 1 x 20 or (-1) x (-20) 
-2 x10 or (2) x C10) 
-4x5or (-4) x (-5) 








x с —5 
с c —5с 
-4 |-ас | 20 














(-4c) 4 (-5c) 2 -9c 
^ 0 -9c 4 20 2 (c - A(c — 5) 
(d) & -dxd 
28 21x28 or (-1) x (-28) 
=2х 14 ог (-2) х (-14) 
=4 x7 or (-4) x (-7) 


(в) 2 = Ех 
-1221x -12) or -D) x 12 
= 2 x (-6) or (-2) x6 
= 3 x (-4) or (-3) x4 
x k —6 
k K | -6k 
2 -2k | -12 
2k 4 (-6k) 2 -4k 
^K -4k- 12 2 (k  2)(k — 6) 
(h) m 2mxm 
-2121x 21) or (-1) x21 
-3х(-7)ог(-3)х7 





























х т -21 
т m |-21m 
1 m 21 














x d —14 
а Ф |-14а 
-2 | -24 | 28 














(2d) + (14d) = —16d 
“. ФФ – 164 + 28 = (4 – 24 – 14) 
(е) '=/х/ 
-16 = 1 x (-16) or (-1) x 16 
= 2x (-8) or (-2) x8 
24x (-4) or (-4) x4 


т + (-21т) =-20т 

ит? - 20т- 21 = (m + 1)(т- 21) 
2. (а) 3a Z3nxn 

7-1х7ог(-1)х(-7) 



































х Ї 8 
f P 8f 
-2 | -2f | -16 
(-2f) + 8f= of 
of + 6f — 16 =(f-2)(f+ 8) 
© = АХА 


-120 = 1 x (-120) or (-1) x 120 
= 2 x (-60) or (-2) x 60 
= 3 x (-40) or (-3) x 40 
=4 x (-30) or (-4) x 30 
= 5 x (-24) or (-5) x 24 
= 6 x (-20) or (-6) x 20 
= 8 x (-15) or (-8) x 15 
= 10 x (-12) or (-10) x 12 


x n 1 

3n 3n 3n 

7 "In 7 
Тп + Зп = 10п 


2. Зи + 10п +7 = (Зп + 7)(п + 1) 
(b) 4p! 2 4p x p or 2p x 2p 
3 = 1 x3 or (-1) x (-3) 




















x 2p 3 
2p | 4p° | 6p 
1 2р 3 

2p + 6p = 8p 


л 4p’ + 8p +3 = (2p + 1)(2р + 3) 
(c) 6q° = 6q X q ог За x 2q 
12 = 1x 12 or (-1) x (-12) 
= 2 x 6 or (-2) x (-6) 
= 3x4 or (-3) x (-4) 





x h 12 
h № 12h 
-10 | -10A | -120 




















x 2q -3 
3p | 6p | -9q 
-4 | -84 | 12 











(-10h) + 12h = 2h 
У. 1 + 21 – 120 = (1– 10 + 12) 


(-8q) + (-94) =-174 

264 – 174 + 12 = (34 – 4)024 – 3) 
(d) 4? 24rxror2r x2r 

3-1хЗог(-1)х(-3) 


х 


r 


-1 





4r 
-3 


4r? 


-4r 








-3r 





3 








(-3r) + (-4r) 2 —Ir 
^ Ar – Ту € 3x (4r -3)(r— 1) 


OXFORD 
` UNIVERSITY PRESS 


(е) 


(f) 


(g) 


(h) 


(a) 


852 = 85 х 5 ог45 х 25 
–15 = 1х (15) ог (1) х 15 
= 3 x (-5) or (-3) x5 
x 2s 3 





45 852 | -12s 














-5 |-10s | -15 
(7105) + 125 = 25 
2. 85° + 25 — 15 = (45 – 5)(25 + 3) 
6f = 6t Xt or 3t X 2t 
-20 21x (20) or (-1) x 20 
= 2 х (-10) or (2) x 10 
= 4 x (-5) or (-4) x 5 


х t 4 





6t 6? | 24c 





-5 | -5t | -20 
(—5t) + 24t = 19t 
“. 67 + 19 –20 = (61 – 5)(1 + 4) 
Ду = Ди Хи ог Зи Х Зи 
-21 = 1 x (-21) or (-1) x 21 
= 3 x (-7) or (-3) X7 
x 2и -7 

















2u 4и? | и 





3 би -21 
6u * (-14u) 2 -8u 
^. 4i 8и – 21 = (2и + 3)(2и – 7) 
18w? 2 18w x w or 9w x 2w or 6w X 3w 
—39 = 1 x (-39) or (-1) x 39 
= 3 x (-13) or (3) x 13 
x 2w -3 

















9w | 18w? | -27w 





13 26w | -39 
26w + (-27w) = -w 
2. 1802 — w – 39 = (9% + 13) — 3) 
-а --аха 
35-1х35о:(-1)х(-35) 

=5х7ог(—5)х(—7) 














х а Э 





-а -а? —5a 














7 7a 35 
Та + (–5а) = а 
г. –а" + За + 35 = (–а + Та + 5) 


OXFORD 


UNIVERSITY PRESS 


(b) 


(c) 


(d) 


(e) 


(f) 

















-3b = -3b xb 
-25 = 1 x (-25) or (-1) x 25 
=5 x (-5) or (-5)x 5 
x b -25 
-3b | -3b | 75b 

1 b -25 
b +75b =76b 
2. 3 + 765 – 25 = (—3Ь + 1)(Ь— 25) 
4c? + 10с + 4 = 2(2с° + 5с +2) 


2c 22cxc 
2=1 x2 or (-1) x (2) 


x c 2 





2c 2c? 4c 





1 с 2 
с + 4с = 5с 
“. 42" + 10c + 4 = 2(2c + 1)(с +2) 
5d? — 145d + 600 = 5(d’ — 29d + 120) 
Ф-аха 
120 21 x 120 or (-1) x (-120) 
22 x60 or (-2) x (-60) 
= 3 x 40 or (-3) x (-40) 
= 4 x 30 or (-4) x (-30) 
= 5 x 24 or (-5) x (-24) 
= 6 x 20 or (-6) x (-20) 
= 8 x 15 or (-8) x (-15) 
z 10 x 12 or (-10) x (-12) 
x d -24 














2 


а d | -24d 





-5 | —5h | 120 
(—5h) + (-24h) = -29d 
2 5 — 145d + 600 = 5(4 – 5)(4 – 24) 
872 + 41 – 60 = 40" + 7 – 15) 
Of = 2f xf 
-15 = 1 x (-15) or (-1) x 15 
=ЗХ (-5) ог (-3) х5 


























х Ї 3 

m ор 6f 

-5 -5f | -15 
(Sf) + Of =f 


2. 8р + 4f— 60 = 4(2f — 5)(f + 3) 
24h’ — 15$. - 9 2 3(8I? - 55 —3) 
8I? 2 8h x h or Ah x 2h 
-3 =1x(-3) or (-1) x3 

x h -1 





8h 81? | -8h 





3 За |3 
3h + (—8һ) =—5һ 
-. 24h? - 15h - 9 2 3(8h € 3(h — 1) 











(8) 30+ 14&—4К = 2(15 + 7К— 2°) 
—2К=-—2КхК 
15 =1х15 ог(—1) х(—15) 
=3 х5 ог(—3) x (-5) 
х 2k 3 


-k | -2kh | -3k 








5 10k | 15 
10k + (-3k) = 7k 
/. 30 + 14k — 4K? = 2(-k + 5)(2k + 3) 
(hb) З5т2п + 5тп – З0п = 5n(Tnv? + m— 6) 
7т = 7т хт 
—6 = 1x (-6) or (-1) x6 
= 2 x (-3) or (-2) x3 




















x m 1 
"Im Tm "Im 
-6 —6m -6 











(76m) + 7т = т 
^. 35m^n 4 5mn — 30n 2 5n(7m — 6)(m + 1) 
4. х=ххх 
12 = 1 x 12 or (-1) Х (-12) 
=2 x 6 or (-2) x (-6) 
= 3 x 4 or (-3) x (-4) 


x x 6 





x x 6x 





2 2x 12 
2х + 6x = 8x 
wo + 8х + 12 = (x + 2)(х + 6) 
Since the area is (x° + 8x + 12) cm’ and the length is (x + 6) cm, 
.. the breadth is (x + 2) cm. 














5. (a) SP *p-l- 5 Ar 9p -9) 


4p = 4p x p or 2p X2p 
-9-1x(-9)or(-1) x9 
= 3 x (-3) or (-3) x 3 


х р 3 





4р 4p | 12р 

















-3 —3р -9 
(3р) + 12р = 9р 
4 


1 1 
X ой +р-1= оо 
(b) 0.6r — 0.8gr — 12.8q'r 2 -0.2r(64q^  4q — 3) 
644? = 644 х д or 32q x 2q or 16q x 4q or 8q x 8q 
-3-1х(-3) ос(-1)х3 








х 44 1 
169 | 649? | 164 
-3 |-124а| -3 














(124) + 164 = 44 
7. 0.6r — 0.8qr — 12.8q'r 2 -0.2r(16q — 3)(4q + 1) 


Review Exercise 3 


1. (а) 10а2а-Т) = 20а? - 70a 
(b) —3b(7 — 4b) = -21b 4 12p? 
(© (c- 4c—- 11) 2 c(c - 11) - 4c - 11) 
-с-11с-4с-44 
= (2 15с+ 44 
(d) (3d — 5)(4 — d) 2 34(4 — 4) – 5(4 – d) 
- 12d - 3d! - 20 4 5d 
--3Ф-124-54-20 
=-34 + 174-20 
2. (а) 7Л3/7-4) -443-2) -21/7-28Г-12/-8/ 
-218-8|-28/-12 
-13/-16/ 

(b) 612 + (21 + 38 – 1) = 617 + 218 – 1) + 3(1—1) 
= 602 + 202 2 + ЗА – З 
=8h +h-3 

(с) (2k—1)(k—4) - 3k(k— 7) 

- 2k(k — 4) - (k 2 4) - 3. + 21k 
22K -8k-k44-3K + 216 
= 2k — 3k – 8ВК—К + 216 + 4 
= 40+ 126+ 4 
(d) (m+ 2)(т + 1) – (Зт + 5)(9 – 5т) 
= т(т + 1) + 2(т + 1) – [3т(9 – 5т) + 5(9 – 5т)] 
= т + т + Ст + 2 – (27т – 15т + 45 – 25т) 
= те + т + Ст + 2 – 27т + 15т2 – 45 + 25т 
= т? + 15т + т+ 2т – 27т + 25т + 2 – 45 
= 16т? + т – 43 
3. (а) а =аха 
36 = 1 x 36 or (-1) x (-36) 
= 2x 18 or (-2) x (-18) 
= 3 x 12 or (-3) x (-12) 
=4x 9 or (-4) x (9) 
= 6 x 6 or (-6) X (-6) 

















x a 9 
a a 9a 
4 4a 36 
4a+9=13a 
“. а“ + 1За + 36 = (а + Аја + 9) 
(b) b =bxb 


56 = 1 x 56 or (-1) x (-56) 
= 2 x 28 or (-2) x (-28) 
=4х 14 ог (-4) x (-14) 
=7 x8 or (-7) x (-8) 

x b -8 


b p —8Ь 








-7 | -7b | 56 
(—7b) * (-8b) 2 -15b 
^ D -15b 4 56 2 (b — T)(b — 8) 
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(с) с =схс 
-51 21x (C51) or -1) x 51 
23x (-17) or (-3) x 17 

















x с 17 
с с? 17с 
-3 —3с | —51 


(—3с) + 17с = 14с 
“. с“ + 142 51 = (с 3)(с + 17) 
(4) = аха 
—45 2 1 x (C45) or (-1) x 45 
= 3 x (-15) or (-3) x 15 
= 5 x (-9) or (-5) x9 
x d -15 


d Ф | -15d 











3 за | -45 
за + (15а) = -15d 
2. @- 124-45 = (4 + 3)(4- 15) 
(a) 9f? 2 9f xfor 3f x 3f 
-16-1х(-16) ос(-1) х 16 
=2х (-8) ог (-2) х8 
= 4х (-4) ог(-4) х4 




















х 3f 8 
3f of | 24f 
-2 | -6 | -16 











(6f) + 24f = 18f 
1. Of + 18f— 16 = (3f— 2)(3f+ 8) 
(b) 3h° =3hxh 
-1421x C14) or (-1) x 14 
=2х (-7) ог (-2) х7 
х һ -7 


3h 3j | -21h 











2 2h | -14 
2h + (-21h) 2 -19h 
2. Зи — 19h — 14 2 (8h  2)(h — 7) 
(с) 14K + 49k +21 = 7(2k + 7k +3) 








2h =2kxk 
3 = 1x3 or (-1) x (-3) 
x k 3 





2k 22 6k 


1 k 3 


k+ 6k =7k 
^. 1462 + 49k + 21 =7(2k + 1)(К +3) 
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(d) 18m? — 39m 4 18 2 3(6n? — 13m 4 6) 
бт? = бт x m or 3m x 2m 
621x60r(-1) x (-6) 

22x3or(-2) x (-3) 


x 2m -3 





3m бт? | -9т 





-2 —4т 6 
(—4m) + (-9m) 2 -13m 
^. 18m? — 39m 4 18 2 3(3m – 2)(2т – 3) 
2 11 


5. 3x2- lly-5=1(6&-1lx-10) 
2 2 


6x! 2 6x x xor 3x x 2x 
-102 1 x (210) or (C1) x 10 
22x(-5)or(-2)x5 


x 2x -5 














3х 6х? | -15x 











2 4x -10 
4x + (-15x) 2 -11x 


11 1 
ЗА —х—5 = 2 (3х+2)0х-5 
5 29 X ) 


Challenge Yourself 


m -nxn 

45 2 1 X 45 or (-1) x (-45) 
=3 x 15 or (-3) x (-15) 
=5 x9 or (-5) x (-9) 


x n -15 





п п —15п 





-3 —3п 45 














(-3n) * (-15n) 2 -18n 

лп? – 18п + 45 = (п – 3)(п – 15) ог (3 – п)(15 – п) 

Боги? – 18л + 45 to be a prime number, 

(n — 3)(n — 15) or (3 - n)(15 — n) must be a prime number. 

The factors of a prime number are 1 and itself. 

" n-3z]1 or n-15z21 or 3-n=1 or 15-n=1 
n=4 п= 16 п=2 п=14 

When n = 4, 

4 – 18(4)+45 =—11 

When п = 16, 

16: – 1816) + 45 = 13 

When n = 2, 

2 — 18(2) + 45 = 13 

When n= 14, 

142 – 18(14) + 45 = -11 

20-52 ог 16 


Chapter 4 Further Expansion and Factorisation of Algebraic Expressions 
TEACHING NOTES 


Suggested Approach 


The general form of a quadratic expression in one variable is ax? + bx + c, where x is the variable and a, b and c are given 
numbers. In the expression, c is known as the constant term as it does not involve the variable x. When we expand the product 
of two linear expressions in x, we obtain a quadratic expression in x. 


Factorisation is the reverse of expansion. When we expand the product of two linear expressions, we obtain a quadratic expression. 
By reversing the process, we factorise the quadratic expression into a product of two linear factors. 


Teachers can use the Concrete-Pictorial-Approach using the algebra discs to illustrate the process of expansion and factorisation 
of quadratic expressions. However, the emphasis should be for the students to use a Multiplication Frame when factorising any 
quadratic expressions. 


Section 4.1: 


Section 4.2: 


Expansion and Factorisation of Algebraic Expressions 
In this section, students should have ample practice to expand and factorise slightly more difficult and complicated 
algebraic expressions. The focus for expansion of algebraic expressions should be on applying the Distributive 
Law while for factorisation of algebraic expressions, students should be using the Multiplication Frame. 


Expansion Using Special Algebraic Identities 
The area of squares and rectangles can be used to show the expansion of the three special algebraic identities. 
Teachers can also guide students to complete the Class Discussion on page 121 (see Class Discussion: Special 


Algebraic Identities). 


From the Class Discussion activity, students should conclude that these algebraic identities known as perfect 
squares, (a + b} and (a — b) and the difference of two squares (a + b)(a — b), are useful for expanding algebraic 


expressions. 


Special Algebraic Identity 1 


Expand (a + b)’. 


Area of square = (a + by 
=a +ab+ab+b’ 
=a +2ab+b 


Special Algebraic Identity 2 


Expand (а – Ь)?. 


Area of small square 
- (a - by 

- a^ - b^ — 2(a — b)b 
= а - b! - 2ab * 2p? 
=a —2ab+b 


4———— aeb 








ab De 











<`>Ф 8 ———» 





44----04-0----4-Г-9» 





(a — by (a — b)b 





(a — b)b p 











= 
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Section 4.3 


Section 4.4: 
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Special Algebraic Identity 3 











Area of rectangle d а аЬ 

= (а + Б)(а – Б) 

= (а — ab) * (ab — b?) 

- a^ —ab * ab - b? -———— 45 
= => 


+ 





а-Ь (а + Б)(а – Б) 











As an additional activity, teachers may want to ask students the following: 
Is (a + р) 2 a^ * b? and (a — b)! 2 a — b^? Explain your answer. 
Below are some common misconceptions regarding expansion that teachers may want to remind students of. 


* (x - 2? 2 x! - A instead of (x + 2)? =2x° + 4x44 
* (2x 1) 2 Ax! - 1 instead of (2x — 1 = 4х? – 4х + 1 


Factorisation Using Special Algebraic Identities 
Since factorisation is the reverse of expansion, when we factorise the quadratic expression using the special 
algebraic identities, we have 


* a^ - 2ab 4 b) 2 (a 4 by 
* a^ -2ab - bz (a by 
e à = (а + Ь)(а – Ь) 


Teachers should provide ample practice for students to check if the given quadratic expression can be factorised 
using the special algebraic identities. Get students to learn to identify the ‘a’ and ‘b’ terms in any given expression. 


Factorisation by Grouping 
Students have learnt how to factorise algebraic expressions of the form ax + ay by identifying the common factors 
(either common numbers or common variables of the terms) in Secondary One. 


To factorise algebraic expressions of the form ax + Ьх + Кау + kby, it may be necessary to regroup the terms of 
the algebraic expression before being able to identify the common factors. The idea is to identify the common 
factor(s) in the first two terms and another common factor(s) in the last 2 terms. 


For example, to factorise by grouping, we have 


ax + bx + kay + kby 
=x(a+b)+ky(a+b) 
= (a + b)(x + Ку) 


WORKED SOLUTIONS 
Thinking Time (Page 118) 


(а + b)(c - d e) 2a(c t d - e) + Е(с+а +е) 
= ас * ad * ae + ђе + bd + ђе 


Class Discussion (Special Algebraic Identities) 


1. (a4 by - (a b)(a b) 
- a(a * b) * b(a 4 b) 
= ад +ар+ар +? 
= а + 2аЬ + 
2. (4-5) -(а-5Ха-5) 
- a(a — b) - b(a — b) 
= а -ab-ab4Pp 
= а -2ab4D 
3. (а+ (а – Б) = а(а- Б) + Ба – Б) 
= а! –ађ +ађ–ђ' 


2 2 
-a-b 


Thinking Time (Page 130) 


5x-12x-9 2 53? - 15x c 3x - 9 
2 5x(x 2 3) - 3(x - 3) 
= (5х + 3)(х– 3) 


Class Discussion (Equivalent Expressions) 


А=(х-у) = (х-у)(х-у) =1 

А=(х-уу =х'-2ху+у =М 

В=(х+ у)(х + у) = (х+ у) = С 

В =(х+у)(х+у)=х +2ху+у =О 

D = (2w - x)(z - 3y) 2 2wz - 6wy - 3xy - xz- F 
Е = —5х° + 28х — 24 = 2х — (х — 4)(5х — 6) =1, 
Ј= № -у = (х+у)х-у)=К 


Practise Now 1 


1. (a) 5xx6yz(5xx)x(6xy) 
= (5 хб) ххху 
= 30ху 
(b) 8x) x 2y = (-8 x x) x (2 x y) 
= (-8 х2) ххху 
= –16ху 
(с) хугхуг =(ххххух о х(ухух 9 
= (xxx) X(y Xy Xy) x (Z Xz) 


2 


тул 

(4) (-хуух (-Иху) 
-(1ххху)х(-1Ххххххххуху) 
z[-Xx(C11)] x (x x xxxxx)x(yxyxy) 
= Пху 


Practise Now 2 


(а) –у(5 — 2x) 2 —5y + 2ху 
(b) 2x(7x 4 3y) 2 14x?  6xy 


Practise Now 3 


(а) 4х(Зу – 52) – 5х(2у – 32) = 12ху – 20х2 – 10ху + 15xz 
= 12ху – 10ху – 20Х2 + 15xz 
= 2xy — 5xz 

(b) x(2x — y) * 3x(y — 3x) 2 2x? — xy 4 3xy - 9x 

= 2х? — 9х? — ху + 3xy 
--7х + 2xy 


Practise Now 4 


(a) (x + 9y)Qx — y) 2 xx — y) * 9yQx - y) 
= 22? – ху + 18xy -9y 
= 2' + 17ху – ду 

(b) (X — 3)(6x + 7) =x°(6x + 7) — 3(6x +7) 
= 6x' + 7х – 18Х – 21 


Practise Now 5 


2x(3x — 4y) - (х— у)(х + Зу) 
= бх? – 8ху — [x(x + 3y) — y(x + 3у)] 
= ба? – 8ху — (x° + 3xy – ху – Зу)) 
= ба? – 8ху – (2 + 2ху – 3у?) 

= бх? – 8ху – 2? – 2ху + 3у? 

= бд? – х? – 8ху - 2xy € 3y! 

= 5%? – 10ху + 3у? 


Practise Now 6 


(а) (х— 5уј(х + 4у – 1) 
= х(х + фу – 1) – Бу(х + 4у – 1) 
= х' + Аху – х – 5ху – 20у. + 5) 
= х' + Аху – 5ху – х – 20у. + 5) 
zx -xy-x-20y + 5) 

(b) (x - 307 - 7x -2) 
= x(x — 7x -2) + 3(x°— 7x — 2) 
= х? – 702 — 2x + 3x -21x-6 
=? — 77+ 3x-2x-21x-6 
= х? – 40? – 235-6 
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Practise Now 7 


1. (а) х =ххх 
-15y! 2 y x (C15y) or (-y) x 15y 
= Зу х (-5y) or (-3y) x 5y 


х х -5у 





2 


x X —5xy 














3y Зху |-15у’ 





Зху + (-5ху) = -2ху 

w= Ixy -15y! = (х + Зу)(х – Sy) 
(Ь) 6x° = 6x x x or 3x x 2x 

Sy’ = y x Sy or (-y) x (-5у) 


x х у 





3 


6x 6x | 6xy 





2 











5y 5xy 5y 





5ху + бху = 11ху 
л б + Пху + 5у. = (6х + 5уј(х + у) 
2. 3xy = 3xy x xy 
16= 1 x 16 or 1) x (-16) 
= 2 X 8 or (-2) x (8) 
=4x 4 ог (-4)х (-4) 


х ху -2 





Зху | 3ху | -бху 














-8 | -8xy 16 
(-8xy) + (-6xy) = -14xy 
2. Зу” — 14ху + 16 = (3ху— 8)(ху— 2) 
Practise Now 8 


1. (а) x42) 2x 42090) 42 
=x +4x+4 
(b) (5x + 3)° = (5x)? + 2(5x)(3) + 3° 


= 25х? + 30x +9 
1 2 
2. БХ J 


ү 1 " 
(8 + 25x] (3) + 3 


1 2+ 3х+9 
4 


Practise Now 9 


1. (a) (1- 3)! P - 2(0 (3) (33? 
21-6x49x 
(b) (2x – Зу)? = (2х)? – 2(2x)(3y) + By)” 
= 40? – 12xy + ду 


2 2 
2. (x- 37] == 209(4y) + (9) 


=p 2 у + 1 


-у 
3 9 
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Practise Now 10 


1. (a) (5x + 8)(5x — 8)= (5x)? - 8? 
= 25x – 64 
(b) (-2x + Ty)(-2x — Ty) = (—2х)°— (Ту) 
= 43° – 49у? 


N 
oN 
Al 
+ 
=< 
— 
WC — NN 
ALS 
l 

=< 
| 
І 
и“ ~ 
~ | 
| 
© 
l 
< 
5 


Practise Now 11 


1. (a) 1001 = (1000 + 1): 
= 1000? + 2(1000)(1) + 1? 
= 1 000 000 + 2000 + 1 
= 1 002 001 
(b) 797? - (800 – 3): 
= 800° — 2(800)(3) + 3° 
= 640 000 – 4800 + 9 
= 635 209 
(с) 305 х 295 = (305 + 5)(300 – 5) 
= 300: – 52 
= 90 000 – 25 
= 89 975 


Practise Now 12 


(ху) 2 441 
x —-2xy * y! 2441 
Since xy = 46, 
^. X! - 2(46) & y! 2 441 
x!-92 4 y! 2441 
nx + у= 533 


Practise Now 13 


1. (а) х + 125+ 36 = х? + 2(х)(6) +6 
=(x+ 6) 
(b) 4x? + 20x + 25 = (2x)? + 2(2x)(5) + 5” 
= (2x +5) 


-—-— P, 
2. 4x е =) „209 (5 (3) 


2 
= 1 
= (25: 


Practise Now 14 


1. (a) 4-36x 81 2 2? - 2(2)(9x) + (9х)? 
-(2-9xy 
(b) 25x? — 10xy & y? 2 (5x) - 2(5 (1) +" 
-(5х-у) 


2. 362—4ху+ гу = (6x) — 2(6x) (5 2 + | 


1 2 
(e 


1 


3 


jj 


Practise Now 15 


1. (a) 36x! - 121y? 2 (6xy - (11у) 
= (6x + 11у)(6х – 11у) 
Фф) —4 + 81 = 81 – 42 


= 9 – (2%)? 
= (9 + 2x)(9 — 2x) 
2 
9 › 2 3 
2. 2-2 у= (20) - | 2 
Даст 5 E 


3 3 
- (2x + e - 3) 
3. 4(х+1у—49 = [2(х + 19] 7° 


= [21 + 1) + 7120 + 1) –7] 
- (2x 4 9)(2х — 5) 


Practise Now 16 


256° — 156° = (256 + 156)(256 — 156) 
= 412 x 100 
= 41 200 


Practise Now 17 


(а) 8x°y + 4x = 4х(2ху + 1) 

(b) то“ + пи = пи(г + l) 

(с) -a’by + a’y = a’y(-ab + 1) 

(d) 3c°d + 6c’d’ + 3c? = 3с°(а + 24° + с) 


Practise Now 18 


(a) 2(х+1)+а(1+х)=(х+1)(2+а) 
(b) 9(x - 2) - b(x - 2) 2 (x - 2)(9 - D) 
(c) 3c(2x — 3) — 6d(2x — 3) = 3[c(2x — 3) — 2d(2x — 3)] 
= 3(2x — 3)(c — 2d) 
(d) 7h(4 — x) - (x - 4) 2 7h(4 — x) * (4 — x) 
= (4—х)(7һ + 1) 


Practise Now 19 


(a) xy + 4x + 3y + 12 = x(y +4) +30 +4) 
= (у+4(х+3) 
(b) ЗБу + 4ах + 12ау + Ьх = 4ax + 12ау + bx + 3by 
= 4а(х + Зу) + b(x + 3y) 
= (x + 3y)(4a + b) 
(с) х —х —1+х=х —х +хХ-1 
2x(x-D-4(x-1 
=(х– 102 +1) 
(d) бху – 4х – 22 + Зух = бху – 4х + Зух – 22 
= 2x(3y – 2) + 4(3у – 2) 
= By — 2)(2x + z) 


Exercise 4A 


1. (a) 6x x (-2y) = (6 X x) x (-2 x y) 


= [6 x (-2)] xxxy 
=-12ху 


1 
(Ь) 14хх 5 = 14 xx) (о) 


= 4х2) Ххху 


= 7ху 
(а) 8х(у – 1) = 8xy - 8x 
(b) —9x(3y – 22) = –27ху + 18xz 
(с) Зх(2х + Ту) = 6х + 21ху 
(d) 3y(x — 11y) 2 3xy - 33y? 
(е) —3a(2a + 3b) =—-6a’ — 9ab 
(f) —4c(2c — 5d) 2 -8c? 4 20cd 
(в) —6h(7k — 3h) 2 —42hk + 18h? 
(h) -8m(-12m — 7n) 2 96m? 4 56mn 
(1) 2р(3р+ 9 + 77) = бр" + ра + 1Ару 
G) -7s(s — 4t — 3u) =-7s° + 28st + 215и 
(a) 7a(3b — 4c) + 4a(3c — 2b) = 21ab — 28ac + 12ас – Зађ 
= 2lab — Зађ – 28ас + 12ас 
= 1Зађ – 16ac 
(b) 4d(d — 5f) 4 2f(3d 4 7f) - Ad! — 20df 4 6df  14f? 
= 4 – 14а + 14Р 

(а) (х+ у)(х + бу) = х(х + бу) + у(х + бу) 

= х' + бху + ху + бу 

= х + Тху + бу 
(Б) (х2 + 2)(х + 5) = 7(х + 5) + 2(Х + 5) 

= х + 5202 + 20+ 10 


в (5) [8pm 
7 9 7 9 
2202 
= 
(b) 9x'y x ay! 2 (Ox xx x x xx ) x GXxxxxyXy) 
= (9х3) х(ххххххххх) х(ухуху) 
= 27у) 
(c) 2x)y x C13) 2 Qx x xx xx Xy x C13 x y x y) 
= [2х (-13)] х (ххххх)х (ухуху) 
--26xy 
(4) (-Ахуг) х (-2х у 2) 
—-(-AXxXyXz)X(-2XxXxXyXyXyXzXzXzXz) 
-z[C4)xC2]x(xxxxx)x(yxyXyXy)x(zxzxzxzxz) 
= фу 
(а) –Зху(х – 2у) = –3 у + бху’ 
(b) 9x(-3x?y – 7х2) = -27х у – 63Х 2 
(c) -13x?y(3x — y) 2 –З9х у + 13 у 
(d) —5x(-6x – 4х?у – 3y) = 30x? + 20х*у + 15ху 
(a) a(5b + c) — 2a(3c — b) = 5ab + ac – бас + 2ab 
= 5аЬ + ађ + ас – бас 
= Tab – ас 
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(b) —2d(4f— 5h) —f(3d + Th) 
- -8df 4 10dh — 3df —7fh 
- -8df — 3df - 10dh — 7fh 
=-Ildf+ 10dh —7fh 
(с) 4k(3k + m) — 3k(2k — 5m) 
= 1212 + Акт – 6К + 15km 
- 12K — 6 + 4km + 15km 
= 6k 4 19km 
(d) 2n(p — 2n) — An(n — 2p) 
= Спр – Ап“ – 4п? + 8пр 
= – Ап" — An! « 2np 4 8np 
=—-8л^ + 10np 
8. (a) (a*3bY(a — b) 2 a(a - b) * 3b(a — b) 
= а" – ађ + Зађ – ЗЬ? 
= а: + Зађ – 36: 
(b) (3c + 7d)(c — 2d) = 3c(c — 2d) + Td(c – 24) 
= 3c’ — 6cd + Tcd — 14d” 
= Зс + са – 14 
(c) (3k— 5h)(-h — 7k) 2 3k(-h — 7k) — Sh(-h — 7k) 
--3hk 21K + 5h’ + 35hk 
=— 21k — ЗИК + 35А + 5? 
-z-21K 4 32hk 4 5I? 
(4) (7т? + 2)(m — 4) 2 7m'(m — 4) + 2(m — 4) 
= 7т? – 28m’? + 2m—-8 
9. (а) 5х(х— бу) + (х + Зу)(3х — 4у) 
= 5х? — 30xy + x(3x — Ay) 4 3y(3x – 4у) 
= 5х? — З0ху + 3х” — 4ху + 9ху- 12у’ 
= 5Х' + 3х' – ЗОху – Аху + 9xy - 12y? 
- 8x! - 25xy - 12y? 
(b) (x 3у)(х – 4у) + (5х – 9у)(у – 2х) 
= 7х(х– 4у) – Зу(х – 4у) + 5х(у – 2х) – 9у(у - 2x) 
= 7х? – 28ху – Зху + 12у? + 5ху – 10x? — 9? 4 18xy 
= 7х? – 10x? — 28xy — 3xy + 5ху + 18ху + 12). – ду 
= –3х" – дху + Зу 
10. (а) (х + 9у)(х + 3у + 1) 
= х(х+ Зу + 1) + 9у(х + 3y + 1) 
= х + Зху + х + дху + 27) + ду 
= + х + Зху + 9ху + 9у + 27у? 
=x +x + Пху + ду + 27 
(b) (x - 2?)0 e x 4 D 
= хо? +х+ +207 +х+1) 
= х + +х + 2х + 2х + 2 
= х + х + 2х +х+2Х+2 
= +302 +3х+2 
11. (а) а= аха 
—Ap? 2 b x (-Ab) or (-b) x 4b 
= 2b x (-2b) or (-2b) x 2b 


x a 4b 





a a 4ab 





-b -ab | -4p? 














(-ар) + 4ab = 3ab 
“a +3ab—4b = (a — b)(a + 4b) 


OXFORD 


UNIVERSITY PRESS 


(b) с2=схс 


(с) 


-21d* 2 d x (221b) or (-d) x 21d 
- 3d x (7d) or (-3d) x 7d 


x с —7а 








21d 


3d 3cd 











Зса + (-7са) = -4са 
7 cC - 4cd - 21d? z (c - 3dY(c — 7d) 
2h? =2hxh 
152 = k x (15k) or (-k) x 15k 
= 3k x (-5k) or (-3k) x 5k 


x h 5k 





2h 2h | 10hk 





-3k | -3hk | -15k 














(-3hk) + LOhk = 7hk 
^. 212 + ТАК – 150 = (2а – ЗЮ)(А + 50) 


(d) 35? = Зтхт 


(е) 


(f) 


—12n? =n x (-12n) or (-n) x 12n 
= 2n x (-6n) or (-2n) х би 
= Зп x (-4n) or (-3n) x 4n 








x m —6n 
3m 3m? -]8mn 
2n 2mn —12п? 














2тп + (-18тп) = -16тп 
г. 3m? — 16mn — 12n? = (3m + 2n)(m — 6n) 
Зр? + 15рд + 184 = З(р + 5ра + 64°) 
p-pxp 
6q° = q x 6q or (-q) x (-6q) 

7 2q X 3q or (24) x (-3q) 


х р 34 





2 


р р 3ра 





2 


24 | 2ра | бр 








2ра + Зра = 5ра 
г. 3р° + 15ра + 184° = З(р + 24)(р + 34) 
2771 — 9rst & 10st 2 t(2r? — 9rs 4 105?) 
2? = 27 хг 
1052 = s x 10s or (-s) х (105) 

= 25 х 5s or (-2s) x (-5s) 





2r 2r? rs 





-5s | —5rs | 10s? 











(-5rs) * (-4rs) 2 —ors 
^. 2rt — Orst 4 10s?t 2 t(2r — 5s)(r — 25) 


12:12:32) 2 1- хэ хэсэн 
“| 53 47 ј=|ухххххујх| Хухахаха 


1. 16 


i 4 dy? 
5 
13. (a) (8x — y)(x + Зу) – (4х + ух ду – 2х) 
= 8х(х + Зу) – у(х + Зу) - [4x(9y – 2х) + у(9у – 2х)] 
= 8x + 24xy – ху – Зу – (36xy — 3х + ду – 2ху) 
= 8х? + 24xy — ху - Зу' – Збху + 8х — ду + 2ху 
= 8Х" + 8Х' + 24ху – ху – Збху + 2ху – Зу – ду 
= 16Х" – Пху – 12y° 
(b) (10x + у)(3х + 2у) – (5х – 4) x - 6) 


= 10x(3x + 2y) + у(3х + 2у) — [5х(—х — бу) — 4у(—х — бу)] 


= 30х7 + 20ху + Зху + 257 —(-5л? — 30xy + 4xy + 24y’) 
= 30х" + 20ху + Зху + 2у' + 527 + ЗОху – 4ху – 24у? 
= 302? + 52° + 20ху + Зху + 30xy — Axy 4 2y! - 24y? 
= 35%? + 49ху – 22у? 
14. (а) (2х – 3у)(х + 5y- 2) 
= 2х(Х + Бу – 2) – Зу(х + 5у– 2) 
= 2х' + 10ху – 4Х – Зху – 15). + бу 
= 2х' – Ах + 10ху – Зху + бу – 15у' 
= 2х' – Ах + Тху + бу – 15у' 
(b) (x 4 A) - 5x +7) 
= x(x — 5x +7) + 400° — 5x +7) 
=x 50? + 7х + 402 – 20x + 28 
=x 50? + 40? + 7х – 20х + 28 
=) – х2 130 +28 
© (x- DG? - 2x- 0) 
=х(@' +2х-1)-(х +2х-1) 
2x 42x -x-xXx-2x41 
= д 4-2x»-x-x-2x41 
= +х —3х+1 
(d) (33 - 3x - 43 - x) 
= 302 (3 — x) — 3x(3 —x) + 4(3 — x) 
= 93° — 3x° -— 9x + 3x° + 12 -—4x 
= -3x° + 9x? + 3x° — 9x —4x + 12 
23x «12x — 13x + 12 
15. (a) ху =хухлху 
-15-1х(-15) ос(-1) х 15 
= 3 x (-5) or (-3) x5 


x xy 5 





xy ху’ 5xy 
-3 |-3xy | -15 

















(-Зху) + 5ху = 2xy 
л жу? + 2ху – 15 = (ху – 3)(ху + 5) 


23 X (XXX) X (vy XY) X (ZX ZX Zz) 


(b) 1232y? = 12xy х ху ог бху х 2ху ог4ху х Зху 
—40 2 1 x (-40) or (-1) x 40 
= 2 х (-20) or (-2) x 20 
24x (-10) or (-4) x 10 
= 5 x (-8) or (-5) x8 


x 3xy -8 





4ху 12х?у? | -32ху 





5 15xy | -40 














15xy * (-32xy) 2 -17xy 
г. 12х?у? – 17ху – 40 = (4ху + 5)(3ху – 8) 
(с) Ату г – 22xyz + 247 = 2а(Ох у. – Пху + 12) 
2x)y! 2 2xy x xy 
12-1х12ог(-1)х(-12) 
-2хбог(-2)х(-6) 
-3х4ог(-3)х(-4) 


х ху -4 





2xy | 2x)y! | -8xy 














-3 —Зху 12 





(–Зху) + (–8ху) = – Пху 
г. Ax! y'z — 22xyz + 245 = 2z(2xy - 3)(xy - 4) 


(4) 2х? + i» -2yz 5 (6х? + 5ху + 6у?) 


6x! 2 6x x x or 3x x 2x 
—6y" = y х (-6у) ог (-у) х бу 
= 2y x (-3y) or (-2y) x 3y 


x 2x 3y 





3x 6х? | Oxy 


—2у | ху 12 

















(—-4ху) + 9ху = 5ху 


mm 25 -2y s lax 2x 3y) 


w| = 


Exercise 4B 


1. 


(а) (а+ 4) = а + 2(а)(4) + 4° 
= а + 8а + 16 
(b) (3b + 2)? = (35)? + 2(3)(2) + 2? 
= 9 + 122 +4 
(c) (c - 4d = с + 2(с)(44) + (44)? 
= с + 8са+ 1620 
(d) (9h + 2k) = (9h) - 2(9h)(2k) - (ky 
= 81h’ + 36hk + 4k 
(a) (m—9y 2 т? – 2(т)(9) + 9° 
= т? – 18т + 81 
(Б) (50 – 4)? = (5и)? – 2(5и)(4) + 4? 
= 252 – 40п + 16 
(c) (9 — 5p)! 2 9? 2(9)(5р) + (5р) 
= 81 – 90р + 25р’ 
(d) (34 - 8r) = (34) – 23487) + (8) 
= 94° – 484г + 647° 


OXFORD 


UNIVERSITY PRESS 





3. (а) (5—5)(5+5)=> – 5: © 5 т\т з\_(: s\t s 
= 2 – 25 "(раја 2] 43 243-2 
(Б) (21+ 11)(2t- 11) = 20° - 11° “(ҮҮ (ү 
= 42 – 121 "(31-12 
(с) (7 + 2и)(7 – 2и) = 7 - Quy гэр s 
-49-42 9 4 
(d) (w — 10x)(w 4- 10x) 2 w^ — (10? МИ не 
= и – 1002? & 9 


(а) (и + 2)(и — 2)(и + 4) = (и – 22)(и? + 4) 
= (и? – 4)(и? + 4) 
= wy – 42 
= и 16 
10. (а) 4(х + 3): – 3(х + 4)(х – 4) 

= 4х2 + 2(х)(3) + 32] 302 – 45) 

= 407 + 6х +9) – 307 – 16) 

= 4 + 24Х + 36 – 3х + 48 


4. (а) 1203: = (1200 + 3)" 
= 1200? + 2(1200)(3) + 3? 
= 1 440 000 + 7200 +9 
= 1 447 209 
(b) 892° = (900 — 8? 
= 900° — 2(900)(8) + 8° 
= 810 000 – 14 400 + 64 


= 795 664 bd 
(c) 1998 x 2002 = (2000 — 2)(2000 + 2) = к – 3х +24Х + 36 + 48 
= 2000: – 22 =х + 24х + 84 
= 4000 000 – 4 (Б) (5х – Туј(5х + Ту) – 26 — 2y) 
= 3 999 996 = (5x) – (Ту): – 21а? – 2(0)(2у) + (271 


= 25x – Аду: – 2007 – 4xy + Ду) 
= 252° – 49у? – 22? + 8ху – 8 
= 25%? – 22? + 8ху – 49у – Ву 
= 230° + 8ху – 57у’ 


5. (х- у) 2x - 2ху+у 
=x у 2ху 

Since x? + у? = 80 and xy = 12, 
<Q- = 80 – 2012) 





2 2 
1 “ез (Р ЧЫР 
6. х—-у=(х+у)(х-у) ЊИМ 
Since x + у = 10 and x — y = —4, АР 
nx -yzl10x(-4) | | 
2 2 
=-40 = x + –у + x 
1 2 1 № 1 4 4 2 
7. (а) Ga »| - ЕЈ „(Да јод) + ву - QU 9 
e a b «9p? Since x? + y? = 14 and xy = 5, 
25 2 
1 27 (1 Ү 1 2 а ^ (859) = 7014) + 56) 
(b) БВО = (8) ЕУ ЕЈ + (54) » 
= 1+ 2‹а+2@ 12. 2x! - 2y! 2125 
3 2 : 2 | 3 202 – у) = 125 
8. (а) ЕЗ = (24) -2[3*) 60+ 6% 2(х + у)(х — у) = 125 
9 Since x - y 2 2.5, 
= g- +256 “. 202 + уХ2.5) = 125 
6 2 a 6 : 5(х + у) = 125 
(b) [-$m - an] = ЁО -2(—$m am +m by =25 
1 1 1 1 1 1 
36 36 2 2 2 
Ро о 13. ie 25 У ЕСЕЈ ЕС 2) 
9. (а) (6р + 5)(5 – бр) = (5 + 6р)(5 – бр) ig 433i 1 Ю 
us (ie - 
2. 1 1 1 1 
= Збр' + 25 = | —х2 + — у || — 2 — —_ у 
4 2 i 4 № (e: "257 IPS 57 | 
2 2 
(b) (222022 -(9r)- с 1-4 2 КОР 2 
16 16 28" 
3816-1-4 i 1 
25 = dll у 
25 625 


OXFORD 
UNIVERSITY PRESS 


14. 0) (p-2qy - p(p - 4q) 
=p’ — 2(p)(2q) + Qqy - p^ * Ара 
=р' – Ара + 44' –р + Ара 
=р' –р' – Ара + Ара + 44' 
= 4g 
(ii) Let p 2 5330 and q 2 10, 
5310? — 5330 x 5290 
= [5330 — 2(10)]? — 5330[5330 — 4(10)] 
=4(10) (From (i) 


= 400 
15. ( т - (п- а(п+а) = п? – (п – а?) 
= п-п + а" 
= а? 


(ii) Let n 2 16 947 and a 2 3, 
16 947° — 16 944 x 16 950 
= 16 947" – (16 947 – 3)(16 947 + 3) 
=3° (From (i) 
=9 


Exercise 4C 


1. (а) а + 14а +49 = а + 2(а)(7) + 7 
= (а+7)? 
(Ъ) 45: + 45 + 1 = (25): + 2(2b)(1) + 17 
=(2b +1) 
(с) C+2cd+d =(c+dy 
(d) 4I? - 20hk + 25k? = (2h) + 2(2h)(5k) + (5k 
- (2h 4 5ky. 
2. (a) m — 10m 4 25 2 m – 2(т)(5) + 5" 
=(т- 5) 
(b) 1695? — 52n 4 4 z (13n)! - 2(13n)2) + 2? 
= (13п – 2)> 
(с) 81 – 180р + 100р" = 9" – 2(9)(10р) + (10р)? 
= (9- 10р)? 
(d) 49g? — 42ау + 9т" = (ја) – 27487) + Gry 
= (ја – Зг) 
3. (а) 5 — 144 = 7 – 12: 
= (5 + 12)(s — 12) 
(6) 367 – 25 = (61): – 52 
- (6t 4- 5)(6t — 5) 
(c) 225 – 49и = 15 – (7и)? 
= (15 + 7и)(15 – 7и) 
(d) 49w? — 81x? 2 (7wy! - (9x 
= (7w + 9x)(7w — 9x) 
4. (а) 59: – 41: = (59 + 41)(59 – 41) 
= 100 х 18 
= 1800 
(0) 77-23” -07-23)77-243) 
-10х54 
-54 
5. (а) За“ + 12а + 12 = З(а: + 4a + 4) 
= 3[a’ + (а (2) + 27] 
= З(а + 2)? 


2 
(b) 25b! 4 5bc т^ - Gb 269 [5 2 (8) 


= (52+ že) 
Е е о ао аи т 
(с) 499 + 354+ zf- (54) +2 [44 [$/ | + (51 


f4, 1y 
(е 


(а) л + 2826 + = (12): + 2(1 УК) + К. 
= (02 + К)? 
(а) 36т? — 48тл + 16и? = 4(9т> – 12тп + Ап?) 
= 4[(3т)? — 2(3т)(2п) + (2п)?] 
= А(Зт — 2ny. 


4, 


ра+ = Ф = – (р –2ра +) 


1 2 2 
b -р-- 
(b) 3 3 


w| = 


2 
(с) 1677 — га + as = «4-204 2 + (s) 


2 
= (+ - 8) 
(d) 25 — 10и + Ри? = 5? — 2(5)(ш) + (ш)? 
= (5 – ти) 
(а) 324? - 98? = 2(16а? - 495) 
= 2[(4а)? — (16)? 
= 2(4а + 7b)(4a — 7b) 


1 2 
(b) č- т^ = (54) 


2222 


2 
W I 162 = EJ – (46) 


100 
Зћ Зћ 
= (20554) 5-9) 


(d) n? — 64n^ 2 n? — (8n 
= (т + 8n)(m — 8n) 
(а) (а + 3) –9 = (а + 3у. – 3° 
= [(а + 3) + 3][(a 4 3) — 3] 
=а(а +6) 
(В) 16-25% +3) 2 -(5(5 - 3r - 4) 
= —[5(Ь + 3) + A][5(b + 3) - 4] 
= –(55 + 1955 + 11) 
(c) c - (d - 2y = [с + (а + 2)][с– (4 +2)] 
-(с-44-2Хс-4-2) 
(а) (25 – 1) 42 = (21 – 1): – (20): 
-(28-142Ю(21-1-28К) 
(е) 25т*— (п – 1): = (5ту – (п– 1) 
= [5m + (n - 1)][5m - (n - 1] 
= (5т+ п – 1)(5т-п+ 1) 


OXFORD 


UNIVERSITY PRESS 


@ (р+ ту -(р- 1) = [фр +1) +(р— ОФ + 1) –(р– 1] 


= 2р(2) 
=4р 
9. (i) Letthe length of the cube be / cm. 
Ё-х +4х +4 


=x + 2(x)(2) + 22 
=(x+2) 

l= ¥(x+2yY (1>0) 
=х+2 


-. The length of the cube is (x + 2) cm. 
(ii) Volume of the cube 
= р 
= ҚР) 
z (x2) + 4х + 4) 
= x(x + 4x + 4) + 2002 + 4х + 4) 
= +402 + 45+ 202 + 8х + 8 
= +402 + 2502 + 4х + 8х +8 
= (х + 6x? + 12x + 8) cm? 
“. The volume of (ће сиђе 15 (7 + 6х + 12х + 8) ст’. 
10. (а) 4(x- 1? - 81(x 4 1» 
- [2x - Df - [9x - DI 
= [2(х— 1) + 9(х + 1)][2(х — 1) — 9(х + 1)] 
= (2х-2+9х+ 9)(2х-2-9х-9) 
= (11х+7)(-7х- 11) 
= —(11х + 7)(7х + 11) 
(b) 16x + 8х + 1 – 9у: 
= [(4х)* + 2(4х)(1) + 17] – (Зу)* 
= (Ах + 1): – Gy)’ 
= (4x + 1 + Зу)(4х + 1 3у) 
(с) 4x! - y! c 4y - 4 
- 4x! - (y! 4у + 4) 
- Qxy - p? - 2000) * 27] 
= (2х) – (у-2) 
= [2x + (y— 2)][2x - (y- 2)] 
= 2(х+у- 2)(2х-у+2) 
(d) 13x? & 26xy 4 13y? - 13 
= 1302 + 2ху+у – 1) 
= 13(ре +2000) + y"] - 1} 
z 13[G 4 yy - 07] 
= 13(х+у+1)(х+у—1) 


Exercise 4D 


1. (a) 45x — 81xy = 9x(5x — 9y) 
(Б) 39ху – 1522 = 3х(13у – 5х) 
(с) ху? Е xy — хуг – ху) 
(а) –15лх?у – 10л = –5лх'(3у + 2) 
2. (a) 6a(x — 2y) * 5(x - 2y) 2 (x - 2yY(6a + 5) 
(b) 2b(x + Зу) – с(Зу + х) = 2Ь(х + Зу) — с(х + Зу) 
= (х + Зу)(2Ь- с) 
(с) 34(5х— у) — 4f(5x — y) 2 (5x - y)Gd - 4f) 
(d) 5h(x *- 3y) *- 10k(x + 3y) = S[h(x + 3y) + 2k(x + 3y)] 
= 5(x + 3y)(h + 2k) 


OXFORD 


UNIVERSITY PRESS 


(а) ax - 5a - 4x - 20 2 a(x — 5) - 4(x - 5) 
= (х- 5)(а +4) 
(Б) ах + 6х +ау + ђу =х(а + b) + y(a + b) 
= (а + Б)(х + у) 
(с) х +ху + ду + 2у' = ха] + )) +2у0 +) ) 
= + у +2у) 
(d) xX? — 3x + 2xy — 6y = x(x — 3) + 2y(x - 3) 
= (x-3)(x + 2y) 
(а) (х + уха +Б) – (у + (а + Б) 
= (а + Буе + у) – (у + 2) 
= (а+Ьух+у-у-@ 
=(а + БХ – 2) 
(b) (c 4 2dY — (c - 2d)(3c - 7d) 
= (с + 2d)[(c * 2d) - (3c - 7d)] 
= (с + 2d)(c * 2d - 3c t 7d) 
z (c  2d)(-2c + 9d) 
(c) x(2h — k) * 3y(k — 2h) 
= х(2ћ – К) – Зу(2ћ – К) 
= (21 – 0 – 3у) 
(d) 6x(4m — n) — 2y(n — 4m) 
= 2[3х(4т — n) — y(n – 4т)] 
= 2[3х(4т – п) + у(4т – п)] 
= 2(4т — n)(3x * y) 
(а) Зах + 28Ьу + 4ау + 21bx 
= Зах + 4ау + 21Ьх + 28Ьу 
= а(3х + 4у) + 7Ь(3х + 4y) 
= (3x + 4y)(a+ 7b) 
(b) 12cy + 20c - 15 - 9y 
= Ас(Зу + 5) – 3(5 + Зу) 
= 4c(3y + 5) – 3(3у + 5) 
=(Зу + 5)(4c - 3) 
(c) dy * fy -fz- dz 2 y(d € f) - xf * d) 
- y(d f) - z(d* f) 
-(44/ХУ-2) 
(а) 3х + бху – 4х2 – 8yz 
= Зх(х + 2у) — 4@(х + 2y) 
= (x + 2y)(3x - Az) 
(е) 2ху—8х+ 12—3у = 2х(у—4)+3(4- у) 
- 2x(y - 4) - 3(y - 4) 
-0-40х-3) 
(Е) 5ху-25х--50х-10у 
= 5(ху — 5х? + 10х- 2) 
= 5[д(у — 5х) + 2(5х — у)] 
= 5[x(y — 5x) — 2(у — 5л)] 
= 5(у — 5х)(х — 2) 
(в) ху – 5 у – 5ху + ху? 
= ху(ку – 5х –5у у) 
= ху[х(у – 5) + (5 + у)] 
= ху[х(у – 5) + у0 - 5] 
= ху(у — 5)(х + у) 
(h) kx + ћу – ћх – Ку = Кх – ћх – Ку + ћу 
=x(k—h) + y(-k + h) 
= x(k —h) — y(k — h) 
=(К— )(х- у) 


8. 


(a) 144p(y — 5x)) - 12q(10x? — 2y) 
= 144р(у – 5х?) + 24q(y — 5x’) 
= 24[6р(у – 5х) + а(у – 5Х )] 
= 24(у – 5 (бр + q) 

(b) 2(5x + 10y)(2y — x)’ — 4(6у + 3x)(x — 2y) 
= 10(х + 2у)(2у – х?) – 12(2у + X(x - 2y) 
= 10(х + 2у)(х - 2yy - 12(x * 2y)(x – 2у) 
= 20 + 2у)(х – 2у)[5(х - 2y) - 6] 
= 2(х + 2у)(х – 2у)(5х – 10у – 6) 

so ад 4 » 1 2 
@) ВИРТ p (q * 4r) 
(ii) Whenpz12,q 236andr - 16, 


5 x 12x36 4 2 x 12^ x16 


(1.2) [36 4 4(16)] 
(1.44)(36 + 64) 


(1.44)(100) 


x 144 


Wl Wl Wl Оо 


= 48 
(i) x +3x-x -3 
= x(x + 3) – (22+ 3) 
= (x + 3 – 1) 
(1) 02—3)–(2—х) + 302 – 3) 
= (07 – 3)3 + 302 – 3) – (2 – 2): 
= (2 – 3)7 + 302 – 3) – [02 – 3) + 17 
= 02 – 3у + 302 – 3) – [07 – 3) + 202 – 3) + 11 
= (02 – 3)3 + 302 – 3) – (2 – 3): – 202 – 3) – 1 
= (02 – 3)3 + (02 – 3) – (2 – 3:—1 
= (02 – 3) + 302 – 3) – 02 – 3): –3—– 202 – 3) + 2 
= [02 – 3) + 302 – 3) – (27 – 3) – 31– 2102 – 3) – 1] 
= [02 – 3): + 3102 – 3 – 1) – 2024) (From (i)) 
= [02 – 202)(3) + 3: + 3107 – 4) – 207 – 4) 
= (Х' – 6х + 1202 —4) – 202 – 4) 
= (х*— 6х + 12 – 2)02 – 4) 
2 (x – 6х + 1002 —4) 


Review Exercise 4 


1. 


(а) –2а(а – 55 + 7) = –2а" + 10ађ – 14а 
(b) (2c + 3d)(3c + 4d) = 2c(3c + 4d) + 3d(3c + 4d) 
= 6c + 8cd + 9cd + 12d 
= 6c’ + 17cd + 12d 
(с) (К + 3h)(5h — Ak) 2 k(5h — 4k) 4 3h(5h — AK) 
-5hk — AK + 15h- 12hk 
= –4К2 + 5ћК – 128К + 1517 
=—4k -Thk + 15k 


(d) (2m + 1)\(m + 3m- 1) = Хт(тг + Зт – 1) + (те + Зт– 1) 
-2m 4 6m 2m + те + Зт – 1 
=2m> + 6m +m – т + Зт – 1 
= 2т? + 7т 4m-1 
(a) 2pGp – 54) – 424 – Зр) = бр – 10pq – 247 + 3pq 
= бр” - 10pq + Зра – 247 
= 6р' – Тра – 24' 

(b) —4s(3s 4 4r) - 2r(2r — 5s) 2 -12s! — 1657 – 417 + 1057 
=-125 - 1657 + 1057-47 
=-125? – бут — 4r? 

(с) (8t — u)(t - 9u) - t(2u — 7t) 2 8t(t  9u) — u(t + 9u) — t(2u – 71) 
= 82 + 721и – tu – 9и? – 2и + 72 
= 82 + 72 + 721и – іи – 21и – 9и? 
= 152 + 69и — 9i? 

(d) (2w + 3x)(w — 5x) — (3w + 7x)(w — 7x) 

= 2w(w — 5x) + 3x(w — 5x) - [3w(w — 7x) + 7x(w — 7x)] 
= 2w’ — 10wx + 3wx — 15x? — 3w? — 21 wx + Twx — 49x") 
= 2w’ — 10wx + 3wx — 15x? — 3w? + 21 wx — Twx + 49x? 
= 2w’ — 3w’ — 10wx + 3wx + 21 wx — Twx — 15x? 4 49x? 
= — + Тих – 342 
(а) х =ххх 

—63у? =ух (-63у) or (–у) х 63у 

= Зу х (—21у) ог (—Зу) х 21у 

= 7у х (—9у) ог (—7у) х ду 


x х ду 





х x Oxy 





-Ty | -Txy | -63y° 














(—7ху) + 9ху = 2xy 

г. АХ} + 2xy - 63y! = (х — 7у)(х + 9у) 
(b) 2x2 Z2xxx 

Зу = у x3y or Cy) x C3y) 


х х у 





2х 2х 2ху 





2 











Зу Зху Зу 





Зху + 2ху = 5ху 
л 20 + 5ху + Зу? = (2х + Зу)(х + у) 
(с) бху? = бху х ху ог Зху х 2ху 
—4 = 1х (-4) ог (-0 х4 
= 2 x (-2) or (-2) x2 


x 2xy 1 





Зху | бху | Зху 














-4 -8ху -4 





(-8xy) + Зху = -5xy 
2. богу – 5ху – 4 = (Зху – Фу(Сху + 1) 
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4. 


(d) 32— 8хуг + Фу? = 2(3 — 8xy + 4x°y’) 
3-3х1 
аху? = ху х 4xy ог (-ху) х (Аху) 
= 2ху X 2xy or (-2xy) x (-2xy) 


x 1 —2ху 





3 3 -бху 














-2ху | -2ху Ax y? 





(—2xy) * (-6xy) 2 -8xy 
2. 3z — 8xyz Ax y'z = z(3 - 2xy)(1 - 2xy) 
(а) (-х+ 55) = G9 * 2(:95y) + (5y? 
= х' – 10ху + 25у' 
(b) G^ €») 2») 2 GO - y 


4 2 
=x -y 


(с) (за $y) = (an?+200( $y] + Ю 


= 9х? + At 10 > 


25 
п ту 
ө (р 9) 


ud ga bd 
i6" "19 357 


7 7 ef TV 
(e) [5 = 5s + Ty) = (5х) - (>) 


49 › 
= 25? - 2 
167 





~ 
> 
М 
~ 
3 
+ 
N 
и 
ч 
Bl uw 
3 
о | 
N 
Мине 
И 
= 
~ | о 
Ма 22 
о 
=“ 
34| 
N 
f 
t 


(a 1-121x' 2 E - (11x? 
=(1 + Поа – 115) 
(b) x? + бху + ду: = х2 + 200(8у) + (Зу)? 
= (х + Зуу? 
(c) 25x! - 100xy 4 100y? 2 25G? – 4ху + 4у?) 
= 2515? – 20927) + (27) 1 
=25(х – 2уу 
(4) 36у’ – 49(х + 1) = (буу: – [762 + DP 
= [бу + 7(х + 1)][бу — 7(х + 1)] 
= (бу + 7х + 7)(6у – 7х – 7) 
(a) —14ху-—-21у =-7у(2х + Зу) 
(b) 9xy! — 36x^y = 9ху(у – 4х) 
(с) (2х — Зуха + 5) + (х – УБ + а) 
= (2x — 3y)(a + b) + (x - yY(a * b) 
= (а+ Б)(2х- Зу+х- у) 
= (а + Б)(3х – ду) 
(d) 5 - 2y) - (x - 2» = (х – 2у)[5 – (х – 2) 
= (х- 2у)(5 –-х+ 25) 
(е) xi Зху + 2х + бу = х(х + Зу) + 2(х + Зу) 
= (х + Зу)(х + 2) 
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(i) (ace) С 


(f) 3x°— 2x7 + 3x—2 =2°(3x— 2) + (3x—2) 
= (3х – 2307 + 1) 

(8) 4сх - бсу - 8ах + 12ау = 2(2сх – Зсу – дах + бау) 
= 2[c(2x — 3y) — 2d(2x — Зу)] 
= 2(2х – Зуј(с - 2d) 

(ћ) 5ху – 10х – 12y + бу? = 5x(y — 2) + бу—2 + у) 

= Sx(y – 2) + бу(у – 2) 
= (у – 2)(5х + бу) 

x -x -4x-4 2x(x41)-4(x4 D 

- (x4 DG - 4) 
= (х+ 1)(0- 22) 
= (х + 1)(х+ 2)(х—2) 
(а) 899: = (900 – 1): 
= 900" – 2(900) + 12 
= 810 000 – 1800 + 1 
= 808 201 
(b) 659° — 341 = (659 + 341)(659 — 341) 
= 1000 x 318 
= 318 000 
2(x — y. 2 116 
(x- yy -58 

x -2xy y! = 58 

Since xy = 24, 

x -2(04) + у? = 58 

x -48+y = 58 
x +y = 106 


‚@ (+3) = Р + 20)(3) + 3° 


= Р + 6ј+9 
(ii) From (i), 
[QR 4 К) + 3]> = (23 - ky - 60h - k) - 9 
- (2hy 4 2(2h)(k) + 2 + 12а - 6k + 9 
= 4? + АИК + К 12h 4 6k 49 


Challenge Yourself 


1. (а + ђу = а + р? 
а + 2а +2 = а +? 
?2ар = 0 
ар = 0 
х Jab 20 


2. Іеіа= № + X and b 2 m? 4 s. 


I -)6-m-mz1s5 
+k (т + п?) = 15 


а–ђ = 15 
(А2 + К2)> + (т> + п2)> = 240.5 
а +? = 240.5 
(a—-by = а: – аб + 5" 
=a’ +b’ —2ab 


15? 2 240.5 - 2ab 
2ab = 240.5 – 225 
=155 
(а + Бу = а +2ab +b 
= а +0 + 2аЬ 
= 240.5 + 15.5 
= 256 
л 2+ т + п a+b 
= 4[256 (и +2 + +т>0) 
= 16 
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Revision Exercise A1 


1. 











When x = 67, y=2, 
2=к467 – 3 
= к /64 
-8k 
st 
4 
When x = 39, y =p, 
1 
p- a" 39 – 3 
= 1 Бе 
4 
= 1 x6 
4 
=15 
When x = q, y 2 2.75, 
1 
273 == д 
4475 
49-3 =11 
4-3 = 121 
а = 124 
1 
“k= —,p=15,q=124 
4 p q 
Since R is inversely proportional to d’, 
then R = £ , Where k is a constant. 
When d = 2.5, R = 20, 
k 
20 = 
25” 
К = 125 
125 
When А = 31.25, 
31.25 = E 
4 = 125 
31.25 
=4 
d - 44 (d»0) 
22 
-. The diameter of the wire is 2 mm. 
8x-3y 214 — (1) 
2х+у=4 — (2) 
Егот (2),у=4—2х — (3) 
Substitute (3) into (1): 
8х + 3(4 – 2х) = 14 
8х + 12 — 6х = 14 
2x22 
х=1 
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Substitute x = 1 into (3): 
у=4-2(1) 
=2 
-. The solution is x 2 1 and y 2 2. 
4. Let the number of protons in an iron atom be x, 
the number of protons in an oxygen atom be y. 

2x *3y 2 76 — (1) 

х+у=34 — (2) 
3 х (2): Зх + Зу = 102 — (3) 
(3)-@): 
(3х + Зу) – (2х + Зу) = 102 – 76 

Зх + Зу—2Х – Зу = 26 


х =26 
Substitute x — 26 into (2): 
26 + у = 34 
у=8 


-. There are 26 protons in an iron atom and 8 protons in an oxygen 
atom. 
5. (a) Qa * 5by — (a - 3bY(a — 6D) 
= (2а)? + 2(2а)(5Ь) + (56)? – (а? – баЬ + ЗаЬ – 180°) 
-4а + 20аЬ + 250° – а? + баЬ – ЗаЬ + 18° 
= да – а? + 20аһ + бар – ЗаЬ + 250 + 18? 
= За: + 2Зађ + 435" 


0) бсн фйс-40-(26-14| 


2 
= (1627 – d?) 2 2213) (34) | 


4 1 
= 20012 e ue 2 
= 16с – а (4 s cd * 55d | 





=162-d 42+ 4ca- Le 
5 25 
-168-484 3.4 gp. lg 
5 25 
26 р 
25 
6. (a) 4/7-10/-6-20/7-5/-3) 
Of =2F x f 
3=1x3 or (-1) x -3) 


= 120+ 2 d= 
5 


х f -1 





гр | 81: | -2F 





-3 | -f| 3 


(-3f) + (-2f) =-5f 

^ Af? - 10f - 6 2 20f - 3Y(f - 1) 
(Б) 1- 127 + 3687 = 1° — 2(DY(6hk) 4 (6hky 

-(1-6hky 

(c) 5т?и —15тп? — 25тп = 5тп(т — 3n — 5) 
(d) 2px * 3qy - 2py - 3qx 

- 2px — 2py — 3qx * 3qy 

- 2p(x - y) - 3q(x - y) 

= (x — у)(2р – 34) 











Area of the trapezium 


= — x (sum of lengths of parallel sides) x height 
х [3х + (5х + 6)] х (4х- 3) 
х (Зх + 5х + 6) х (4х- 3) 


x (8x + 6) x (4x – 3) 


BS Ne кюре юрке юре 


= у 2Х(4 +3) х(4х-3) 


(4х)? — 3? 
- (16x? — 9) cm? (shown) 
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Revision Exercise A2 


1. Since E is directly proportional to d^, 
then E = kd’, where k is a constant. 
When d= d, E = E, 


Е, = Ка, 
When d, = (100 — 25)% x d,, E= E, 
= 75% ха, 
= 15 ха, 
100 
„14 
4 





=k 2 
167 | 
= Эр 
16 
"m 
16 
| E, - E, 
2. Percentage change in energy stored = Е х 100% 
1 
Бов 
= Ок х 100% 
2-7 x1009 
16 
=-43.75% 


-. The percentage decrease in energy stored is 43.75%. 
2. (i) Since y is inversely proportional to 2x? 4-5, 


k 
then y = 232457 where k is a constant. 
When x =2,y=7, 
k 


ТЕ 
2(2?) +5 


| 


7 = 
1 


28-91 


о 


91 
2х? +5 
(ii) When x = 8, 
_ 91 
© 02(8°)+5 
91 
133 
_13 
7 19 
(iii) When y = 5.2, 
91 
~ 9x7 45 
2045-0121 
52 
=175 
2х? = 12.5 
x = 6.25 
х = + /6.25 


==25 


у= 





52 
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3. Since the lines pass through (2, —3), 


р(2)4(-3)-3 2+2(-3)=4 
2р-3-3 4-2-6 
2р-6 =-4 
р=3 
“ p=3,q=-4 


4. х+у=70 — (1) 
2x + 4y = 196 — (2) 
From (2), x -2y 298 — (3) 
(3) - (1): 
(x + 2y) -—(x+ y) 2 98 - 70 
x+2y-x-y =98-70 


y 228 
Substitute y = 28 into (1): 
х+28 = 70 
х= 42 


.. There are 42 chickens and 28 rabbits on the farm. 
5. (a) (a —7a + 6)(3a— 2) —a(2a’ —7) 
= (3а? – 2а? – 21а? + 14а + 18а – 12) – (2а – Та) 
= За – 2а – 21а + 14а + 18а – 12 2а + Та 
= За – 2а – 2а – 21а? + 14а + 18а + Та – 12 
=a’ — 23a’ + 39a — 12 


o (ree e-i) -G 
-( 


1 
9 
= (52 – | 








81 
6. (а) 22:42 + 5са – 12 = 2(cdy + 5cd — 12 
2(cdy = 2са х са 
-1221x (-12) or (-1) x 12 
=2 x (-6) or (-2) x6 
=3 x (4) or (-3) x4 
x cd 4 





2cd c 8cd 





-3 |-3cd | -12 
(-Зса) + 8са = 5са 
“. 22" + 5са – 12 = (2са – 3)(са +4) 
(Б) 250212 + 10hk + 1 = (5А)? + 2(5А)(1) + 1° 
= (5hk + 1° 
(c) 16—4(m+ 2) =4[4 – (т + 2)2] 
= 4122 – (т + 2) 
= 412 + (т + 2)1[2 – (т + 2)] 
-42-т-2)12-т-2) 
=—4m(4 + т) 
(а) 3рг— р + бат — 245 = р(Зг – ѕ) + 24(3г – ѕ) 
- (3r — s)(p + 24) 











7. 


(а) 805? = (800 + 5)? 
= 8007 + 2(800)(5) + 5? 
= 640 000 + 8000 + 25 
= 648 025 
(Ъ) 903: – 97° = (903 + 97)(903 – 97) 
= 1000 х 806 
= 806 000 
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Chapter 5 Quadratic Equations and Graphs 


TEACHING NOTES 


Suggested Approach 


To solve quadratic equations by factorisation, students should be familiar with the “zero product" property, i.e., if 2 factors P 
and Q are such that P x Q = 0, then either P = О ог О = 0 or both P and Q are equal to 0. 


Teachers should use graphing software to explore the 2 important properties of quadratic graphs - symmetry and the maximum/ 
minimum point. 


This chapter exposes students to mathematical and real-life problems that can be solved using quadratic equations and that 
involve the graphs of quadratic functions. 


Section 5.1: 


Section 5.2: 


Section 5.3: 


Solving Quadratic Equations by Factorisation 

Teachers may need to recap the steps involved in factorising quadratic expressions using the “multiplication 
frame” method with students before illustrating how to solve quadratic equations by factorisation together with 
the “zero product” property. 


Errors that students may make in solving quadratic equations should be highlighted (see Thinking Time on page 
141 of the textbook). 


Applications of Quadratic Equations in Real-World Contexts 
In this section, students will practise applying quadratic equations in solving mathematical problems in the real- 
world contexts. 


Teachers should remind students to check for any unsuitable answers (e.g. negative values for positive quantities 
such as length and mass etc.) and indicate the rejection of such values in their answers. 


Graphs of Quadratic Functions 

As a lesson introduction, students should go through the activity on Page 147 (see: Investigation: Relationship 
Between the Area of a Square and the Length of its side). Students are expected to deduce that the shape of the 
graph is non-linear. As such, for each value of x, there is exactly one corresponding value of A, then A = x’ is 
the equation of the function. 


Students should also explore the effect of the values of a, b and c in the quadratic graphs of equation y = ax’ + 
bx + c where c # 0 (see Investigation: Graphs of y = x° and y = —x’) 


In Secondary One, students have learnt to plot linear function graphs. Using given table of values and scales, 
teachers should provide students with ample practices to plot different types of quadratic function graphs. Besides 
plotting the quadratic graphs, students should be able to recognise and write down the equation of the line of 
symmetry of the plotted quadratic graphs. Students are to understand that for a given y value, there could be 2 
possible x values which will satisfy the quadratic equations. Teachers can emphasise this by asking students to 
state the values of x for a given value of y by highlighting the 2 possible answers. 


Teachers should also highlight to students that quadratic graphs have either a maximum or minimum y value. 
Students have to observe that the maximum/minimum point is also on the line of symmetry of the graph. Teachers 
may pose questions about maximum/minimum points in different forms to give students added practice, e.g. 


* State the maximum/minimum point; 
* State the maximum/minimum value of y; 
* Sate the value of x for which y is maximum/minimum. 


Teachers should go through the mathematical and real-life problems that involve the graphs of quadratic functions 
(see Worked Example 10 on page 155 of the textbook). 


Challenge Yourself 
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Question 2 is from an Additional Mathematics topic: Quadratic Equations, Inequalities and Modulus Functions. 
The proof can be easily derived by working backwards. 


WORKED SOLUTIONS 
Thinking Time (Page 141) 


Since we assumed that x 2 y, then x — y = 0. 
Therefore, the step ‘Divide by x — y on both sides’ is an invalid step, 
as we are dividing both sides by 0. 


Investigation (Relationship Between the Area of a Square 
and the Length of its Side) 


1. For each value of x, there is exactly one corresponding value of A. 
A =x is the equation of a function. 

2. The shape of the graph is a hyperbola and not a straight line. Hence, 
the graph of the function is non-linear. 


Investigation (Graphs of y = x’ and y = -x’) 





1. (а) F} 





















































































































































(b) 



























































2. (a) The coordinates of this point are (0, 0). 





(b) For y = x°, the lowest point of the graph is (0, 0). 
There is no highest point. 
For y =-x’, the highest point of each graph is (0, 0). 
There is no lowest point. 
(c) Both graphs are symmetrical about the y-axis. The equation of 
the line of symmetry of both graphs is x = 0. 


Investigation (Graphs of y = ax’ + bx + c, where a # 0) 


1. As the value of a increases, the shape of the graph becomes narrower. 
As the value of a decreases but remaining positive, the shape becomes 
wider. 

3. As the value of a decreases until it becomes negative, the shape of 
the graph changes from one that opens upwards, to one that opens 


downwards. 


4. The value of a determines whether the shape of the graph becomes 
narrower or wider. 
When a is positive, the curve opens upwards indefinitely and when 
a is negative, the curve opens downwards indefinitely. 

5. As the value of c increases, the position of the graph changes by 
shifting upwards. 

6. As the value of c decreases, the position of the graph changes by 
shifting downwards. 

7. The value of c affects the distance the graph is from the x-axis. 

8. The shape of the graph opens upwards indefinitely. As the value of 
b increases, the graph shifts from right to left. 

9. The shape of the graph opens downwards indefinitely. As the value 
of b increases, the graph shifts from left to right. 

10. The value of b determines the position the graph is on the left or the 
right of the y-axis, and the distance from it. 















































11. 
Coordinates 
: : Opens of Equation n A 
Quadratic сто туу | | ос x-inter | y-inter 
Graph of x : cept (s) | cept 
downwards | maximum | symmetry 
point 
у=х?-4х+3 1 Opens (2,-1) x=2 1,3 3 
> upwards 
ПИ _ Opens = Ег Ew 
ys -2x43 1 Е (71,4) х=-1 3,-1 3 
2 Opens 2 
y=x-4x+4 1 upwards (2,0) x=2 2 4 
= 4? +1259 4 Opens 15,0 =15 15 9 
уг ЭН B downwards ( ) 2 Е 
уз20-2х-1 2 Opens (-05,05) | х=-0.5 | None 1 
upwards 
EP Opens l А11 1 
Уяа з downwards ( 671 к= коле Е. 
ТаЫе 5.1 
Practise Now 1 
1. (а) хх+2)=0 
х=0 ог х+2=0 
x20 or х=-2 
(b) 3x(x- 1) 20 
3x =0 or x-1=0 
“x =0 or =1 
(с) (x-5)x-7)20 
х+5=0 ог х-7=0 
—2х=—5 or же 
(d) (3x + 2)(4x — 5) =0 
3x+2=0 or 4x-5 =0 
2 1 
2Хж-- ог = 
3 4 
Practise Now 2 
1. (a 3 15х=0 
3x(x — 5) =0 
3x =0 ог x-5= 
“x =0 or x=5 
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(b) x -8x416 20 
x + 2(x)(4) +4 =0 


(x +4) =0 
x+4=0 
“x= -4 


(с) x +5x+4 =0 
(х + 1)\(x+4) =0 
x+1=0 or 
“x =-l or 
(d) 32- 17x 4 10 20 
(3x -2)(x—5) 20 


x+4=0 


х=-4 


3x-2 20 ог х—5 


X= or 


эм» 


(i) 3x°-10x+8=0 
(3х – 4)(х– 2) = 0 
3х-4=0 ог 


2 xe 1 or 


wile 


(8) З(у + 1) – 100 + 1) +8 =0 
From (i), letting x = y+ 1, 


у+1=15 ог у+1=2 


“y= or y=l 


w| = 


(i) When x = -2, 
(-2) + p(-2) +8 =0 
4-2p+8=0 
2p = 12 
“p=6 
(й) x +6x+8=0 
(x +2)(x +4) =0 
x+2=0 or 
x= 2 or 


-. The other solution is x 2 —4. 


Practise Now 3 


(a) хх+1)=6 

x +x-6=0 

(x —2)(x + 3) =0 
x-2=0 ог х+3 


х=2 or х=—3 


(b) 9y(1-y) 22 

9y-9y-22z20 

Oy -9y +2 =0 

Gy- DGy-2) =0 
3y-1=0 о 3 


f= or 


ole 
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Practise Now 4 


1. Letthe smaller number be x. 
Then the next consecutive even number is x + 2. 
ла? + (+2) = 164 
Х + + Ах + 4 = 164 
2x + Ах – 160 = 0 
x -2x-80-20 
(x — 8)(x * 10) 20 
х-8-0 ог х+10=0 
“.х=8 ог х = —10 (rejected since x > 0) 
When x = 8, 
х+2=8 +2 
= 10 
The two consecutive positive even numbers are 8 and 10. 
2. Letthe smaller number be x. 
Then the bigger number is x + 5. 
^x G5)? z 169 
(Ох + 5)” = 169 
40 + 20х + 25 = 169 
4х? + 20х- 144 =0 


х+5х-36=0 
(х — 4)(х+ 9) = 0 
х-4-0 ог х+9=0 
“ х=4 ог х = —9 (rejected since x > 0) 
When x =4, 
х+5=4+5 
=9 


The two numbers are 4 and 9. 


Practise Now 5 


Let the length of the rectangle garden be x cm. 





Then the breadth of the rectangle is (2 3 2x) cm - (10 - x) cm. 

4 x(10 — x) 224 

10x — x° = 24 
x — 10x + 24=0 
(x-4)x-6) 20 
х-4=0 ог х-6= 
“xX=4 or x=6 

When x = 4, 


Breadth of rectangle 2 10 — 4 
=6 ст 
When x = 6, 
Breadth of rectangle 2 10 — 6 
-4cm 
Since the length of a rectangle usually refers to the longer side, 
Length of rectangle 2 6 cm 
Breadth of rectangle = 4 cm 


Practise Now 6 


1. 4) Whent- 12, 
у = 96(12) – 4(122) 


= 576 
-. Height of rocket 12 seconds after it leaves the ground 2 576 m. 
(ii) Let y 2 0. 
961-4? =0 
4t(24 — t) 20 
4-0 ог 24-t=0 
150 or t=24 


-. The rocket will strike the ground again 24 seconds after 
it leaves the ground. 
2. (1) When t=0, 
h= 18 + 6(0) - 4(0°) 
=18 
-. The school building is 18 m tall. 
(ii) Let ^ — 0. 
18 6r- AP 20 
Af —6t- 18 20 
2231-9 =0 
(21+ 3)(1– 3) =0 
2+3=0 ог t-3z0 
srl o 1-3 
2 
(rejected, since t > 0) 
-. The ball will strike the ground 3 seconds after it is thrown. 


Practise Now 7 


Let y 2 0. 
2x! -x- 6-20 
(2х + 3)(х– 2) =0 
2x 4320 or х-2-0 


Хара ог х=2 
2 


1 : 
-. The coordinates of A and B are (4$ { ој and (2, 0) respectively. 


When x - 0, 
yz2(0)-0-6 
=-6 


-. The coordinates of C are (0, —6). 


Practise Now 8 


(a) When x = 3, 
у = 2032) – 8(3) + 11 
= 5 
2-5 
(b) 


(c) (à When x- 1.5, 
у=35 
(ii) When y = 8, 
х=04ог3.6 
(iii) Minimum value of y 23 


Minimum value of y occurs when x = 2 
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Practise Now 9 Practise Now 10 


(a) 1. (a) When:- 0, 
h = 28 + 42(0) — 12(0°) 


= 28 





фу|г | о |о5| 1 |15| 2 | 3 | 35| 4 | 45 


























| а | 28 | 46 | 58 | 64 | 64 | 46 | 28 | 4 |-26 











(b) (i) When y 2 2.75, 
х = +1.5 
(ii) Maximum value of y 2 5 
(c) The equation of the line of symmetry of the graph is x = 0. 





(с) 0) Maximum height of stone = 65 m 
Time at which maximum height of stone occurs = 1.75 s 
(ii) The stone will strike level ground approximately 
4.05 seconds after it is thrown. 
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2. (а) 11:10 (0511 (1512 3 4 5 





5 0 12.251 5 |8.25| 12 | 21 | 32 | 45 






































(b) () Distance object travels after 2.6 seconds = 17.25 m 
(ii) Time taken for object to travel 30 m 2 3.85 s 


Exercise 5A 


1. (а) аа-9)=0 
a=0 or a-9=0 
г.а=0 or a=9 

(b) b(b+7)=0 
b=0 or b+7=0 
5-0 or =-7 

(c) 5с(с+1)=0 
5с=0 ог с+1=0 
. с=0 ог c=-l 

(4) 24(а- 6) =0 
24=0 ог 4-6=0 
'.4=0 ог 4-6 

(е) -fGBf-7) =0 
f=0 or 3f-7z0 


“ј=0 or fz2- 
(t) -1л0л+3) =0 


=) ог 2h+3=0 


(а) (К– 4(К— 9) =0 
К-4=0 ог 
О К=4 ог 

(0) (т-3)(т+5)=0 


k-9z0 
k=9 


т-3=0 ог т+5=0 


“m=3 or m=-5 


(с) (п+ А(п—11)=0 


n+4=0 or n-11=0 


“n=—4 or п= 11 


(9) (р+ 1)(р+ 2) =0 


р+1=0 ог р+2=0 


р=-1 ог p=-2 


(e (74 – 644 –5) = 0 


79-6=0 ог 49-5 =0 
TS ог get 
7 4 
(f) Gr-5)Qr*1) 20 
3r-5=0 or 2r+1=0 
peas or pecu 
3 2 
(g (55+3)(2-5)=0 
55+3=0 ог 2-5=0 
ya or 5=2 
5 
(В) (-21- 5)(8#- 5) =0 
-2t-5 20 or 8t-5=0 
raat or is 
2 8 
(а) а'+9да=0 
а(а+9)=0 
а=0 ог а+9=0 
“a=0 or а= 9 
(b 22-76 =0 
b(b-7) =0 
b=0 or b-7=0 
“b=0 or b=7 
(c) 5с + 25с= 0 
5с(с + 5) = 0 
5с=0 ог с+5=0 
“.с=0 ог с=—5 
(d) 3d -4d-0 
43а – 4) =0 
4-0 ог 34-4-0 
4-0 or d=11} 
3 
(е) 37-817 -0 
3f1-27f) 0 
3/-0 ог 1-27/-0 
1 
„ј=0 or 2 
(f) -4h?- 16h =0 
—4h(1 + 4h) =0 
-4h=0 or 1+4h=0 
" ћ=о ог h=-1 
4 
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4. 


(а) 2+ 126+ 36 =0 
2 + 2(0(6) +62 =0 
(k+6) =0 
k+6 =0 
wk =-6 
(b) т2– 16т +64 =0 
т> – 2(т)(8) + 82 = 0 
(т – 8) =0 
т-8 = 0 
7 т= 8 
(с) m-1620 
m-4z0 
(п + 4)(n - 4) 20 
п+4=0 ог n-4= 
о п=-—4 or n=4 
(d) 25р? + 70р + 49 = 0 
(5р)? + 2(5р)(7) + 7° =0 
(5р + 7) = 0 
5р-7-0 
2 
"peel 
(e) 44-124-9-0 
(2ау – 2048) + 3° =0 
(24-3) = 0 
24-3=0 


4-1 
(f) 4r? — 100 20 


Qry -10? 20 
Qr + 1027 – 10) =0 


| 


27+ 10 =0 ог 2/-10-0 
2205-5 ог г=5 
(a) $4 10s 21 20 
(5+ 3)(5 +7) =0 
5+3=0 ог 5+7=0 
7.5=-3 ог 5=-7 
(5) Р- 16+ 63 =0 
(t—- T)(t—9) 20 
1-7=0 or t-9=0 
at= or 1=9 
(© ш+би-27=0 
(u — 3)(u 9) Z0 
и-3=0 ог и+9=0 
220453 or и =-9 
(d) v—-5v-24 20 
(у + 3)(у – 8) = 0 
v+3=0 or v-8 =0 
“v=-—3 or v=8 
(е) 3и? + 49 + 60 = 0 
(Зи + 4)(и + 15) = 0 
3w+4=0 or w+15=0 
уй] ог w 2-15 
3 
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(f) 6x? — 29x + 20 =0 
(6x — 5)(x - 4) 20 
6х-5 =0 or 


SX ог х=4 


Ot 


(8) 3y +7y-6=0 
(Зу – 2)(у + 3) = 0 


3у-2=0 ог у+3 =0 
2 
Syec or 2-3 
y 3 y 
0) 2:-3:-14-0 
(2z-7)(z +2) =0 
2z-7=0 or z+2=0 
2750 ог 1 =-2 
2 
6. 7 +21=0 
7x (x 4 3) 20 
7х? =0 ог x+3=0 
x20 or х=-3 
7. (а) 121- d 20 
1l-g =0 
(11 - a (11—a) 20 
11+а=0 ог 11-а=0 
“а ==11 ог а-11 
(b) 128 - 2p! 20 
64-b =0 
8-b =0 
(8 +bX8-b)=0 
8+b=0 or 8-b=0 
-bz2-8 or Ь=8 
2 1 
с c -—— a0 
(c) 1 
2 
2-8) -0 
2 
1 1 
2 221-0 
(sei) 
с+1! =0 ог e+ 1 20 
2 2 
. 1 1 
‚с=—— or c= 
2 2 
4 d 
d —- — =0 
(d) 9 z 
2 2 
21:4151:40 
3 5 
2 412 4 
СОЕ 
2,4 -0 ОГ 2 d 1g 
3 5 3 5 
dz ог d=31 
3 3 


8. 


(а) Л +]? = 60 


f +7f-60 =0 
(f-5)(f + 12) =0 
f-5=0 ог f+12=0 
“f=5 ог f= -12 
(b) 15 =8k° -2h 
86) -2h-15 20 


(4h 4 5)(2h —3) =0 
4h+5=0 or  2h-3=0 


Nile 


(a) k(2k +5) =3 
2k + 5k =3 
2 + 5К—3 =0 
Qk- Dk 3) 20 
2k-1=0 or k+3=0 
ades de ог К=—3 
2 
Ф) 2m(m — 5) 2 5m — 18 
2n! - 10m = 5т – 18 
2т? — 15т + 18 =0 
(От- 3)(т-6)=0 
20-3-0 ог m—6=0 


1 


о т=1 ог m=6 


(с) (n—2)(n+4)=27 
т +4п-2п-8= 27 
п + 2п – 35 =0 
(п – 5)(п + 7) =0 
п-5=0 o n+7=0 
0-5 or п=-7 
(9) (р—1р—6) = 126 
р –бр–р +6 = 126 
p -Tp-120 20 
(р + 8)(р-15)=0 
р+8=0 ог р-15-0 
“p=-8 or р=15 
(е) (28 – ЗХа – 4) = 18 
24 – За – За + 12 = 18 
24 - 110-6 20 
(24 + 1)(9-6) =0 
24-1-0 ог 4-6-0 
Ї 


79 =-= ог =6 
а 2 4 


© 3° —5(r+ 1) =7r+58 
377 – 5у – 5 = 77 + 58 
37: – 127 – 63 =0 
r -4r-21 20 
(r4 3)(r-7) 20 
r+3=0 or r-7=0 


“.r=3 or rz 


(g) (35+ 1)(5–4) =—5(5 – 1) 
35: – 125 +5—4 =–55 + 5 
39 — 65-9 =0 
8-25-3-0 
(5 + 1)(5—3)=0 
5+1=0 ог 5-3= 0 
75 =—1 or 5=3 
@ (+2)т-3)=г+2 
Г-3:-21-6-1-2 
Р-21-8=0 
(t- 2)(t-4) 20 
ї+2=0 ог 1–4 =0 
7.1=-2 or 1-4 
10. (i) 6x -x-1520 
(3х — 5)(Ох + 3) =0 
3x-5 =0 or 2x 4320 
E ог oes 
3 2 
(й) 6(у – 3): – (у–3)–15=0 
From (i), letting x 2 y – 3, 


езы ог хөл 512 
3 2 
2 1 
y=4= or =1— 
PU Tes 
11. @ 12-14250 
2^ 4^4 


2x! -11x4 520 
Qx- D(x-5) 20 
2x-120 Or x-5=0 


mi ог eS) 


| 


(b) 2–35у–975у =0 

8 – 14у – 39у =0 

(4 – 13у)(2 + Зу) =0 
4- 13у = 0 ог 2+3у = 0 


зарыг ог m 
13 3 
12. 9х?у? – 12ху+4 = 0 
Bay – 2(3ху)(2) + 2? =0 
(Зху– 2) = 0 
3xy-2 20 
гам 2 
Улоу 
13. x — (2x - 3y = –602 + х – 2) 
х- (4х? — 12x + 9) =-6x" — 6x + 12 
x—4x° + 12x -—9 =-6x° — 6x + 12 
2x° + 19x-21=0 
(2x + 21)(x- 1) =0 
2x+21=0 or x-1=0 
О ог х=1 
2 
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14. (1) Whenx=5, 


5° — 4(5) + 10 =0 
25 – 5а + 10 =0 
54 = 35 
“. а =7 5. 
(i) х–7х+10=0 
(x-2)x—5) 20 
х-2=0 or x-5z0 
x22 ог х=5 


г. The other solution is x = 2. 


Exercise 5B 


1. Let the number be x. 
/.х+2х = 10 
2 +х– 10 =0 
(2x + 5)\(x- 2) =0 
2х+5=0 ог х-2-0 


реса ог x=2 
2 
(rejected, since x is whole number) 6. 
-. The number is 2. 
2. Letthe number be x. 
^ 3x — 4х = 15 
37 —4х- 15 =0 
(3х + 5)(х- 3) = 0 
3х+5 = 0 ог х-3 =0 
хар ог х=3 
3 
(rejected, since x is whole number) 
-. The number is 3. 
3. Let the smaller number be x. 
Then the next consecutive positive number is x + 1. 
“о х + (+ 1) = 113 
x +x +2x4+1=113 
2x - 2x - 112 20 
xi-x-56z20 
(х— 7)(х + 8) =0 
x-7=0 or х+ё=0 7. 
x=7 or x =-8 (rejected, since x > 0) 
When x = 7, 
х+1=7+1 
=8 


-. The two numbers are 7 and 8. 
4. Letthe smaller number be x. 
Then the greater positive number is x +7. 
“. [х + (х + 7) = 289 
(2х + 7): = 289 
4х? + 28x + 49 = 289 
4x? + 28х – 240 =0 
х + 7х – 60 =0 
(х-5)(х + 12) =0 
x-5z0 or х+12=0 
“x=5 or x =-12 (rejected, since x > 0) 
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When x 2 5, 
х+7=5+7 

=12 
2. The two numbers аге 5 and 12. 
Let the smaller number be x. 
Then the greater number is x + 9. 

<. x(x + 9) = 162 
xX +9x = 162 
х+9х- 162 =0 
(х-9)(х + 18) =0 
х-9-0 ог х+18=0 
“xX=9 or x=-18 

When x = 9, 
х+9=9+9 

=18 
When x =-18, 
х+9=–18+9 

=-9 
-. The two numbers аге 9 and 18, ог –18 and –9. 
Let the length of the rectangular campsite be x m. Then the 





breadth of the rectangular campsite is (= 5 2x) m - (32 - x) m. 
^ x(32- x) 2 27 
32x - x! 2207 


х2 – 32х + 207 = 0 
(x-9)(x-23) 20 
x-9=0 or х- 23 =0 


“xX=9 or х = 23 
When x = 9, 
Breadth of garden = 32 – 9 
= 23 т 
When x = 23, 
Breadth of garden = 32 — 23 
=9m 


Since the length of a rectangle usually refers to the longer side, 
Length of campsite = 23 m 
Breadth of campsite = 9 m 
Let the width of the path be x m. 
Then the length of the path is (2x + 70) m and the breadth of the 
path is (2x + 50) т. 
Area of the rectangular field = 70 x 50 
= 3500 та“ 
и. (2х + 70)(2х + 50) – 3500 = 1024 
4х? + 100х + 140х + 3500 – 3500 = 1024 
4%? + 240х – 1024 =0 
x” + 60х – 256 =0 
(х – 4)(х + 64) = 0 
x-4=0 or x+64=0 
“xX=4 ог x 2-64 
(rejected, since x » 0) 
-. The width of the path is 4 m. 


10. 


п. 


je 3)Qx – 5) = 20 


5 (22 – би + би – 15) = 20 


2x + х– 15 = 40 
222 +х- 55 =0 
(2х + 11)(х- 5) = 0 
2х+11=0 ог х-5=0 
Жан ог х=5 
(rejected, since x > 0) 
2. The value of x is 5. 
Let the perimeter of the smaller square be x cm. 


Then the perimeter of the larger square is (44 — x) cm. 


2 2 
х 44-х 
„|2 = 65 
x! | 1936 -88x 4 x? 


moxque E59 
16 16 


x! 4 1936 — 88x 4 x? = 1040 
2х? — 88х + 896 =0 
x —44x + 448 =0 
(x — 16)(x — 28) =0 
х- 16 =0 ог x-28=0 





“x=16 or x = 28 
When x = 16, 
Perimeter of the larger square = 44 – 16 
= 28 ст 
When x = 28, 


Perimeter of the smaller square = 44 — 28 
= 16 ст 
-. The perimeter of each square is 16 cm and 28 cm. 
(i) Area of circle = 1(3°) 
= 9л 
Area of square removed from circle = х” 
—.9т-х°=7л 
2x — x! 2 0 (shown) 
(й) 21— x! 20 
x -2n 
“xX =tV27 
= +2.51 (to 3 s.f.) 


(iii) Since x >0,x= V27. 


Perimeter of square = 4 ү27 


= 10.0 cm (to 3 s.f.) 
-. The perimeter of the square is 10.0 cm. 
(i) Distance Amirah walks = (x + 1)x 

= (x +x) km 
Distance Amirah cycles = (2x * 5)(x - 1) 

-2x -2х+5х-5 

= (217 + 3х – 5) km 
г. (02 +) + (2 + 3х – 5) = 90 

Зх? + 4х 5 = 90 
Зх? + 4х – 95 = 0 (shown) 


(1) 3х +4x-95 =0 
(3х + 19)(х– 5) = 0 
3х+ 19 = 0 ог x-5=0 


E хас ог х=5 
3 
(ii) When x=-6 5, 


Speed at which Amirah walks = —6 5 +1 


--5 х km/h « 0 
хэ 
Time taken for her entire journey = х + (х – 1) 
-54(5-1) 
= 9 hours 


-. The time taken for her entire journey is 9 hours. 
12. (1) When:-0, 
h 24 4 11(0) — 3(0) 
=4 
-. The hawk drops its prey 4 m above the ground. 
(ii) When h = 0, 
4+11—37 =0 
32 —–11:–4 =0 
(31+ 04-4) =0 
3t+1=0 or 1-4=0 
1 


15-- ог 1=4 
3 


(rejected, since t > 0) 
-. The prey will fall onto the ground after 4 s. 
(x +1)? - (x-3) 24 
х-2 
(x 4 1) - (x-3) = 16(x - 2) 
Х +2х+1—х+3=16х–32 
x” — 15x +36 =0 
(х – 3)(х – 12) = 0 
х-3 =0 ог х- 12 =0 
ЕЭ ог х= 12 
14. (1) Мһепг= 2.5, 
у = 17(2.5) – 5(2.52) 
= 11.25 
-. The height of the object 2.5 seconds after it leaves the 


13. 6 


ground is 11.25 m. 
(ii) When y = 0, 


171-5? =0 
7-58 = 0 
1-0 ог 17-5t=0 
1150 ог 1-34 


-. The object will strike the ground again after 3.4 s. 
(iii) When ; = 1, 
у = 170) – 585) 
=12 
From (i), 
Distance between the two objects = 12 — 11.25 
=0.75 т 


-. The distance between two objects is 0.75 г 
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15. (i) Мһепг= 3.5, 
h = 56(3.5) – 7(3.5") 
= 110.25 
-. The height of the ball 3.5 seconds after it leaves the 
ground is 110.25 m. 


(ii) When 1 2 0, 

56-7Р =0 

7(8-1)-0 
7-0 or 8–1=0 
“.1=0 ог 1=8 


-. The ball will strike the ground again after 8 s. 
(iii) When Л = 49, 


562—7 =49 

77 – 5617 + 49 = 0 

Г-8:47-0 

(t- 1t—7) 20 
1-1 =0 or 1-7=0 
atal or 1-7 


-. The ball will be 49 m above the ground after 1 s and 7 s. 
The first time refers to when the ball is going upwards while 
the second time refers to when the ball is coming down. 
Hence, there are two possible answers. 


Exercise 5C 


1. (а) Whenx=-4, y=a, 
а = (-4) + 2-4) – 8 
=0 
When x= 1, y=), 
b=1°+2(1)-8 
=—5 


(b) 





OXFORD 


UNIVERSITY PRESS 


(с) (i) When y=3, 
x = 2.45 or -4.45 
(ii) Minimum value of y = —9 
(d) The equation of the line of symmetry of the graph is x 2 -1. 
(a) When x =-3,y=p, 
p=2-3(-3)- 2-3) 
=7 
When x=1,y=q, 
4-2-3(1)-2(1) 
=-3 


(b) 





(c) (i) When x 2 -3.5, 
у=-12 
(ii) Maximum value of y = 3.1 
Maximum value of y occurs when x = -0.75 
(i) Lety=0. 
—-х+20 =0 
х+х-20=0 
(х + 5)(х-4)=0 
х+5=0 ог х-4=0 
“x=-5 or x=4 
-. The coordinates of A and B are (—5,0) and (4,0) respectively. 
When x 2 0, 
y 2-0 -0 20 
= 20 
-. The coordinates of C are (0, 20). 


(1) Уһепх=3,у=Л, 
h=-3°-3+20 
=8 

-. The value of h is 8. 


4. (a) 





(0) 0) When x 2-1.5, 
у=9.3 
(ii) Maximum value of y « 10.3 


Maximum value of y occurs when x 2 -0.5 


(c) By drawing y = 1.6, 
Solution is 10 -x - x = 1.6: x « 3.45 or 245 
5. (i) y=x(64- 8x) 





6. @ А = 2(х+207-5) 
= > @х-2+14-29 
= 1 (14+5х—) 
2 
yu D as 1 2 (shown) 
2* 2 
о В 21:121314 151613718 





























9 10 | 10 | 9 7 4 0 |—5 














Gi) | x | 0 


1 


4 5 


7 | 8 НЕ 








|у | о 





56 





96 





120 





128 | 120 





96 











56 g (iii) Maximum area occurs when x = 2.5 








Length of side of triangle = 2.5 + 2 
= 4.5 ст 
Corresponding height — 7 — 2.5 
=45 ст 


(iii) The amount at which the store should price each book is $4. 
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(b) i) Мћепу=1, 
x= -0.4 or 2.4 
(ii) Minimum value of y 2 -1 


(c) The line of symmetry of the graph is x = 1. 


(d) By drawing y =x, 





х|-[1]|4 
у|- |1 |4 




















Solution to X* 2x 2 x: x20 or3 
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0) |х10 (0511 



































Scale: x-axis: 1 cm to 1 year 
y-axis: 1 cm to $1000 
(ii) Minimum value of the asset = $5000 
Time at which minimum value of assets occurs = 1 year. 


Review Exercise 5 


(а) –ба—5 — 2a) =0 
-ба-0 or 


ла=0 or 


(b) (4b + 11)(3b-7) =0 
45-11-0 
хээээ2 
4 
(с) 4c’ 2 7c 
4с - Tc 30 
c(4c — 7) 20 


or bz2- 


с=0 ог 4c- 720 


—2с=0 ог 


(а) 9 + ба + Ф =0 
Ф + 2(4)(3) + 3° =0 
(4+3) =0 

а+3=0 

а =-3 


(е) 497" – 1407 + 100 20 
(тру -2а 000) + 10: =0 
(7f- 10) =0 

Tf-10 =0 


Sites) 


3 
fel 
f 7 


0) 147 – 312 = 0 
-3(02 – 49) = 0 
1249 =0 
1-7 -0 
(һ + 7)(Һ-7)=0 
ћ+7=0 ог Л-7-0 
227 2-1 or һ=7 
(а) 60 + 116—10 =0 
(3k —2)(2k + 5) =0 
3k-2=0 or 2k+5=0 


г. К = 2 ог К= 21 

3 2 
Ф) 3т(8 – Зт) = 16 
24т — 9т? = 16 


9m? — 24m + 16 =0 
(3m) — 2(3m)(4) + 4 =0 
(3m - 4y 20 
3т-4=0 
хоро 
3 
(с) (8n-1y 2 12n 4 8 
(Зи)? – 2(3п)(1) + 1° = 120 + 8 
ду би +1 = 12п +8 
9n? -18n-7 20 
(3n 4 D)Gn - 7) 20 
3n+1=0 or 3n—7=0 
n=- or nz2- 
3 3 
(d (5р4-1їр-4)-207р-5) 
5р: + 20р + р + 4 = 14р + 10 
5p + тр–6 =0 
(Sp —3)(p +2) =0 
5р-3=0 ог р+2=0 


РЯ ог р--2 
à) 2x-11x-21 20 
(2x - 3)(x- 7) 20 
2x+3 =0 or x-7=0 
ER ог х=7 
2 


(ii) 2(y 4-2) - 11(y - 2 -2120 
From (i), letting x 2 y + 1, 


у+1=-1— ог у+1=7 
) 5 ) 
y=- 1 or y=6 
2 
(i When x=3, 
2(3?)— 5(3)+К =0 
18-15+k=0 
n k=-3 


(ii) 2x -5x-3=0 
(Ох D(x-3) 20 
2х+1=0 ог х-3=0 
1 


x=- or x=3 
2 


Let the smaller number be x. 
Then the greater number is x + 3. 
wx =4(x +3) 
=4x+ 12 
x -4x-1220 
(x + 2)(х-6)=0 
x+2=0 or x-6=0 
“x=-2 or x= 
When x = -2, 
х+3=-2 +3 
=1 
When x = 6, 
х+3=6+3 
=9 
-. The two numbers are —2 and 1, or 6 and 9. 
(i) x 4x 22(x- 4x) 
= 2(5х) 
= 10х 
^X — 6x 2 0 (shown) 
(ii) х-6х=0 
x(x—6)20 
х=0 ог х-б=0 
x20 ог х=6 
(iii) x = 0 is rejected, since x > 0. 
Age of Ethan’s father when Ethan was born 
=x -x 
=6 -6 
= 30 years 
(i) (2х+ 5)(2х- 1) = З(х+ 1) 
4х? 2х + 10х- 5 = 3(х2 + 2х + 1) 
Ax 4 8x-5 = 3х + бх + 3 
^X 42x - 8 20 (shown) 
(i) х+2х-8=0 
(x-2)(x-4)20 
x-2=0 or x+4=0 
x22 ог х=-4 
(iii) When x = -4, 
2Х-1-2(-4)-1 


=-9<0 
НР 
Perimeter of rectangle = 2[(2x + 5) + (2x- 1)] 
= 2(4x + 4) 
=2 x [4(2) + 4] 
= 24 ст 


8. Letthe number of students in the class be x. 


Each student will send out (x — 1) cards. 
4 x(x — 1) = 870 
x -x-87020 
(x — 30)(x + 29) = 0 
x-30=0 ог х+29=0 
“x =30 or х = —29 (rejected, since x » 0) 
-. The number of students in the class in 30. 
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9. () Whenrz-2, 12.0 |£|0 |1]2.3 4|5]|6]7 





y 220Q) - 527) 
=20 



































-. The height of the object 2 seconds after it leaves the ground 
is 20 m. 
(ii) When у = 15, 
20: – 57 = 15 
57 –20:+ 15 =0 
Г-4-3-0 
(r- 1)(4—3) 20 
t-1=0 or 1-3-0 
“.1=1 1-3 
-. The object will be 15 m above the ground after 1 s and 3 s. 
10. Let y 2 0. 
(1–х(х+5)=0 
1–х=0 ог х+5=0 
x=] ог х=-5 
-. The coordinates of A and B are (—5, 0) and (1, 0) respectively. 
When x = 0, 
y =(1-0)0 +5) 





=5 
-. The coordinates of C are (0, 5). (ii) Maximum height of the ball above the ground = 64 т 
11. (a) When x = -5,y = p, Time maximum height occurs = 4 s 
р =(–5) + 35) – 4 
=6 
(b) Challenge Yourself 


1. Letthe smaller solution of 2x? — 6x — k 2 0 be n. 
Then the other solution is n * 5. 
и. + п)(х+п+5)=0 
ха + (п + 5)х + пх + п(п+5)=0 
х + (2п + 5)х + п(п + 5) =0 
2х2 + 2(2п + 5)х + 2п(п + 5) = 0 
Comparing terms with 2x? — 6x — k — 0, 


2(2n + 5) 2 -6 
2n - 5 2-3 
2n 2-8 
/.п=-4 
When n= -4, 
-k = 2n(n + 5) 
= 2(-4)(-4 + 5) 
=-8 
7 к= 8 





(c) (i) When x = -2.7, 
y=48 
(ii) When y=5, 
x =—4.85 ог 1.85 
(iii) Minimum value of y = -6.3 
(d) The line of symmetry of the graph is x 2 -1.5. 
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2. 


(i) Since a and f are the solutions of a quadratic equation, 
(x - oy - В) =0 
x — Bx- ox + ов =0 
х – (а + Вх + од =0 
ax —a(a+ B)x + aap =0 
Comparing terms with ax’ + bx + c = 0, 
b =-a(a+ B) 


a+ p= - (shown) 
с = аов 
ов = - (shown) 
(ii) From (i), 
р+4=- = 
=== 


| 


РА 


=3 1 
2 
(p-qy 2p -2pq*q 
- p^ *2pq d. — Apq 
= (р + а) – Ара 


1 
=(–5): –4| 3— 
65-435) 
= 11 
Sincep» q.p-q7» 0. 
np-q-2 4h 


= 3.32 (to3 sf.) 
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Chapter 6 Algebraic Fractions and Formulae 


TEACHING NOTES 


Suggested Approach 


Students would have learnt how to expand, factorise and solve linear and quadratic equations by now. Teachers may want 
to relate algebraic fractions with numerical fractions by simply replacing numerals with algebraic expressions. Students are 
expected to know how to manipulate algebraic fractions, perform the operations on algebraic fractions and express one variable 
in terms of the other variables at the end of this chapter. 


Section 6.1: 


Section 6.2: 


Section 6.3: 


Section 6.4: 


Algebraic Fractions 

Students are to recall that the value of a fraction does not change when multiplied or divided by a non-zero 
number or expression. The same applies to algebraic fractions. The usual rules of expansion and factorisation 
can be used as well. 


Multiplication and Division of Algebraic Fractions 

Teachers can let students observe that the multiplication and division of algebraic fractions are very much similar 
to the multiplication and division of numerical fractions. The notion of reciprocals should be illustrated. Students 
may need reminders to check that their final expression are in its simplest form. 


Addition and Subtraction of Algebraic Fractions 

In Secondary One, students have learnt to manipulate linear expressions with fractional coefficients. Here, the 
scope is extended to algebraic fractions. Teachers should highlight the important step of converting algebraic 
fractions to like fractions, and after this step, the fractions can be combined to a single fraction and then simplified. 


Manipulation of Algebraic Formulae 
Teachers can work through the worked examples together with the students so as to illustrate how one variable 
can be made the subject of a formula. 


Teachers should emphasise that when making a single variable the subject of a formula, the single variable must 
be on the left-hand side of the equation while all other variables must be on the right-hand side of the equation. 
Often, students may make mistakes whereby the subject of the formula is also found on the right-hand side of 
the equation. 


Another error students may make is to substitute the wrong values when evaluating the expression, particularly 
when there are multiple variables in the equation. 


Challenge Yourself 
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Questions 1 and 2 require an application of the law of indices. Question 3 requires an algebraic manipulation of 


b-c) 


the given condition to derive the proof. (Hint: = 14 





atb-c 
a 


WORKED SOLUTIONS 
Class Discussion (Finding the Value of an Unknown in a 
Formula) 


1. Yes 
Yes. There is no difference whether we find the value of the unknown 
by first substituting the known values or making the subject of the 


formula and then substitute the known values to find the unknown. 


Practise Now 1 


2 
(a) y - эь 
он 
Q3, 0» 
(b) РАДИ _ х(х-у) 





A E y зу” 
3 1 1 
Practise Now 2 


h? +7hk _ K(h+7k) 





8) 5. 5Ю 
hk 
^ 5k 
3 
Е A 


10p? -5p #(2р-1) 
3 


“2р-1 
22-42 _ (2-4) 


42-16 ` 4 (24) 





(с) 


BIN 


Practise Now 3 


3? -9y - 3v (3) 
2-9 (0+3) (03) 
Зу 


У + 3 


1. (а) 





_ (р-34)(р—4й) 

5p (p-4q) 
.Р-34 

5р 
x? — 3xy * 2xz — 6yz _ x(x- 3y)+2z(x- 3y) 
© х(у-2&—3у(у- 2) 
_ 395022 

(у – 22) (139) 


(b) р? – Тра + 124? 
5р? - 20pq 





(c) 





xy — 2х2 – Зу: + 6yz 








x+2z 
~ y-2z 
4 2 2 2 
т -5n +6 _ (" -2)(n——3) 
n^ -9 (п? + 3) (13) 
_ п? -2 
Ca 4d 


Practise Now 4 









































3 
i Z4 My 3 
= W > = aa 
5 Ка“ 4а°с 
c 4 2 
йй w : а й т. _ зр? 35a бр 
154 Pr бра 154 12 pr 5r 
pe p gr 
906 p gl y 
10 ,3 
Тр“ 
^ 107 
(9 2х-6. _3_ 2 206-9) 7 (x79) 
5х+5у 7у+7х 5 (хЕў) 3 
_ 14(х-3) 
=~ 5 
h-3 
(д) h? -6h+9 gt? daf « 
һ”—2һ h-3 hht) рез 
_ ћ—3 
шан 
2. 3т-п .2n-6m . Зуп № DEN 
п+т т+п DEN -2 (Зи =) 
__1 
2 
Practise Now 5 
1 4:54.59 ара 
5a 8a 40a 40a 
_ 48 +15 
7 40а 
_ 63 
7 40a 
фу —4 7 _ 4 7 
2р + Зс 6b+9c 2р + 3с 3(2Ь + 3с) 
_ 12 7 
7 3(25--3с) 3(2b + 3c) 
_ 5 
_ 3026 + 3) 
(©) ћ 3h А ЗА 
2-3k 30-2 2-3k 42-30) 
св 3h 
2-3k 2-3k 
_h+3h 
^ 2-3k 
_ 4h 
72-3К 
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Practise Now 7 


1. 0) 


(ii) 


у=и+а 


v-u =utat—u 





v-u =at 

у-и at 

1 1 
у-и 





“. а = 
1 


When t= 4, u = 10 апау = 50, 
50—10 
а= 
































2. (а) 2m+3n m-n - 2п(2т + Зп) 3m(m — n) 
Зт 2n 6mn 6mn 
2n(2m * 3n) - 3m(m — n) 
= 6mn 
_ 4тп+ 6n? — 3m? + 3mn 
7 бтп 
6n? + 7mn — 3m? 
E 6mn 
(b) 3p 5p-24 _ 3p 5p-2q 
4р-44  3p-3q 4(р-а4) 3(0-а) 
____ Ор 4(5р-24) 
712(р-а) | 12(р-а) 
..9p- 4(5p - 24) 
E 12(р-а) 
_ Зр—20р + 84 
^. I2(p- q) 
_ 84а- Ир 
7 12(р-9) 
(с) 5х 7у - 5х Ту 
4х-3у бу-8х 4x-3y -2(4х-3у) 
i 10x 4 Ty 
2(4х – Зу) 2(4х – 3y) 
_ 10х47у 
© 2(4х - Зу) 
Practise Now 6 
1. @ 2 3 _ 2Qx-5) 3(x +1) 
х+1 2x-5 (x-1(2x-5) (х+1)(2х- 5) 
2(2x — 5) - 3(x 41) 
-  (x*DQx-5) 
4х-10-3х-3 
7 (x*DQx-5) 
х- 13 
7 (x*DQx-5) 
2 MS 2 y 
г y-9 У-3 0+30-3) y-3 
mur c ва. 
2 (7+ 3)0у- 3) (у+30у- 3) 
_ 2-yyt3) 
© (у+3)(у-3) 
_ 2-у -3у 
7 (у+ 3)(у – 3) 
1 1 27 
(с) pos z5 2. 
= аг 
2+ 5 1-5 (z * 5)(z— 5) 
z @—5 2+5 22 
© (+5)@—-5) («+5)@—-5) (z+5Xz-5) 
_z-5-z-5+2z 
(z * 5)(z— 5) 
_ _ 22-10 
^ (x*5)z-5) 
_  2(2–5) 
7 (+5) - 5) 
2 
S £c 
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4 
_ 40 
4 
PRT 
100 
PRT 
100 
1001 = РЕТ 
1007 _ PRT 
PR РК 
= 1001 
PR 
When P = 50 000, R = 2 and J = 4000, 
100 x 4000 
© 50000 х2 
400 000 
~ 100 000 
=4 
-. The number of years is 4 years. 





1х 100 = х 100 


(8) 





Practise Now 8 


- 2x45 
3x- 7 





1. 0) 


(х-7)ху-(3х-7)х x 





у(3х- 7) = 2х+ 5 
Зху – 7у = 2х + 5 
Зху – Ту – 2х = 2х +5 – 2х 
Зху – Ту – 2х = 5 
Зху – Ту– 2х + 7у = 5 + 7у 
Зху – 2х = 7у + 5 
х(3у– 2) = Ту+ 5 











x(3y - 2) Ty 45 
Зу-2 ^ 3y-2 
Ty t5 

„х= Зу—2 


(ii) When y 2 -3, 





73) +5 
x= 33)-2 
_ -21+5 
© 9—2 
_ =й 
C 
=12 
11 
bx? 
2. 0) puse 
р-а=а+ bx? -a 
3k 
pas 
3k 
bx? 


3kx(p—-a) 33kx —— 
(р-а) ЗЕ 


3k(p — a) = bx” 

3k(p — a) bx? 

3(p-a) - Xp-a) 
bx? 

3Xp-a) 

(ii) When a = 1,5 =–2,р = Запа х =9, 
-2(9?) 

33-1) 

-2(81) 

3(2) 

_ 81 

НИ! 

--27 


са 


k= 





Practise Now 9 


1. (i) Зу = үр? – 4ах 
9у = Б – Дах 
дуг + Дах = Б' – Дах + Дах 
дуг + Дах = 5" 
ду: + 4ах – 9у = 2 – ду 





4ах = Р – ду 
4ах _ 02 – 9у? 
4a 4а 
ig 2-28 
4a 
(ii) Whena 2 —5,b 2 4 and y 22, 
_ № -9(2?) 
4(-5) 
_ 16-9(4) 
77220 
_ 16—36 
U^ D 
_ -20 
"eap 


=1 


Practise Now 10 


1. 




















(a) Whenx- 5, 
М7 
45-2 
_ 
= үз 
=й 
=> 
(b) When y 2 4, 
х+7 
Че x-2 
1271 
х-2 
16(х-2)=х+7 
16х-32=х+7 
16х = х + 39 

15х = 39 

1 3 

о к=2= 

When a = 3, 

3 = 3/52 +16 
2b — 23 
7 = 5b +16 
25-23 


27(2b — 23) = 5b + 16 
545 – 621 = 55 + 16 
545 = 55 + 637 
495 = 637 
7р = 13 
When у = 4 апа 2 = 3, 


jx+4 
\ х-4 яа 
х-4 
х-4 
х+4=27(х-4) 
х+4 =27х- 108 
х+ 112 =27х 
112= 26х 
4 


Жол 
13 





=27 





Practise Now 11 


(a) 


a-3 " 2a-1 Ed 

5 
З(а – 3) + 5(За – 1) = 60 
За – 9 + 10а – 5 = 60 
13а – 14 = 60 
13a = 74 
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3 5 


(b) =0 


25+3 3-4 
3(3b — 4) — 5(2b +3) =0 
9b — 12 - 10b — 15 20 
-b-27=0 

-b =27 

nb: 


Exercise 6A 


1. 


а 


Hay e 


wy et зи 
хиих 


(а) 





BPP è 
Бб И у? з 3г?$ 
АЖ. 
K A 6m p? 


(с) 
(d) 


(e) KiE e 
25 at b^ d 5ab* 
DEL а 
HEU 


(a) ху+3у _ у с) 
4х +12 4 (3) 











> [< 


84-45  4(2а-45) 


ђе + Зас c(b + 2a) 


4 (20-45) 


с (2 ) 


(b) 








= 
с 


а? +2аЬ _ d(a+2b) 


© ба 6g 











6 
a -Š Z 





(m-n? баў 


т – тп т ( 7) 
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(b) 


(d) 


(e) 


(b) 


(c) 


(d) 


EE RP 
15р-1024 8 B-24) 
4 





7 3-2q 
га +ђ _ 2$ 
4а -0 (205) Qa - b) 
22201 
7 2а-Ь 


са + 2са – 1545 _ (с – 34) (с+ 54) 











4с? +204  4с(сж50) 
20-34 
4с 
За-6 _ 3(a—2 
а +а-6 (4-7) (а+3) 
__3 
а+3 
х2 +6х-7 _ (ж=ТИ(х+7) 
xx p х (21) 
cox 





X 
Р-9 _ 30-3) 
к -76+12 (Зук 4) 
_ К+3 
= 


4 
mk+8k КО 


т? +4т-32 (т-4) (р +8) 
k 


m-4 


Бај „36 _ e uan P 
= - 224.4. 
8арс Зар „AO b L 
а 
2p* 
зе * d) ,, 2c - 2d 3rd | Zea 
с-4 8c 4 8d d 
ae a 
“4 
a-2b |, 4a-8b | a-2b . 24 
16 | 24 16 4a — 8b 
а-2Ь „ 24 
16 4(a — 2b) 


724 (аг25) 
3 £4 (а 25у 

















oo| w 


8 iB? „ 32 +34 
6(c+d) 3с-34 6(с-4) 2с? 

8c? y etd 
6(c +d) 2с? 


274271 
M E (сжаў 











=> 


(а) 


(b) 


(c) 


(d) 


(e) 


(g) 


(h) 


(i) 


0) 


Skab і 
MX amy 3x (a - b) 


х2 (a-b) 
a (a— зь} 


7 4 (a5. . a(a — 3by. 





2f i b ary p = 


848 (244358 Ви (244357 


(2a+3b) 





32a! b(3b + 2а) 437 28 К 2+5) 


_ 5" (Са + 36) 
4а 
2 


8ап%(Ь+с) _ CUM 





9ба?п(с + Б)? 2,96 сант 


_ п? 
~ 12a(b +c) 


pu 


j'-2y-15 (v5) 0*3) 


y -3y-10 (55) 0+2) 


=. 
8-2т-т? _ (т? +2т- 8) 





2m? - 3m - 2 2m? -3m - 2 


_ - (#2) (т+4) 
© От+1)(ж—2ў 


—(т +4) 
2т +1 





—т – 4 
2 0-1 
9х? — у? (3х + у)(3х — у) 








ух – 2ху- 3х2 (у- 3х)(у + х) 
_ ~(y + 3x) (p> 35) 
OIO +x) 


—(у + 3х) 
ytx 


3х? +5ху-2у? _ (3х – у) бе» 2) 





4х2 +7ху- 232 (4х-у)(хж27) 
E 
7 4х- у 

b -a _ (b+aXb-a) 








2a? +ab-3b? | Qa-*3b)(a - b) 
a+b) (gb) 
~ (2a + 3b) (aby 

_ (a+b) 
7 2а+3Ь 
_ -a-b 
~ 2a+3b 


y-6y-7 _ (у + (у 
25? -17у+21 (2-3) (3-7) 


го у+1 
© 2у-3 





3х-3у З(х – у) 
ах-ау-х-у  a(x-y)-(Q-y) 


3(х—ў) 
(G5) (a -1) 
3 


а-1 
a? — ab — ac * bc a(a — b) — c(a — b) 


(0 7 = 


a? -ab—ac-bc | a(a* b) - c(a * b) 
| (a- D (a6) 
— (a b) (a6) 
i a-b 
a+b 
а" + ат – ап – mn a(a + т) – п(а+ т) 


(m) = 


а? +ат+ап+ тп aa+m)+n(a+m) 
5 (аж) (а-п) 
(акту (а + п) 


_a-n 














atn 


(a) за х ас? x 12 = зас 
9b " 2b 86“ 144Ь% 


6df 3f ‚845? _ _ 64 „ 317 ( 272 
gf? 16d? 274 "ор * 1642 ва? р? 
_ 386 
64 aK 





(b) 











_ 8g 
64d? f? 
4 64 5 64 
(c) 2y+ = x 2 = 2y x == x D 
ху ]100xy y 100х“у 


„му 

МЕЛ 
25 8 | 
© 5ху? 





3ps . 3pq 5 1457 _ 3р» - 12 p?q 1 145° 
Арат 12р 747 4раг Зра? 7qr 


муж» 
1 6р?5* 


2.2 
qr 





(d) 
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(е) 3w — 7 . 21-9и _ 3w —7 7 27 и 
5w) 27» ^ sy) 21—9w 
2 Зу-7 T 27w 
5 — -3w-T7) 
9 
_ 2f y Qv) 
AS X (38-27) 
-5 m 
___9 
5w? 
" 6x^y 12x-24y | 6x)y 12(x - 2y) 
16y - 8x 4ху? ^ 8Qy- x) 4ху? 
_ 6х?у 12(х — 2у) 
—8(х — 2у) 4ху? 


h? -h-6 n? 
х 


(2) 28-28 


2 2 
с-а 


h? +2h 


ET аў 
ME uem 

әл 

MUN y 
да K d) 


- d x cd 4 d? 





h + 
0) – 2са + 47 cd 


т – 4 . mnm 


-2cd 4 d? 


С 
5 ers x d(c 4 d) 
(c-d) 
_ d(c+dy 
са 
2 


т“ – 4 
= х 


+ а? 


m-1 





та – Зт + 2 7 





а? +2аЬ 


k) à! - Ap + 
(k) a - 
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m-1 


та – Зт + 2 т 


_ (т+2)02<2) „ЕТ 
mmm 


|m-2 





m 


2 22 –52+6 
62 





37 – 27 


У „ОЙ ОЗУ 
+285 ^ 175 679 


EC 
2+2 


аЬ 


=a —4b x Хэг 
a^ t 2ab 


ab 


и (4425) 


= (а+2 ја - 2b) x 
=Ба-25) 


7. 


1. 





ii yd ут (у= 2)? 22082) 
26у зу? 712 2Аа- Зу) * 3(у2 – 4) 
(y-2) 
_ дож) — 
_7@-3у) "307 o5 
2-2 
7 30L-3y) 


ety? – 2 + 2ху _ (х2 + 2ху+ у?) – 22 
у == == n Y -y +2yz +z) 
_ к+У)^—:° 
х2 (ужа)? 
_ (х+уу+ Шс + у) 4] 
[x + (у + ИХ – (у + 201 


_ (љут (+yz) 
Que * 2) -y-2) 


х+у-{ 


x-y-Z 





Exercise 6B 


бај о re 























ба да 54а 54а 
_ 63+24 
^J 54a 
87 
^ 54a 
29 
_ 18а 
(b) 3 $ 1 э О " 2 5 
25 3b 6b 6b 6b 6b 
942-5 
76 
_ 6 
7 6Ь 
Ши! 
b 
са ш а а 
Зс За Зса Зса 
_ 4-с 
ШЕ? 
а) f-4h 2f-5h 8(f-4Ah) 3Qf-5h) 
3k 8k 24k 24k 
.85/-32h-6f *15h 
n 24k 
| 2f -Vih 
70 24К 
4а За 12а За 
(€ х – Зу . 3x-9y - Зх – ду С Зх – ду 
12а + За 
7 3x-9y 
15a 
= 3x- 9y 
15a 
= 3(x — Зу) 
5а 
4 x—3y 


(f) 


2. (a) 


(b) 


(c) 


(d) 


(e) 























2+3 pel 2p*l 3Xp*3)  p-l 2(2р+1) 
2z 6z 3z 6z 6z 6z 
_ 3(p+3)+(p-1)-2(2p+1) 
mro eo 
_ Зр+9+р-1-4р-2 
pU 
_ 6 
— 67 
_1 
= 
5 3 5(a * 4) 3a 
de = + 
а а+4 а(@+4) а(а+4) 
5(а+4)+3а 
7 ^ a(a*4) 
5а + 20 + За 
= а(а+4) 
8а + 20 
= а(а+ 4) 
1 3 b+c 3(2b) 
2b b«c 2bb-c) 256+0) 
b +c- 3(2b) 
= 2b(b+c) 
b+c-6b 
7 2b(b4c) 
c—5b 
7 2b(b 4 c) 
4 2 4(2d + 3) 2(d — 5) 


d-5 2483 (d-5)04«3) * (d- S)Od * 3) 
404+ 3) +2(4 – 5) 
© (4-5)04+3) | 
84+12+24-10 
= (d=5X2d +3) 
10d +2 

= (4 – 5924 +3) 
_ 20-1 3(f +5) 
~ (Ff +50f -D (fF +5)F -D 
2(f-1)-3(f +5) 

(7-5Х7-1) 
2f-2-3f-15 
© (F+5XFf-1) 

eed 
(7-5Х7-1) 
11 2 11(6 — 5h) 2(3h —7) 


2 3 
1+5 f-1 








Зћ – 7 У 6-58 (31-76-58) * (80 - 7X6 - 5h) 
11(6 — 55) - 2(3h - 7) 
(3h — 7)(6 — 5h) 
66 — 55h -- 6h — 14 
= (8h-7Y6-5h) 
52 — 49h 
= (ЗА — 7Y(6 — 5h) 


3. 


3 2 3 


© UE mXGNEES 


_ 3 
— (К + ТЕ —1) 


2 
k-1 

2(k +1) 
(k - X — 1) 


234 2(k41) 
^ (ke D(k-1) 
_ 3+26+2 
7 (К+ 1(Е—1) 
2k45 
7 (k* D(k- 1) 
3 Я 02 3 5 
ата 21 2741 (29741(2т-1) 2т-1 
3 5(2т-1) 
"(Qm«DQm-D Qm-*DQm-1) 
| 3- 5(2m - 1) 
~ (2m * D(2m - 1) 
3-10m+5 
= (2m * Dm - 1) 
8 —10m 
= От + )0т 1) 
200-2), 3 
(n-2)  (n-2y 
| .2(n- 2) 43 
ШИГЭЭ 
_ 2п–4+3 
^ (n-2y 
2n-1 
(n - 2) 
5 4 5 4 
UD 312-5) * Nb-d ^3Xa-D t Bab 
5 4 
2(a-b) З(а-Ь) 
15 8 
6(a—b) 6(a-b) 
15-8 
6(a — b) 
7 
6(a - b) 
c-1 1 





(2) 


2 3 
ћ = 
(h) Y mom 














с-1 1 
II Wem 
c-1 1 
3с-7 203с-7) 

2(с-1) 1 
2(3с—7) * 2(3с—7) 
2(с-1)+1 
О2(3с-7) 
2с-2+1 
7 2(3c- 7) 
2c-1 
2(3c - 7) 
4f 2d 4f 2d 
© 10/-34 6/-34 50/-4) 30/-4 
127 104 
5 15(27-4) * 1527-4) 
12 f 4 10d 
15(2 f - d) 
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(а) и+1 и+2 - и+1 и+2 
Зи– 8 12 – Зи 2(u — 4) -3(u – 4) 

и +1 и +2 

20024) * 3(u - 4) 

3(u-1) | 2( +2) 

биа) * 6(u - 4) 

3(u +1) + 2(и +2) 
6(u — 4) 

Зи+3+2и+4 
6(u — 4) 

5и+7 

6(u — 4) 


2m-5  m-3 2m -5 т + 3 











© 5-6 4-6: ^ X-2) —0(3п-2) 


2m-5 m+3 
7 3/3n-32) * 2n-3) 
2(2т- 5) З(т + 3) 
= 6(3n—2) * 6(3n—2) 
2(2m — 5) + 3(m + 3) 
= 6(3n — 2) 
4т —10+3т +9 
6(3n — 2) 
Тт-1 

6(3n - 2) 

h+k 3h+k h+k ЗА + К 
P-q 84-8р р-4  -8(р-4) 
h+k ЗАК 
p-q 8(p-q) 
8(h+k)  3h+k 
© 8(р-д) 8(p-q) 
8(A + К) - (3h + k) 





(f) 








T 8(р – 4) 
8h-8k -3h—k 
72 8(р-4) 
5һ+7К 
- 8p-q) 
5x? 2x? 5x? 2x? 
(g) 6x—6y  3y—3x б(х-у) (x-y) 
5x? 2x? 
7 6x-y) * 3x-y 
5x? 4х? 
- 6x-y * 6x-y» 
5х2 +45? 
- 6(x-y) 
9x? 
~ 6(x = y) 
Зх? 
- 2(x-y) 
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h 3x 2x 5 
09 ay-2c 7 :-2y * бу 











2 3х 2х " 5 
-2(z-2y) z-2y»  3(z-2y) 

= 3x 2x $ 5 
2(z-2y) z-2y  3(z-2y) 

= 9х _ 12х à 10 
62-2» 6€-2»)  6(:-2y) 

_ -9х-12х +10 

© 6(@—2у) 

.. 10 - 21x 

~ 6(z-2y) 

4. (a) 3a 4а _ 3a(4a – 1) Е Аа(За – 5) 





За—5 * 2а—1_ (За—5)(4а—1) ` (За—5)(3а—1) 
. 3a(4a - 1) * 4a(3a - 5) 
(За - 54a - D) 
12а? – За + 12а? – 20а 
(За — 5)(4а - 1) 
_ 24а? - 23а 
(За — 5)(4а — 1) 
5 25 _ 505+1) 2Ь 
2b+1 (28-12 Qb«ly (2641) 
_ 5(2b +1) —2b 
"0 (Qb41y 
_ 106 +5 – 25 
^— Qb«1y. 
_ 8b+5 
"(28-19 
TE I SN NE I NNE- 
neh h-6 Rh(h-6) 7-6 
h+5 3h 
hh-6) hh-6) 
h+5-3h 
h(h — 6) 
5-21 
= 1-6) 
2 2 





(b) 











(4) 


La 
m т-4 т-3 


_ (т-4)(т - 3) 2m(m — 3) 3m(m — 4) 
© т(т-4)(т-3) т(т-4)(т-3) m(m — 4)(m = 3) 
_ (т-4)(т - 3) + 2m(m — 3) + 3m(m – 4) 
7 m(m – 4)(т — 3) 
m? — 3m - 4m 4 12 « 2m? - 6m - 3m? - 12m 
m(m — 4)(m — 3) 
бт? — 25т + 12 
m(m — 4)(m — 3) 











5. 


(е) 


(f) 


(a) 


(b) 


x+y -Ay _ 

x-y x-y x+y 

_ Х+У x -4y" х-3Зу 

x-y (х+у)(х-у) x+y 

_ (К + у)(х + у) х? – 4у? (x — 3у)(х – y) 
(х+у0х- у) (х+у)(х-у) (х+у)(х-у) 

2 GE yXx y) x! - Ay! - (x - 3x - y) 

(x t yXx - y) 

y! * x! - Ay! - (X! - xy - 3xy € 3y)) 
(х + у)(х — у) 

y! «x! - Ay! - x* e Axy -3y? 

(х + у)(х — у) 


х – Зу 











x” + xy xy 














x? + xy xy 


х? + бху – 6у? 
(x+ yx- y) 
1 2 18 
24-3 3-2: 9-42 
1 2 1 18 
2:-3 Qz- 3) (2:43)2:-3) 
1 2 18 
27-3  3s-3 Ore sed 
1+2 18 
25-3 (2:43)2:-3) 
3(2z + 3) 18 
(2z + 3X(2z- 3) (2z+ 3)(2z - 3) 
_ 3022+3)-18 
~ (2z + 3\(2z— 3) 
_  6z+ 9-18 
~ (2z + 3\(2z— 3) 
= 62-9 
~ (2z + 3\(2z— 3) 
_ 3(2z — 3) 
7 (22 + 322 – 3) 
_ 3 
^ 2243 
2, 3 -2 ,; 3 
a+3 a+3 (a+3Xa+1) 
_ 2(a*1) 3 
7 (а+ За +1) 
_ 2(а+1)+3 
7 (а+ За +1) 
_ 22+2+3 
© (а+3)(а +1) 
_ 2а+5 
“Хаж 3Ха-1) 
1 b 1 b 
b? -5b-6 b-6 (b+IXb-6) b-6 
1 b(b 4-1) 
7 (b-D(b-6)  (b«-DIX(b- 6) 
| 1- b(b 41) 
— (Б + 15 – 6) 
| l-b? -b 
7 (2+ 1)(6 – 6) 
_ -b?-b+1 
~ (b+ 1)(b — 6) 























а“ + да +3 











+ а + За +1) 


6. 


(с) 


(4) 


1 
3х 





1 2р 
заа 
2p -8p-10 р-5 
= ——— 
2(р+1(р-5) p-5 
Е 1 2р[2(р + 0)] 
7 2(р+10р-5) 2(р+1)(р-5) 
1+2р[2(р +1)] 
2(р-1Хр-5) 
1+2p(2p+2) 
2(р-1Хр-5) 
_ 1+4р? +4р 
© 2(р+1)(р-5) 
4р? +4р+1 
2(р-1Хр-5) 
х à 4 3x 
х+у 2 +3ху+2у2 х+2у 
xX 4 4 3x 
x+y (x+yXx+2y) x+2y 
x(x + 2y) 4 3x(x + y) 
© (х+у)(х+2у) (х+у)(х+2у) (х+у)(х+2у) 
_ х(х+2у)+4-3х(х + у) 
~ (x + у)(х + 2у) 
x” + 2xy + 4 3х2 – Зху 
(x + у)(х + 2y) 
2 25? -ху+4 
© (х+у)(х +2у) 
2 » d 6x 


у 2 Злу Злу 

















+ 





2 

x 
у+бх 
Зху 


= 
x 


у+6х 





у+ 6х 
= х 





Nile нм 





ул бх 





Exercise 6C 


1. 


(a) 


(b) 








ax + by =k 
ax + by —- ax = k - ax 
by =k-ax 
by _ k -ax 
b b 
JE К – ах 
b 
PV =nRT 
PV _ nRT 
RT RT 
ons PY 
RT 
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(с) 5b —2d 2 3c 3. (а) Jh-k =m 


























5b — 2d + 2d = 3c + 2d 5 
h-kzm 
се h-k+k=m +k 
Хээ Ии Ханг 
Б-3с- 
5Ь—3с _ 24 (b) b = 4D + 4ac 
2 123 b =D + дас 
· а = 55 - 36 b’ – Дас = [р + Дас – Аас 
з 2 2р = дас 
а К = т(а + 2 
(d) (а + 2) (с) pnr 
R _ m(a+g) R 
a 22 2 
У " PxRSV хв 
Le R 
m РВ = ү 
—-ё@=@+6—& ЖУРКЕ = У 
Е У = + ЈРК 
a= -g 
m 
(d) А= 6 хте 
2. (а) L =b+c 360 
m 0 2 
360 x A = 360 x — х ле 
mx © =тх(Ь+с) 360 
т 360A 2 0x nr 
“а = т( + с) 360A — 0 x nr? 
(b) Baz. AB nr? nr? 
3 ‚ о_ 360А 
3 3 2р Би 2 
=~ x(5p— =i, = Tr 
5 (5p - r) 2 3 
3 4. Whena=2,b=7 andc=5, 
—р= —(5р- 
р > ОР г) 2x2? -7 =5 
@ EE 2x? — 7 = 25 
5 2x = 32 
5x kta =5x3k xi216 
К+а =15К “о х==+416 
k+a-k=15k-k = +4 
а = 14k 5. (а) When b=7 andc=2, 
а _ 14k - [2 
l4 14 а= усту 
а 
perm _ [2142 
1 717-2 
а А = —(а+Ь)һ 
(d) 5 @ ) B 


2 


2xA=2x 1 (a+b)h 
2 (b) When a =4 and b=9, 

















2А =(а+Ь)һ кыс = 
3(9)+с 
20811177 a= 
h h 
2А _ b = 27+с 
БОС" \ 9-с 
2А _ 16 = 27+ 
аа ge 
opo 2A Е 16(9 – с) = 27 + с 
T VC 144 – 16с = 27 + с 
144 = 27 + 172 
117 = 172 
ео 
17 
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а 3 
(a) а+2 = 5 
5a = З(а + 2) 
5a = За+6 
2a 26 
su e3 
1 2 
S NEZ pel 
5-1-2(5-2) 
5-1-25-4 
5-3-25 
0-3 
(с) 4 3 -0 








с+ 3 2+2 
4(с + 2) – З(с+ 3) = 0 
4с+8 – 38-9 = 0 





c-1=0 

220451 

Шр 2 = 2g 
4-4 4-2 


54а-2)-2(4-4)-0 
54-10-24-8-0 
34-1820 
За = 18 
“а =6 
6 10 
(е) = у 
18-10 2 6f 
8-6/ 
1 
“fel; 
5 6 9 
Won ER лав“ 
35 4 36 - 27 2 168h 
44 = 168h 
11 


42 


=2 


3 1 
— -— =5 
(е) k+1 2К+2 
6–1=50К+2) 
5 = 10К + 10 


-5 = 10k 


(a) Е= – С+ 32 


б 


5 
— х(Е- 32) = 
9 ( ) 


“C= 


мол мој мо 
= x 

| Ч 
за 

— 


(b) A z2nr + пи 
A-2nr =2nr + nrl- 2nr 
A-2nr 2 ml 

A-2m? mil 


Tr Tr 
Е A - 2nr? 
E nr 
(c) 5=ш+ laf 
2 
s=- Laf cuts Á 
2 
— — 
2 
s- ja ш 
t m 
kel 
t 2 
(d) 5 = 5 Da (п – 14 
Z xS = 2 x 2 Ra+(n- Dd] 
n n 2 
28 esae Died 
n 
25 


— – га = 2а + (п– l)d — 2a 
п 


28-20 206201 
п 
2$-2ап _(п-1)4 
nn-l  n-1 
25 – 2ап 
= “n(n —1) 
(a) cl geek 
һ+1 
l 42-2=k-2 
һ+1 
1 
DEN! 


1 = m 
(ie x —— e D&-2) 


-k-2 


1 = (+ 006-2) 
жин” 

9 

L hehe 
1-4 


jc. d 
k-2 
1-(k-2) 
а 
1-К+2 
1-2 

3-4 


k-2 
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(b) z= y(z- y) (с) y =(х-р) +4 
х у-а=(х-р)'+4-4 
xxz =xx 2E) у-9 =(х-р) 


х 
МУ-а =х— 
gyei +4974 =x-p 


xz =yz-y р= мУ- 4 =р+х-р 
Xz-yz 2yz-y -yi 





















































5 “о х=р»= МУ- 4 
ха-уг =-у 
(Ху) =-у (4) ва 
2 т-3 
z(x-y) —y 
х-у ^ x-y f= * 
у? m-3 
Ca ees 
x-y Ёх(т-3у= —2©_ х(т-3) 
у? m= 
Эх Рт – 3) = 42 
рх (m -3). 4c 
(c) ur CIPUE 4 4 
2 
12(m — 3) 
X т = о 986 
ax [BJ o axis nc 4 
px =pq+ Фф 10. (i) V = пећ + ian 
px-pq — pq * q^ — pq 
px-pq 2q ү- 2л? = па 27 - 287 
px-q) 9 к 
х-4 — x-dq V- nr = деп 
2 3 
p= 3 
х-а У - 4 _ол?һ 
(d) 1,1 =1 пг? nr? 
a b 3 
1 1 V-347 
abx | –+— |=ађ ћ = 
b nr 
р+а =ађ V 2 
Б+а–ђ =ађ=ђ "m 3 
a -ab-b (ii) When V 2 245 and r - 7, 
а =Ба- 1) _ 245 2 
һе = - 50) 
а _ b(a — 1) n(7^) 
a-1 a-1 = —3.08 (to 3 s.f.) 
Ad mE | 
а-1 11. 0) geo ume 
4 3 Pee 
(a) V= ат Pe 3b 4c 
ЭЗ муш = ж те 2 = 
АЛ An 3 a x(b-c) =3b+c 
зу _, ађ– ас =ЗЬ+с 
An xd аһ – ас+ас = ЗЬ + с+ ас 
„Зу ар = ЗЬ +с+а?с 
“T= Vag ab-3b =3b+c+ac-—3b 
(b) у = и? + 2а ab -3b 2 c4 ac 
v! -2as = i! 4 2as - 2as Ьа? 3) 2c alc 
y! - 2as = и? b(a? —3) i с + ас 
2 = е 
ли = +4у2 – ах a -3 a -3 
Dhu с + ас 
d -3 
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Gi) When a =2 and c =5, 
_ 5+27(5) 
TOW A 

5 + 20 
= 4-3 
=25 
12. (a) When m = 5,n = 7, x = 4 and y = -2, 

57x4- 2] 


b 








3x7 
P 
5(28—4 
ЭРЭЭН) di 
P 
5x24 
=21 
Р 
120 
— 2] 
р 
120 -21р 
5 
реза 
B 


(b) When mz 14,p 29, x 2 and y 23, 
14[n(2) - 3*] 
9 
14(2n-9) . 3 
9 
14(2n — 9) = 27n 
28п – 126 = 27п 
п- 126 =0 
^п = 126 
(с) When m = 5, п = 4,р = 15 and x = 42, 
5[4(42) - y*] 


=3п 


п 


-3(4 
- (4) 
2 
5(168 – у?) _ 12 
15 
5(168 – у ) = 180 
168 – у = 36 
132-у = 0 
у? = 132 
у = # /132 


=+11.5 (to 3 s£.) 
13. (a) When T=3.142,h=15 andr =7, 
Ав 5 6442005 48442307) 


= 769.79 + 1436.94 
= 2210 (to 3 sf.) 
(b) When 1 = 3.142, A = 15 400 andr = 14, 


15 400 = i (3142 (145 + 4 G.14204) 


15 400 = 205.277h + 11 495.531 
3904.469 = 205.277h 
/. h = 190 (to 3 s.f.) 


5 up 


14. (a) 2- 





x+2 5 
10(х + 2) – 25 = 8(х + 2) 
10х + 20 – 25 = 8х + 16 

10х-5 = 8х + 16 
10х = 8х + 21 
2х =21 


О 
2 





7x-4 | x-1. 3x-1 7+х 
15 3 5 10 
2(7х — 4) + 10(x - 1) 2 6(3x - 1) - 3(7 + х) 
14x-8 4 10x- 10 = 18x- 6-21 -3x 
24x — 18 2 15x - 27 


(b) 





























24x 2 15x- 9 
9 2-9 
wx =-l 
@ 2+, 41-1 
5x-1 2(1-5х) 4 
4х41)-2-5х-1 
4x+4-2=5x-1 
4x+2=5x-1 
4х+3 = 5х 
“x =3 
(d) BM M Р. 
2x-1 4x-2 6x-3 
5 4 3 
2х-1 20х-1) 3(2х-1) 
5 2 1 
2x-i 2x-1 2x-1 
"mea 1 
2. 
23-1 . 
2 =2х-1 
3 = 2х 
m 
3 
(e) 3 + 221 -4 
2-х 4-2х х-2 
3 5 1 
2-2 "np 0102-5127 
3 5 1 
s 5973 ен 1 
оар ау 
2(2-х) 200-0). 20-0 
6+5 +2 
10-2) 
13 
22-53) 7^ 
132 82-3) 
13216- 8x 
-3 =-8х 
Popes 
8 
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15. (1) 








(ii) When f= 20 and u = 30, 
_ 20х30 
— 30 – 20 
_ 600 
^ ]0 
= 60 


-. The image distance is 60 cm. 





16. (i) Т-2т 5 


оо 





E 
8 


(£j 


т 12 
ii) When T= — and g= 10, 
(ii) 50 8 


5] 
= 20. 
1=10х (57 


2 
3 
= 10х (45) 


= 0.0912 (to 3 s.f.) 
-. The length of the pendulum is 0.0912 m. 


17. (i) Е = тей + 1 my? 
E -mgh = mgh + gm - mgh 
E-mgh= 


2 x(E-mgh)= 
т 


2(E- mgh) ||.» 
m 


y» JE mgl) аб) 
m 
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(ii) When m 20.5, h 2 2, E 2 100 and g = 10, 


_ роо –0.5(10)02)] 
= 0.5 


_ [2100 - 10) 
= 0.5 
[2(90) 
0.5 
1180 
05 
360 


= 19.0 (to 3 s.f.) 


-. The velocity of the objects is 19.0 ms . 





1 1 
xy 
18. = 
8 2 3 
х 
4161) 3 
х у х 
3 3 8 
DU qe mu 
х у x 
э? 
y x 
Зх = 5у 
ЭЎ а 
х 
тал 
“х 5 


19. (a) When a = 13,b = 15 and x = 3.8, 
у = 3(3.8) + 413 + 152 
= 14 + 3413 + 225 
= 14 + 9238 


= 14 + 6.197 
= 17.6 (to 3 s.f.) 
(b) When b = 13, x = 8.5 and y = 35, 


35 = 3(8.5) + 4а + 13° 
35 = 25.5 + da 4 169 
9.5 = 4а +169 


857.375 =а + 169 
“. а = 688 (to 3 sf.) 
(c) When a 2 23,x 2 15.6 and y = 56, 


56 = 3(15.6) + 423 + 52 
56 = 46.8 + #23 + b? 
92 = 423+? 


778.688 = 23 + p? 
755.688 2 D? 


г. b = +4755.688 


= +27.5 (to 3 s.f.) 


1 


20. (а) К= — 
: 
к= 
: 
Вх" = = xr 
r 
Ку? = К 
R^ M 
R R 
2_ kl 
CS 
R 


sre E (г>0) 





© O Whenl=2,r= Ò andR=40, 
100 
TEES 

05 

190 
20 02k — 
40 = 5:000 025 

0.001 = 2k 
с. k = 0.0005 


Gi) From (i), when k = 0.0005, [ = 4 and R = 60, 


0.0005 x 4 
60 


= 0.00577 m (to 3 s.f.) 
= 0.577 cm 


Review Exercise 6 


У. 
dy * 





p Zeer ме Зај 
5Х(с-24р 56-4) 
(с-а) 
1 1 
© _59+105 _ (8 (аж2Б) | 
10ас + 205с 6 
29 (+25) (аж 26) 
2l 
2c 
3f+4d _ 3/+44 
(6ў +84)” 2 (3f+4dy 
! 44 
~ 43 
(3f+4d) 
_ 1 
- 4(3f * Ad) 
(p-2) 
(€ р? -4р+4 _ p-f 
p -2p  p(p-—2) 
1 
_Р-2 
p 


(f) 


(g) 


(h) 


(a) 


(b) 


(d) 


3r-qst3s-qr — ни теш 



































9 + а: – 64 а? – ба +9 
= 274—3)—5(4-3) 
(4-3) 
1 
_ -@ +5) (4—3) 
(4-3У 
(4-3) 
_ -(rts) 
= 
{ 
Зи? 48944 (3942) 0247) 
Зи? — 12 3 (№2) (№ -2) 
1 
3w +2 
7 3(w-2) 
1 
2+7:+6 | (20 (+6) 
357 +95+6 3 (zT) (z +2) 
1 
_ 5+6 
мо 
3 A y Z. 3ac? 
Ag 4 
27. 2 o 2 6 
d-3f ` 9f-3d d-3f ` 3(d-3f) 
22 | A(d-3f) 
4-37 * 8: 
-2 
— 2 
-131 
2 
10k | 3€ -15k 10k . 3k(k-5) 
k-5*' sg = pea 512 
_ Ме sy 
22556 0-5) 
4х-1 4-1, 1| 
4x-4y | 9x-9y A(x-y)  9(x-y) 
4х-1 
= х9 
2 х 9(х—ў) 
_ 9(4х—1) 
4 
тп – Ат + 2п“ –Вп , 4-п 
т + 2п : n 
. m(n-4)*2n(n-4) , -(n-4) 
i (т + 2п) | п 
_ (т+2п)\(п-4). -т-4) 
= т + 2п ` п 
(uam ___п 
mIn – (17) 
--n 
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2 
р 4 
Mp- , 2284 _ 14р°4(р-4” 





























3 2 _ 3(4k+5) 
k-1 4k+5  (k-1)(4k +5) 


2(k -1) 


(е (k- Dk 45) 











(f) 77 Gare aay _ ЗАК + 5) 2(k - 1) 
3х 2 1 3x 2 1 (k - D(4k € 5) 
(2) °K ee ИСТ ИЕ X 12К +15 – 2К + 2 
B x-1 _ 1\2 2 -1 = ————— 
х2 2x41 x) -D (х 0 и хх -1) (k-D(4k +5) 
т Xy Xax- D) _ 10k 17 
(k - D(4k 4 5) 
- 622 (215 O "+4 
P4 2m—5 8 + Зт 
m _ т(8 + Зт) 4(2m — 5) 
_ _6 © От-5)(8+3т) (2т-5)843т) 
; х-1 _ т(8 + 3т) + 4(2т - 5) 
ео | 2 © (2т-5)(8 +3т) 
2y? -12y+16 »-2  2Xy-2»-4) y-2 _ 8т + Зт2 + 8т - 20 
06-46-95 — 0-25 ^. (2m - 5X8 - 3m) 
EU TOR e es 3m? + 16m — 20 
2 a om Flom- 
бе) ре (2m — 5)(8 + 3m) 
E d @ — 5 _ Зл 5(2n - 1) 
4 (2n-1y 21-1 (21-1? (21-1? 
„= а ы _ 3п-5Оп-1) 
4а 8а 8a 8a (2n – 1): 
_ 10-3 _ Зп—10п +5 
8а (2п – 1)? 
ээ _ —1п+5 
5Ь > 5b b ок 
(b) + = + 2341 ЈЕ 1 1 
3b+2¢  9b+6c а ено d) Xaapca река (отар) рта 
LL E а ан = 1 p-1 
| ИН (p*4Xp-D  (p*4YXp-D 
= ED 1-(р-1) 
3(3b + 2c) © (р+4)(р-1) 
16Ь 1 
а эг Zo dep. 
ix © (р+4)(р-1) 
9 7 7 
ча Xu 35 * Gd-35 a 
2d-4f 8f-4d 2(4-2ў)) Aga © (р+4)(р-1) 
- 9 _ 7 4 a b 22 
24-27) 4(4-2/) a 20 * 47 
E 18 Loco os a b 
B 4(d-2f) 4(d-2f) sex (d) sn 
= Bet. 4а + 2рс = 16с 
4(d - 2f) 4а + 2bc — 2bc 2 16c - 2bc 
= 3d-25 4a - 16c - 2bc 
(а #45 = __6h 5(2h +5) 48 д 106 286 
21+5 6 601+5) 6(2һ+5) "n 
_ 6h +5(2h +5) ‚а= Ж®-® 
^ — 62h45) ас 
_ 6h +10h +25 - 585) 
"^ 62h45) 
_ 16h + 25 
~ 6(2h + 5) 
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(b) А=Р(1 r ) () x4 dy +z =k 
ғ: г | х+ МУ +2 xzk-x 
+ 























A. & 100; ez ов» 
P P 2 3 
A gut. со 
Р 100 де —{ 
стыда c дугу б-ху -2 
Р 100 
Ac P 5. (a) Whena = 3,b = 6 and c = 20, 
P 100 3462-20-58 
100 x 45 = 100 х и. 3/36 — 20 = 5k 
„___100А – Р) 34/16 =5k 
P 3x4-5k 
(с) m 12 =5k 
1-1 J 
122 28-22 
а x(1xf) 5 
| c (b) When a=4,b=7andk=11, 
а(1+1=1—1 
142 Dp 
ажа-1-1 кыа 
а+а-а=1-1-а 4449—c 255 
а-1-1-а 16(49 – с) = 3025 
ї+а=1+1-1-а 784 – 16с = 3025 
1+а=1-а —16с = 2241 
4 +а) =1-а 1 
(1*4) | 1-a зове = 
1+а 1+а 6. (a) Whena-8, 
apaia 8 4. 8?b — 320 
lta 64 + 646 = 320 
а) k=h+ ЫК 64Ь = 256 
b=4 
23h, 2hk 
5 * 75 (b) Whenb-22. 
_ 5h 2hk 1 
5 a #(25) = 320 
_ 15 +28) 
=== 19 0 =320 
5 5 h(5 42k) 
ХК = х 2 = 
5-2 5-2 5 P wd 
PEE ла = +53100 
542k = +10 
т duci = је 7. (а) Мћепл =3.142, К = 12,1 = 14 апа г=9, 
j ү = (3.142)(122(14) + 2 (3.142)(9°) 
За-2= 7 3 


= 6334.272 + 1572.012 
bxGa-2)=bx 3 =7860 (to 3 s.f.) 


(b) When T = 3.142, R = 8, V = 3800 and r = 6, 
b(3a-2) =a 


ЫЗа-2) | a 3800 = (3.142)(8°)h + 5 8.1426) 
За – 2 За –- 2 





3800 = 201.088h + 452.448 
3347.552 = 201.088h 
/. й = 16.6 (to 3 sf.) 


a 
За – 2 


“b= 
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8. 


(c) When x 23.142, V 2 3500, h z 17 and r 2 8.5, 


3500 = (3.142)R°(17) + $ 8.14285) 
3500 = 53.4148? + 1286.387 
2213.613 = 53 414Ё° 


R= 2213.613 
53.414 


12213.613 
< R = + === 
53.414 


= +6.44 (to 3 s.f.) 


(d) When t = 3.142, R = 11, У= 4600 апа й = 6.9, 


4600 = (3.142)(11°)(6.9) + i (3.142)? 


4600 = 2623.2558 + 2.09477" 
1976.7442 = 2.0947r° 


„3 = 1976.7442 
2.0947 


m ,|1976.7442 
TENDS 2.0047 


= 9.81 (to 3 s.f.) 








(а) 12 ; 7 
а) == +1= – 
54 4 
12 + 54 = 35 
54 = 23 
3 
ла=42 
dS 
5 7 10 
b —— - + =3 
(b) y-3 3y-9 6-2y 
а на 
y-3 3y-3 2(-95 
5 7 5 


15-7-1523[3( - 3)] 











-1-3(Зу-9) 
-1-9у-27 
20 = 9y 
2 
"ce 
Б 1 1 1 
”» ов R 
RR, 2 КК, + RR, 
R,R, = R(R, + R)) 
RR,  RQ,-R) 
К + К, К, + К, 
КР 
К + 
(ii) When R, = 2 and R, = 3, 
R= 2x3 
2+3 
_ 6 
75 
5412 


.. The effective resistance is 1.2 О. 
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10. (i) (х= а) + (у= р)? = 


(к-а) + (у by (x-ay 2r (x а’ 
(y-byzr-(-ay 


b*y-bz-bs 4r? -(x-a) 
пуер? (хаў 


(1) Ућепа = 2,ђ = 3,г= 5апа х =5, 





2 


y=3+ 45 - (5-2) 





=3+ 45-3 
=3+ ү25 – 9 
=3 + М16 
=3+4 
= 1 0г7 
Challenge Yourself 
(a*b) .(a*bY" _ (a+b) x abc 
b? ас bc? (а + Ьу? 
_ У « afe 
pe. (a+by"(a +b) 
ыг а 
с(а + ђу 
ху x3 
yts ES y? 


п+2 -К 
13 
шү 2 
k 2n 9 
quu 


n+2-k 13 


x x 
204442 7 9 


у у 
Comparing terms, 


п+2-к= 13 — (1) 
2n+k+2=9 — (2) 
From (1), 

п=к+11 — (3) 
Substitute (3) into (2): 
2(К-11)-5-2-9 
2k+22+k+2=9 


Зк + 24 = 9 
3k 2-15 
k 2-5 
Substitute k = —5 into (3): 
n=-5+11 


=6 


-. The values of n and k are 6 and —5 respectively. 


а+Ь-с _ а-Ь+с _-а+Ь+с 


a b-c_a-b c_c-a b 











2 (a- bYb - cXc- a) 
abc 

a-b. b-c c-a 
x x 

с а Ь 
a-b _„ а–ђ _а—ђ 
= x x 
с с с 


_ (а-Ь)? 
3 




















(shown) 
c 
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Chapter 7 Relations and Functions 
TEACHING NOTES 
Suggested Approach 


In this chapter, students learn the important concept of functions. This chapter takes the approach of progressing from relations 
to functions. As a start, teachers may use the example of a fruit juicer in the chapter opener to give an analogy of a function. 


Section 7.1: Relations 
The concept of relations is an introduction to the concept of functions, so teachers should spend some time to 
explain it. Teachers should use the arrow diagram, which consists of two sets connected by arrows, to explain 
this. Teachers are to explain the terms: domain, codomain and image, which the students would be required to 
know for this chapter. 


Section 7.2: Functions 
Teachers should highlight what makes a relation a function and emphasise that when a function is applied to 
any input x, it will produce exactly one output y. Once the students have understood the relationship between the 
input x and output y, they are then able to represent the function using an equation, a table and a graph. 


Students are to learn to write equations using the notation of a function. 


Challenge Yourself 
Solving the problem involves the manipulation of the given equations of the function f. 
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WORKED SOLUTIONS 
Thinking Time (Page 184) 


The relation shown in Fig. 7.3 is a one-to-one function for which every 
image in the codomain corresponds to exactly one element of the domain. 
The relation in Fig. 7.4 is not a one-to-one function because A and B are 
images of more than one element in the domain. 

The relation in Fig. 7.5 is not a one-to-one function because there are 
elements in the codomain that are not images of the elements in the 


domain. 


Practise Now 1 


(a) The relation is a function since every element in the domain 
*Students' has a unique image in the codomain 'Scores'. 
(b) The relation is not a function since the element d in the domain A 


has no image in the codomain В. 


Practise Now 2 


f(x) = 10x - 4 
g(x) =4x-6 
à) 4) = 10(4) +4 
= 44 
(й) f(-7) = 10-7) + 4 


i (5) (3) 
ан) f 73 = 10 E^ +4 


(у) 2(2)=4(2)-6 
22 
(v) 2g(6) = 2[4(6) — 6] 
= 36 


„= 


заал 
2 


ss 1 1 
(vii) (3) = [5] +4 
=5+4 
=9 
g1)-24(1)-6 
=-2 


(5) + 2(1) =9-2 
=7 
(viii) f(x) = g@) 
10х + 4 =4х—6 
10х – 4х =–6 – 4 
6x 2-10 


get 
3 


(ix) f(x) 234 
10х + 4 = 34 
10х = 30 


х=3 


Practise Now 3 


f(x) 22x-5 
F(x) = 7x + 12 
(i) f(b) =2b-5 
(ii) Fb — 1) = 7(b-1) + 12 
-75-7-12 
=7b+5 
(11) (2b) = 2(2b) - 5 
-45-5 
Е(2р – 5) = 7(2b— 5) + 12 
= 14р – 35 + 12 
= 14р – 23 
f(2b) + F(2b — 5) = (4b — 5) + (145 – 23) 
= 18р – 28 


Ехегсіѕе 7А 


1. (а) Үеѕ 
(b) No, because the element 2 has two images. 
(c) Yes 
(d) Yes 
(e) No, because the element 4 has no image. 
(f) Yes 
2. Ї(х)-6х-4 
К2) = 6(2)-4 
=8 
К—4) = 6–4) – 4 
=-28 


()-49- 


(JG) 


3. (i f(1)25-2(1) 
=3 
(ii) К–2)=5– 2(–2) 
=5+4 
=9 
(iii) f(0) 2 5 — 2(0) 
=5 
(iv) f(3) 2 5 - 2(3) 
25-6 
=-1 
К-3) =5- 2(-3) 
=5+6 
=11 
f(3) - f(-3) 2-14 11 
=10 
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4. () с(2)=70)+4 4 
(iii) 284) -2 ( =e з) 


=18 
(1) g(-3) 2 73) + 4 -2(5) 
==] =10 
"EC 4 : 
аюг(2)-7(3) ч «9-3 6)-2| 
7 7 36(6)-3 2 151 2 
-8 [5 
(v) g(0) = 700) +4 E B 
=4 al 
5-0 =7(-0 +4 2 
= 284) -3g(9 210-7. 
g(0) * g-1) 2 4 4 (-3) 2 
=4-3 2 
- 2 
-2 
1 1 №) 52) = 5[ —2 
(v) :(5) -1(2) +4 (iv) 5f(-2) 5( 5 +3) 
=5 -502) 
=10 
(47:09 | 
1 7 60 =7| 360-2 


3 
1 1 а. 
(ade » 
5f(-2) — 7g(-4) - 10 — (-35) 
& је a3 P 
. 100 = 2 (Б) f(x) = g(x) 


(9-23 2 = 
8w = 7% 2 4 
1 
=y=5 
+3 1 


х =20 
For f(x) 2 17, 


(а) (1) 10) - 


чә = о] 


gn es x 
ges 


=14 


702 х= 28 
6. () #0) =16 
5х-9= 16 
5х = 25 


х= 5 


60) + 20) =4- = 


23 


о | 


(ii) 1) = = +3 (ii) g@=14 
2 2-6х-14 

—6x = 12 
х=-2 
g(-l) = 4 -1)-2 (1) g) =x 
3 2-6x =x 

BOE 2=7х 


=2 


о оре 


2 

0) -860=25 Е (22) = 7 
Чу) f(x) =2x 

5х-9=2х 
Зх =9 


х=3 


И 
Сл 
~ | 
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(у) о) = 800) 

5x-9=2-6x 
11х = 11 
х=] 

(vi) 2f(x) 2 3g(x) 
2(5x - 9) 2 3(2 — 6x) 
10х- 18 =6- 18х 

28x 224 
6 
Tr 

f(x) 24x49 

1) = 4(1) +9 
= 13 

К2) = 4(2) +9 
=17 

КЗ) = 4(3) +9 
=21 

() КО+Е2) = 13+17 

= 30 
1 + 2) = 63) =21 
г К) + 62) = 11 + 2) 
(i) f(3) - £2) 2 21- 17 
=4 
К3–2) = 1) = 13 
-. f(3) - 2) + {3 – 2) 
Gii) 11) х 02) = 13 х 17 
= 221 
(1х2) = 62) = 17 
2 1) х 2)2481х2) 
(1у) К2) = КГ) = 17 = 13 
14 
13 
(2 1) = 2) = 17 
10) +10) #602 1) 


3 1 
nce 
шиг” 


3 1 
у= (чс 


=2 
2 +(->. pt 
2 4\ 2 2 
22 
E 
1 2 
BE Ede ee 
1 2 
3)=1— – —(3 
803) 4 30) 
= 
74 


1 2 
g(-6)= 17 - 56) 


=> 


Alo 


р 9-38+1 
@ 1B)= 7+ 5 


233 
4 


ко) +3) =2+23 


гаг 
4 


(2+ 3) = #5) 
3 1 
=2®+7 


Bit 
4 


- £2) + £3) 2 fQ 3) 
г _{1_2 
(ii) g(4) =1 1-2 (4) 


шаг, 
12 


2 
£214 - 20) 


ol- Ble 


5 1 
g(4)- 92) =-1 > - 1-5) 


1 
80-2) = 80) =-1- 


г. 2(4) – 2(2) * g(4 - 2) 
(iii) Кх) = 200 


Чу) Ка) = 


f(2a) = 
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(у) Ка+1) 


И И 
| 
= 
a 
+ 
= 
= 
+ 
| 


1 2 
da)21—- —a 
g(a) 073 
3 1 1 2 
Ка + 1) + ш-аж1-41--- 
(а + 1) + (а) аР а" 
Сано 
12 2 
For f(a + 1) + g(a) = 5, 


(vi) f(2a) 


I 

| 
~ 
N 
a 
ди 
+ 

| 


For f(2a) = g(6a), 


3 1 
-аж- 
2 2 


и 
i 
Ale 


– 4а 


11 


2 


Зы RU 


Review Exercise 7 


1. 
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(a) No, because the element 1 has two images. 
(b) Yes 

(c) No, because the element 3 has no image. 
(d) Yes 


f(x) = T +2 
f(-20 ) = = (-20) + 2 
-8 


HO 


EO 
Je 


кб) = 


a|- 


os 
| 
оз | 
NS 
| 
Nile 
ni 
| 
оз | > 


эм» 


5. 


(i) К2)=12–50) 
=2 
(1) f(-3) 212 - 5-3) 
=12 + 15 
=27 
(т) КО) = 12 – 50) 
= 12 
(iv) £(3) = 12 5(3) 
=12-15 
=-3 
f(-5)2 12 — 5(-5) 
=12 +25 
=37 
f(3) + f(-5) =-3 +37 
= 34 
() 2(2)-50)-9 
-1 
(1) ё(-5) -5(-5)-9 
--25-9 
--34 


- 3 3 
ОНИ = :( -9 
23-9 
=—6 
v) g(0) 2 5(0) - 9 
=—9 
8(-3)-5(-3)-9 


X 
(х) = >= +5 
(x) 1 

2 

= -х-1 
g(x) 23 


(a) @ f(8)=— +5 


= + | оо 


2 
#(5)= с (5)-1 
=1 
8) + g(5)=7+1 
=8 


6. 


(1) f1) = = +5 
=4 


g(-10) = =(-10)-1 


с | RÍO 


== 


&K-1)-gC-10)24-— — C5) 


9 
sie 3 
(11) 283) = (55) 
4 
2111 
2 
2 
36(5) - [26-1] 
=3 


213) - 3g(5) - ЈГ -3 


-81 
2 
. 2 
(iv) 4f(—3) = (= + 5) 
=17 
2 
7g(0) = 120- | 
= 7 
4—3) – 70(0) = 17 – (-7) 
= 24 
(b) f(x) = g@) 


“x =40 
For f(x) = 6, 


7 45=6 
4 


jd 

“.х=4 
f(x) 2 4x-3 
g(x)28-3x 

() f(x) = 13 

4х-3-13 

4х = 16 

х=4 


Gi) g(x) =20 
8 — 3x = 20 
—3x = 12 
3x =-12 
х=-4 
Gi) g(x) =x 
8-3x =x 
4x =8 
x=2 
(iv) f(x) =-2x 
4x -3 =-2x 
6x =3 


a 

(v) #09 = gx) 
4x-328-3x 

7х = 11 


11 
x= — 
7 
zit 
7 
f(x) 2 10x - 3 
3 
Fx) = —x+2 
(x) 4 
0) Ка)-10а-3 


(1) F(8a + 1) = = ва + 1)-2 
= ба+ з +2 
4 


4g 
4 


CIE Е DES -3 


= 5а – 3 


Роа –4) = = да –4) +2 
ива 
2 
af get 
2 
1 1 
f a + Ера – 4) = (ба – 3) + i scd 


di uud 
2 
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Challenge Yourself 
() f(a- b) 


: (2:2 uo + (2:2 o gs 5c 
acl 5-1 


Substitute b = 1 into (1): 
а +1) = (Hw ELTE 
a 








+1 


1 1(5 
=(a+2) = ко» | 





Е 
1 5 
=(a+2)| fele 
1 9 
=(a+2)| Ha) +2 | — (2) 
Ка +1) _ Ка) ї 9 
а+2 а+1 4 
Ei. С ДА ирц 
а+2 ач! 4 
(ii) Substitute a = 1 into (2): 


1 9 
fay=3] Sta) +2 


ЭЭН? 
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Chapter 8 Congruence and Similarity 


TEACHING NOTES 


Suggested Approach 


In this chapter, students will be introduced to the concepts of congruence and similarity which are properties of geometrical 
figures. The definitions of both terms must be clearly stated, with their similarities and differences explored and discussed to 
minimise any confusion. A recap on angle properties and geometrical construction may be required in this chapter. 


Section 8.1: 


Section 8.2: 


Section 8.3: 


Congruent Figures 

Teachers may wish to show the properties of congruent figures (see Investigation: Properties of Congruent 
Figures) before stating the definition. Students should list and state more examples of congruence in real-life to 
their class (see Class Discussion: Congruence in the Real World). 


In stating the congruence relation, it is crucial that the order of vertices reflects the equal corresponding angles 
and sides in both congruent figures. A wrong order will indicate an incorrect relation. 


The worked examples aim to allow students to understand and apply the properties of congruence, as well as test 
whether two figures are congruent. Teachers should provide guidance to students who require explanations and 
assistance. 


Similar Figures 

Students, after knowing the definition of similarity, should be able to realise that congruence is a special case of 
similarity. The Class Discussion on page 203 tests students’ understanding of similarity whereas the Investigation 
on page 204 allows students to derive the properties that corresponding angles are equal and the ratios of 
corresponding sides are equal. 


Students should explore the concept of similarity for different figures (see Thinking Time on page 205) as the 
results imply that although both conditions are needed for polygons with four sides or more, for triangles, one 
condition is sufficient to show similarity. 


Teachers should also go through the activity on page 206 (see Class Discussion: Identifying Similar Triangles). 
Students should discover that right-angled triangles and isosceles triangles need not be similar but all equilateral 
triangles are definitely similar. 


Similarity, Enlargement and Scale Drawings 

From the previous section, when two figures are similar, one will be ‘larger’ than the other. The concept of a 
scale factor should then be a natural result. Teachers and students should note (see Information on page 213) that 
enlargement does not always mean the resultant figure is larger than the original figure. The resultant figure can 
be smaller than the original figure, and the scale factor will be less than 1, but it is still known as an enlargement. 
If the scale factor is 1, then the resultant figure is congruent to the original figure. 


Students are required to recall their lessons on geometrical construction while learning about and making scale 
drawings. Observant students may note that scale drawing is actually an application of ratios, and the concepts 
of linear scales and area scales of maps/models further illustrate this. 
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WORKED SOLUTIONS 


Investigation (Properties of Congruent Figures) 


1. The shape and size of the pairs of scissors are the same, whereas the 
orientation and position of the pairs of scissors are different. 

2. The pairs of scissors will stack on top of one another nicely. 

3. The scissors in (a) can be moved to the scissors in (c) by a reflection 
of A, A, about a vertical line. 
The scissors in (a) can be moved to the scissors in (d) by a rotation 
of A, > A, about 135° in an anticlockwise direction. 


The scissors in (a) has the same orientation and position as (e). 


Thinking Time (Page 194) 

















5 АВ 2 
b ===> 
(b) (à) АВ i 
BC 09 
dupt* 9 25.9 
CD TI 
. DE 12 
= С” z2 
WY) SE 706 
в В ЕЙ = 
EF 12 
6122-42-52 
FA 1 


The values of the ratios are equal to 2. 


Yes, the two pairs of scissors are congruent as they have the same shape Thinking Time (Page 205) 


and size. 1 


Class Discussion (Congruence in the Real World) 


1. Examples of 3 different sets of congruent objects are the chairs, 
tables and projectors available in the classroom. 

2. Examples of some other objects that exhibit tessellations are 
wallpapers, carpets, school fences, brick walls etc. 

3. Teachers may wish to have students create their own tessellations 
using unit shapes like squares, triangles, rectangles, circles and 
other regular polygons. Tessellations can include one or more unit 


shapes. 


Class Discussion (Similarity in the Real World) 


1. Examples of 3 different sets of similar objects are rulers, beakers 
and balls used in sports (e.g. tennis ball, basketball, soccer ball etc). 
2. As an activity, teachers may want to ask students a pair of similar 
objects and explain how they are similar. Poll the class to determine 


the most popular pair of similar objects. 


Investigation (Properties of Similar Polygons) 


1. (а) ДА = 1009, ДА' = 1009 
(b) ZB = 136°, ZB’ = 136° 
(с) 2С = 110°, 2С" = 110° 
(da) 2D = 145°, ZD’ = 145° 
(e) ZE=108°, ZE’ = 108° 
(f) ZF=121°, ZF’=121° 
The size of each pair of angles is the same. 
2. (а) 11 AB=1cm,A’B’=2cm 
(ii) BC =0.9 cm, B’C= 1.8 cm 3. 
(iii) CD 2 1.1 cm, C'D'222 cm 
(iv) EF = 1.2 cm, E’F’=2.4 cm 
(vi) FA = 1 cm F’A’ = 2cm 
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(i) ZA=90°, ZA’ = 90° 

ZB=90°, ZB’ =90° 

ZC =90°, ZC’ = 90° 

ZD=90°, ZD’ =90° 

The corresponding angles are equal. 
(ii) AB =3.3 cm, A’B’=5 cm 

А'В' _ 5 25 





АВ 33 18 
ВС = 12 ст, В'С' = 12 ст 
BC 12 
BC 12 
ср = 33 ст, СТр' = 5 ст 


1 


ср 33 18 
ДА = 1.2 ст, О’А’ = 1.2 ст 
D'A' 12 . 
DA 12 
The ratios of the corresponding sides are not equal. 


1 





(iii) The two rectangles are not similar. 
() РО = 105 ст, Р'О =3.1 ст 
PQ' 31 20 
PQ 1.05 21 
Since PQRS is a square and P'Q'R'S is a rhombus, 
the ratios of the corresponding sides are equal. 
(1) ДР = 90“, ДР = 1209 
ZQ= 90°, Q’ = 60° 
ZR= 90°, ZR’ = 120° 
ZS = 90°, 2S’ = 60° 


The corresponding angles are not equal. 





(iii) The two quadrilaterals are not similar. 
(i) ZX = 60°, ZX’ =60° 

ZLY=67°, ZY’ =67° 

LZ = 53°, ZZ’ = 53° 


The corresponding angles are equal. 


(ii) XY 2 2.1 cm, X'Y' 2 3.15 cm 











X'Y i 3.15 =15 

XY 2.1 

уд = 225 ст, У 2' = 34 ст 
14:13 

YZ 
ZX 224 cm, Z'X' 2 3.6cm 
2Х - 36 =15 

ZX 24 


The ratios of the corresponding sides are equal. 
(iii) The two triangles are similar. 
(iv) No 
(v) No 


Class Discussion (Identifying Similar Triangles) 


2. AA is similar to AB as AA can fit inside AB with an equivalent 
width around it. 
AD is similar to AF as AD can fit inside AF with an equivalent 
width around it. 
AG is similar to AH as AG can fit inside AH with an equivalent 
width around it. 
AT is similar to AJ as AT overlaps with AJ. AI s AJ. 
AK is similar to AL and AM as AL can fit inside AK, which can 
fit inside AM with an equivalent width around it. 
3. (a) No. The corresponding angles may not be equal, e.g. AD 
and AE. 
(b) No. The corresponding angles may not be equal, e.g. AG 
and AJ. 
(e) Yes. All angles are equal to 60? so the corresponding angles are 
the same. Since the sides of an equilateral triangle are the same, 
the ratios of the corresponding sides of two equilateral triangles 


are the same. 


Performance Task (Page 224) 


Students should be in groups of 2 to 4. It is important that students discuss 
what they are going to make a scale drawing of. For weaker students, 
an existing classroom would be an easier option. For better students, 
allow them to design their dream classroom, or bedroom, measure the 


things that occupy the place and come up with a scale drawing of it. 


Students would need to use a measuring tape. Provide one to the groups 


who do not have it. 


Assume that the students are making a scale drawing of an existing 
classroom. The dimensions that will need to be measured first are the 
length and width of the classroom, followed by the things inside the 
classroom, such as the tables (which includes the teacher's desk), 


the chairs, cupboard, cabinets etc. 


The entire scale drawing should fit onto one A4-sized paper, with the 


scale used noted down on it. 


After students have made a scale drawing, have some groups present 
their findings to the class and explain the choice of scale used. 


Here are some questions that can be asked during the presentation: 


• Are the dimensions in the scale drawing correct and realistic? Are 
there any dimensions that are incorrect or unrealistic? 

* From the drawing made, assess whether some objects are too close 
to or too far apart from each other. 

• Determine whether the occupants (students in the classroom, or user 
of the bedroom) find the arrangement comfortable. 

• What are the improvements that can be made to the current scale 


drawing, or arrangement in the classroom or bedroom? 


Teachers may want to expand the project further, such as determining 
the occupied/unoccupied area and by using percentages, whether the 
figure is suitable. Teachers may even want to consider having students 
making three-dimensional scale models of the existing or dream 


classroom. 


Practise Now 1 


A is congruent to H. 
B is congruent to E. 
C is congruent to F. 
D is congruent to G and J. 


Practise Now 2 


Since ABCD = PQRS, then the corresponding vertices match: 
ASP 

B&Q 

Сок 

Does 

() РО=АВ =5 ст 

(й) SR = РС = 6 ст 

(iii) PS = AD = 2 cm 

(iv) OR = BC- 5.3cm 

(у) ДРОК = ДАВС = 90° 


Practise Now 3 


(a) In AABC, 
АВ = 4 ст, ВС = 54 ст, АС = 6.1 ст 
In APQR, 
РО =8 сш, ОК = 12.2 ст, РК = 10.8 ст 
2. APQR does not have any length corresponding to that in AABC. 
-. APQR does not have the same size as AABC and so it is not 
congruent to AABC. 
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(b) D&T (since ZD = ZT = 80°) 


(c) 


ES (since ZE= ZS = 60°) 
Fou (since ZF = ZU = 40°) 
ГЕРЕ = ZSTU = 80° 
ZDEF = ZTSU = 60° 
ZDFE = ZTUS = 40° 
DE-TS-4cm 
ЕЕ = 50 = 6.13 ст 
РЕ = ТО = 5.29 ст 
-. The two triangles have the same shape and size and so 
ADEF = ATSU. 
In ALMN, 
ZN = 180° — 70° — 60? (Z sum of ALMN) 
= 50° 
In AXYZ, 
ZX = 180° — 70° — 40° (Z sum of AXYZ) 
= 70° 
^. AXYZ does not have any angle of 50° or 60° that corresponds to 
that in ALMN. 
“. AXYZ does not have the same shape as ALMN and so it is not 
congruent to ALMN. 


Practise Now 4 


Since AABC = ACDE, then the corresponding vertices match: 


Ае С 
BoD 
СОЕ 
(a) (i) ZCDE = ZABC 
= 38° 
(1) ZCED = 180° — 114° — 38° (Z sum of ACDE) 
= 28° 
(iii) ZACB = / СЕР 
= 28° 
(iv) Length of BC = length of DE 
=27cm 
(v) Length of CE = length of AC 
=18 ст 
-. Length of BE = length of BC — length of CE 
=27- 18 
= 9 ст 


(b) 
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ГАСВ * ZDCE * ZCDE 

= 28° + 114° + 38° 

= 180° 

By converse of int. Zs, AC // ED. 


Practise Now 5 


(a) 


(b) 


ZC = 180° — 90° — 58° (Z sum of AABC) 
= 32° 

ZP = 180° — 90° — 35° (Z sum of AABC) 
= 55° 

ГА = 58° ж 55° = ИР 

2В= 20 = 90° 


2С = 32° ж 35° = / К 
Since not all the corresponding angles are equal, then AABC is not 


similar to APQR. 
ST 10 5 
DE 12 6 
ТИ _ 7 _5 
EF 84 6 
SU 6 5 
DF 72 6 


Since all the ratios of the corresponding sides are equal, ADEF is 
similar to ASTU. 


Practise Now 6 


1. 


Since AABC is similar to APRQ, then the corresponding vertices 
match: 
АР 
BOR 
CoQ 
Since AABC is similar to APRQ, then all the corresponding angles 
are equal. 
“. x° = / ОРК 

= ZBAC 

= 30° 
“x= 30 
Since AABC is similar to APRQ, then all the ratios of the 
corresponding sides are equal. 

BC 

i то = 


"|> 
© 


: y 
le. — 
2.8 


BID BID 





х 2.8 


= 


-42 

Since ABCD is similar to PQRS, then the corresponding vertices 
match: 
АР 
Boo 
Сок 
Does 
Since ABCD is similar to PORS, then all the corresponding angles 
are equal. 
<. w° = LBCD 

= LORS 

= 60° 


“. у = 60 
nx = ZOPS 
= / ВАР 
= 100° 
“. х = 100 


Since ABCD is similar to PQRS, then all the ratios of the 


corresponding sides are equal. 


‚ ВС _ АВ 
"ов P 
ПРИ 
54 3 
„у= 4 х54 
3 
=72 
PS _ PQ 
AD AB 
та Бел 
6 4 
єЄ 526 
4 
-45 


Practise Now 7 


Let the height of the lamp post be x cm. 

Let the point on the line BD, 180 cm vertically above C be E. 

We observe that AABD and ACED are right-angled triangles with one 
common angle D. Hence the two triangles are similar. 

Since AABD and ACED are similar, then all the ratios of the 


corresponding sides are equal. 


АВ _ АБ 
CE CD 
x _ 256 +144 
180 144 


144х = 180(256 + 144) 
144х = 180(400) 
“. х = 500 
Height of lamp post = 500 cm 
=5 т 
The height AB, of the lamp post is 5 m. 


Practise Now 8 


1. Since AXYZ is similar to AXRS, then the corresponding vertices 
match: 
XOX 
YOR 
ZOS 
Since AXYZ is similar to AXRS, then all the corresponding angles 
are equal. 
“аб = ZXSR 
= (ХҮ 
= 30° 
“. а = 30 


Since AXYZ is similar to AXRS, then all the ratios of the 
corresponding sides are equal. 
XS _ XR 


Хр ХҮ 


.. XS | 4+6 
ie. — = 
5 





~ 


n xs= x5 
4 


=12.5 
лр = 12.5 – 5 
= 7:5 
2. Since AABC is similar to ADEC, then the corresponding vertices 
match: 
ASD 
B&E 
Coc 
Since AABC is similar to ADEC, then all the corresponding angles 
are equal. 
ZACB = ZDCE (vert. opp. Zs) 
= 60° 
24 САВ = 180° — 60° — 48° (Z sum of AABC) 
=72° 
“. хе = ДСРЕ 
= / САВ 
= 72° 
Bx-72 
Since AABC is similar to ADEC, then all the ratios of the 


corresponding sides are equal. 


‚ DE _ CE 
` AB CB 
т. 
73 8 
10 
„уж ХИВ 
ус 
= 9.125 


Practise Now 9 


1. AABC is similar to AA'B'C' under enlargement. 











А'В' _ АС! 23 

AB AC 
.  A'B' A'C' 
i.e. 6 =3 and 10 =з 


^. А’В’ = 18 ст and А’С = 30 ст 
2. AXYZis similar to AXY'Z under enlargement. 











| ХҮ i Y'Z 215 
XY YZ 
ie. ar =1.5 and Е 


= =45 
YZ 


2 ХҮ = 7.5 ст апі ҮХ = 8 ст 
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3. Letthe actual height of the house be x m or 100x cm. 





‚ 100х _ 22.5 
` 180 9 
у = 225 „180 
9 100 
=45 


The actual height of the house is 4.5 m. 


Practise Now 10 


(i) By measuring the vertical width, which represents 750 cm, we get 
5 cm. So the scale is 5 : 750, which is 1 : 150. 
(ii) Plan Actual 
lcm represents 150 ст 
7 ст represents (7 х 150) ст 
= 1050 ст 
= 10.5 т 
-. The actual length L of the apartment is 10.5 m. 


Practise Now 11 


Since the scale is 1 : 2.5, we use the grid and enlarge each part of the 
figure by multiplying the length by 2.5. For example, the length of the 
square changes from 2 cm to 5 cm. The scale drawing is shown below. 
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Practise Now 12 
(i) & (ii): 








(iii) By measurement, AB = 6 cm on the scale drawing. 


Hence, the scale is 6 cm : 48 km, i.e. | cm to 8 km. 
(iv) From part (ii), the distance of D to the mast M 2 7.9 cm 
The actual distance from D to the mast M 27.9 x8 
= 63.2 Кт 


Practise Now 13 


1. (i) Plan Actual 
1 ст represents 25m 
1.25 cm represents (1.25 x 2.5) m 


= 3.125 т 
-. The actual length of the dining room is 3.125 m. 
(ii) Actual Plan 
2.5 ш is represented by 1 ст 
lm is represented by 3s =04 ст 
34m is represented by (3.4 x 0.4) cm 
= 136 ст 


-. The length on the plan is 1.36 cm. 
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2. (i Plan Actual 


1 ст represents 4m 
67 cm represents (67 x4) m 
= 268 т 
-. The actual length of the cruise liner is 268 m. 
(ii) Actual Plan 
10m is represented by lcm 
1m is represented by 16 =0.1 ст 
268 т is represented by (268 x 0.1) cm 
= 26.8 cm 


-. The length of the model cruise liner is 26.8 cm. 
3. (i) Scale: 1 cmto5 m 














(ii) From (1), 
Distance between opposite corners on scale drawing = 11.7 cm 


Actual distance between opposite corners 2 11.7 x 5 


= 58.5 т 

Practise Now 14 
1. ( Map Actual 

lcm represents 5km 

65 ст represents (6.5 x 5) km 

= 32.5 Кт 
-. The actual length of the road is 32.5 km. 
(ii) Actual Map 
5km is represented by lcm 
1 кт is represented by : =0.2 ст 


25 кт is represented by (0.2 х 25) ст 
=5 ст 
-. The corresponding distance on the map is 5 cm. 
(iii) 5 km = 500 000 cm 


: : 1 
i.e. the scale of the map is 300000 ' 
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2. () Мар Actual 
1 ст represents 50 000 cm = 0.5 km 
2cm represents (2 x 0.5) km 
= 1 km 
-. The actual length is 1 km. 
(ii) Actual Map 
0.5 km is represented by lcm 
1 km is represented by as =2 ст 
14.5 km is represented by (14.5 x 2) cm 
= 29 ст 
-. The length on the map is 29 cm. 
Practise Now 15 
1. @) Map Actual 
1 ст represents 2 km 
1 ст? гергеѕепіѕ (2 кш) = 4 km” 
3 cm? represents (8 x 4) km? 
= 12 Ки" 


<. The actual area of the plot of land is 12 km’. 


(ii) 18 000 000 m? - E km? 
1000 000 
= 18 кт’ 

Actual Map 

2km is represented by lcm 

1 km is represented by 1 cm 

: | То 
1 Кт” is represented by zem} = — 
ее 
18 km? is represented by [is x 1 ст? 
= 4.5 ст 
<. The area on the map is 4.5 cm’. 
2. Area of AABC on the scale drawing 
= 1 х7х4 
2 
= 14 сп? 
Мар Actual 
1 ст represents 3km 
1 cm? represents (3 km}? = 9 km? 
14 cm? represents (14x9) km? 
-126km* 


<. The actual area of the plot of land is 126 km’. 


Exercise 8A 


1. Ais congruent to F. 


B is congruent to J. 


C is congruent to E. 
D is congruent to G. 


Iis congruent to K. 


(4) РО = УК = 3.5 ст 
(ii) РТ = УД = 2 ст 
(8) ОВ = ИХ = 35 ст 
(iv) TS = ZY =2.1 cm 
(у) 56 = УХ = 2 ст 
(у) ДРОК = ZVWX = 90° 
Since EFGH = LMNO, then the corresponding vertices match. 
EF =LM 
=34 ст 
СН = NO 
=24 ст 
ZFEH = ZMLO 
= 100° 
ZFGH = ZMNO 
= 75° 
MN =FG 
=5 ст 
ОГ = НЕ 
=3 ст 
ZLMN = ZEFG 
= 65° 
4 МОГ = ГОНЕ 
= 1209 
(a) ZACB = 180° — 90? — 36.9? (7. sum of AABC) 
= 53.1° 
ZPRQ = 180° — 90° — 36.9° (Z sum of APQR) 
= 53.1° 
A© P (since ZA = ZP = 36.9°) 
В о О (since 2B = / О = 90°) 
COR (since ZC = ZR = 53.) 
ZBAC = ZQPR = 36.9° 
ZABC = ZPQR = 90° 
ZACB = / РКО = 53.1° 
АВ = РО = 4 ст 
ВС = ОК = 3 ст 
АС = РК = 5 ст 
-. The two triangles have the same shape and size and so 
ДАВС = АРОК. 
(b) ZEDF = 180° — 80* - 70? (Z sum of ADEF) 
= 30° 
ZSUT = 180° — 80° — 30° (Z sum of ASTU) 
= 70° 
D & T (since ZD = ZT = 30°) 
ES (since ZE = ZB = 80°) 
Е < U (since ZF = ZU = 70°) 
2 ЕРЕ = ZSTU = 30° 
ZDEF = ZTSU = 80° 
ZDFE = ZSUT = 70° 
РЕ = ТУ = 18.8 ст 
ЕЕ = ОК = З ст 
РЕ = ТО = 197 ст 
-. The two triangles have the same shape and size and so 
ADEF = ATSU. 
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(с) ZLNM - 180? — 65? — 70? (Z sum of ALMN) 


0) 


(ii 


(i) 


(ii 


OXFORD 


UNIVERSITY PRESS 


хи 


хи 


= 45° 
ZXZY = 180° — 65° — 70? (Z. sum of AXYZ) 
= 45° 
L <> X (since ZL = ZX = 65°) 
M €» Y (since ZM = ZY = 70°) 
N eZ (since ZN = ZZ = 45°) 
MN =4#5.13 = YZ 
-. Since the corresponding sides are not equal, ALMN is 
not congruent to AXYZ. 


Since AABK = AACK, then the corresponding vertices match. 


ZABK = ZACK 
= 62° 
ZBAK = 180° — 90° — 62° (Z sum of AABK) 
= 28° 
ZCAK = ZBAK 
= 28° 
“. ДВАС = ЕВАК + ДСАК 
= 28° + 28° 
= 56° 
Length of CK = length of BK 
=8cm 
-. Length of BC = length of BK + length of CK 
=8+8 
= 16 ст 


Since AABC = ADEC, then the corresponding vertices match. 


ZBAC = ZEDC 
= 34° 
-. ДАВС = 180° — 71° — 34° 
E 
Length of CD = length of CA 
=6.9cm 
г. Length of BD = length of BC + length of CD 
=4+6.9 
= 10.9 ст 


Since AABK = AACH, then the corresponding vertices match. 


ГАНС = ZAKB 
= 180° – 90° (ај. Zs опа str. line) 
= 90° 

Length of AH = length of AK 

-. AAHK is an isosceles triangle. 

Let ZAHK be x°. 

ZAKH = ZAHK (base Zs of isos. AAHK) 
=x 

ZCHK = 90° — x° 

LCKH 2 90? - x? 

-. ACHK is an isosceles triangle. 

Let the length of CH be n cm. 

Length of CK 2 n cm (isos. ^) 

Length of BK = length of CH 


= псп 


(ii) 


(a) 


(b) 


n+n=12 
2n = 12 
n=6 
-. The length of CH is 6 cm. 
ZBAC 
= 180° —58°—58° (Z sum of AABC) (base Zs of isos. AABC) 
= 64° 
AACH - ZABK 
= 58° 
ZCAH = 180° — 90° — 58° (Z sum of AACH) 
= 32° 
“. ДВАН = Е ВАС + / САН 
= 64° + 32° 
= 96° 


Exercise 8B 


Since AABC is similar to APQR, then all the corresponding 
angles are equal. 
x° = ZPQR 
= ДАВС 
= 90° 
уг = ДАСВ 
= ДРКО 
= 35° 
z? = ДОРК 
= 180° – 90° – 35° (4 ѕит оғ ЛРОК) 
= 55° 
7. х= 90, у = 35,2 = 55 
Since AABC is similar to APQR, then all the corresponding 
angles are equal. 
х = ДРКО 
= ДАСВ 
= 28° 
y = / ВАС 
= ZQPR 
= 180° — 118° — 28° (2 sum of APQR) 
= 34° 
“xX =28,y = 34 


(с) 


(4) 


(а) 


(b) 


Since AABC is similar to APQR, then all the ratios of the 


corresponding sides are equal. 


ОК _ РО 
BC AB 
е 
12 10 
x= = x 12 
10 
= 7:2 
PR РО 
AC AB 
du 
18 10 
6 
= — x18 
PT 
= 10.8 
и. х=7.2,у= 10.8 
Since AABC is similar to APQR, then all the ratios of the 
corresponding sides are equal. 
АС _ АВ 
PR РО 
вые 
8 10 
хо L x8 
10 
=9.6 
QR _ PQ 
BC AB 
y= 30 
7 12 
10 
ST 
= 2 
е 
6 
5 
—..х=9б,у=5— 
7 6 
о о 
ДВ = S (Z sum of AABC)(base Zs of isos. AABC) 
= 70° 


ZC=70° (base Zs of isos. AABC) 
AR =50° (base Zs of isos. APQR) 
ДР = 180° – 50° – 50° (Z sum of APQR) 
= 80° 
ZA = 40° # 80° = ZP 
ZB=70° #50°=ZQ 
ZC=70° #50°=ZR 
Since all the corresponding angles are not equal, then AABC is 


not similar to APQR. 
DE -23 =1375 
ST 24 

BR oz cq 
TU 3.8 

DP 238 2q4 
SU 356 


Since not all the ratios of the corresponding sides are equal, 
ADEF is not similar to ASTU. 


«uu» 


3. 


(a) Since ABCD is similar to PORS, then all the corresponding 
angles are equal. 
х° = LOPS 
= / ВАР 
= 95° 
уг = / ОКЅ 
= ZBCD 
= 360° – 95° – 105° – 108° (Z sum of quad.) 
= 52° 
Since ABCD is similar to PQRS, then all the ratios of the 


corresponding sides are equal. 


РО _ ОК 

AB BC 

z 7.2, 

8 12 
12 

ао 
= 4.8 


<. x=95, y= 52,z = 4.8 
(b) Since ABCD is similar to PQRS, then all the corresponding 
angles are equal. 
х= “АРС 
= ZPSR 
= 180° – 100° (int. Zs, PQ // SR) 
= 80° 
Since ABCD is similar to PORS, then all the ratios of the 


corresponding sides are equal. 


PS _ RS 
AD CD 
у _ 9 
14 12 
9 

уе 
= 10.5 

и. хХ=80,у= 10.5 


Since the two water bottles are similar, then all the ratios of the 


corresponding sides are equal. 


х 28 
10 5 
х= $ х10 
5 
= 16 
l-3 
3 8 
5 
=L x3 
P 8 
= 1.875 
и. х=16б,у= 1.875 
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Since the two toy houses are similar, then all the corresponding angles 
are equal and all the ratios of the corresponding sides are equal. 
х° = 100° 
22 10 
180 120 
у = 180 x180 
120 
= 270 
< _ 120 
150 180 
z= 120. Х 150 
180 
= 100 
“. х = 100, у = 270, z= 100 


Let the height of the lamp be x m. 





хо 10+6 
3 6 
x= 16 x3 
6 
=8 


The height of the lamp is 8 m. 
Since AABC is similar to AADE, then all the corresponding angles 
are equal. 
x° = ДАРЕ 

= ZABC 

= 56° 
Since AABC is similar to AADE, then all the ratios of the 
corresponding sides are equal. 

AD _ AE 


AB AC 
Уа pem 
4 6 
15 
у+4= € x4 
= 10 
у=6 
<. x=56,y=6 
Since APQR is similar to ABAR, then all the corresponding angles 
are equal. 
ZABR = ZQPR 
= 60° 
x°? = / ВАК 
= 180° — 60° — 52° (2 sum of ABAR) 
= 68° 
Since APQR is similar to ABAR, then all the ratios of the 


corresponding sides are equal. 


BR _ AB 
PR ОР 
> = EA 
14 12 
9 
= х14 
7 12 
=10.5 
<. x=60,y=10.5 
OXFORD 
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(i) Since ATBP is similar to ATAQ, then all the ratios of the 


corresponding sides are equal. 


x _ AQ 

y BP 

x _ 6 

ABEC 

х = Зу 

-. Length of PAZ x * y 
=3yt+y 
=4ym 


(ii) Since APTM is similar to APQA, then all the ratios of the 


corresponding sides are equal. 


TM | PM 
QA PA 
TM _ >. 
6 4у 


АТМ = i x 6 (From (i), PA = 4y) 


=15т 


Exercise 8C 


1. 


AXYZ is similar to AX'Y'Z under enlargement. 











XU qu. ds 

XY У 

XY 235 amd C233 
4 YZ 


2 ХҮ = 10 стапа ҮХ= 3.5 ст 
(1) PQRS is similar to P'Q'R'S' under enlargement. 














Р'0' 
k= PO 
= 10 
8 
=2 
К=2 
„ ОК _5К' _ 
(ii) OR ^ SR => 
QR -2 and l4 -2 
4 SR 


“. О'К' = 8 ст апа 56 = 7 ст 

(i) By measuring the vertical width, which represents 28 km, we 
get 3.5 cm. 
Hence, the scale is 3.5 cm : 28 km, which is 1 cm : 8 km. 

(ii) By measuring x, we get 7 cm. 


Actual distance between the East and West of Singapore 

















































































































(b) 








(ii) From (i), the shortest distance of the treasure from the 
corner À 2 5 cm 
The actual shortest distance of the treasure from the 
corner A = 5 x25 


= 125 т 
(i) Мар Actual 
1 ст represents 250m 
7.68 cm represents (7.68 x 250) m 
= 1920 т 
-. The actual length of the Tuas Second Link is 1920 m. 
(ii) Actual Map 
250m is represented by lcm 
1m is represented by T g 0.004 cm 
250 
25 m is represented by (25 x 0.004) cm 
=0.1 ст 


.. The corresponding width on the map is 0.1 cm. 
(iii) 250 m = 25 000 cm 





: | 1 
e. th le of th : 
ie, the scale of the map is 2-70 


10. 


11. 


Cm» 


() Мар 
1 ст 


Actual 


represents 20 000 cm 2 0.2 km 


5 ; cm represents (55 х 02) km 


= 1.1 Кт 
-. The actual length is 1.1 km. 
(ii) Actual Map 
0.2km=200m __ is represented by 1 ст 
lm is represented by 2-2 0.005 ст 
200 
100 т is represented by (100 x 0.005) cm 
=05 ст 
-. The length on the map is 0.5 cm. 
(0 Map Actual 
1 ст represents 8 km 
lcm’ represents (8 km)! 2 64 km? 
5сш represents (5 x 64) km? 
= 320 km? 
.. The actual area of the forest is 320 km’. 
(ii) Actual Map 
8 km is represented by lcm 
1 кт is represented by 1 ст 
1 km? is represented by s ст = 4 ст? 
8 64 
128 km^ is represented by [128 x a] cm? 


=2 cm? 
-. The area of the park on the map is 2 cm’. 
AABC is similar to AAB’C’ under enlargement. 





BIC’ _ AB’ _, 

BC AB 

Ac -3 and 4836 =3 
“. BC = 4 ст 
6 + AB = ЗАВ 

2AB =6 

AB = 3 ст 
7 АВ =3+6 

= 9 ст 


Let the height of the tin of milk on the screen be / ст. 


ћ _ 25 
24 75 
nho 2 x2 
75 
=8 
The height of the tin of milk on the screen is 8 cm. 
(i) Plan Actual 
lcm represents 15m 
25 ст represents (2.5 x 1.5) m 
= 3.75 т 
3 ст represents (3x1.5)m 
= 4.5 т 


-. The actual dimensions of Bedroom 1 are 4.5 m by 3.75 m. 
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(ii) Area of the kitchen on the plan 22 x 1.5 


=3 cm? 
Plan Actual 
1 cm represents 1.5m 
1 em? represents (1.5 т) = 2.25 т? 
Зет? гергеѕепіѕ (3х 2.25) т> 
= 6.75 т’ 


`. The actual area of the kitchen is 6.75 m’. 


(iii) Area of the apartment on the plan 


=(3+2)х(3+1.5+2.5) 


=5х7 

= 35 cm? 

Plan Actual 

lcm represents 15m 

1 cm? represents (1.5 my =2.25 т” 
35cm? represents (35 х 2.25) m? 


= 78.75 т 
<. The actual total area of the apartment is 78.75 m". 


12. (i) The scale used is 12 cm : 3 m, which is 1 cm : 0.25 m. 
(ii) Actual Plan 
0.25 ш=2.5 сш 15 гергезещеа Бу 1cm 
1 ст is represented by 5 = 0.04 ст 
425 ст is represented by (425 x 0.04) cm 
=17 ст 
*. The width of the living room on the floor plan is 17 ст. 
13. (i) Model Actual 
lcm represents 15m 
424cm represents (42.4 x 15) m 
= 636 т 
*. The actual height of the tower is 636 m. 
(ii) Actual Model 
12 т is represented by lcm 
1m is represented by 5 cm 
1 
636 m is represented by (өв х 1з] ет 
= 53 ст 
-. The height of the model tower is 53 cm. 
14. (i) Map Actual 
4 ст represents 5km 
lcm represents 3 km = 1.25 km 
1.12cm represents (1.12 x 1.25) km 
= 1.4km 
-. The actual distance between the two shopping centres is 
1.4 km. 
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15. 


16. 


17. 


(ii) Actual 


0) 


(ii) 


175 000 cm = 1.75 km 


1 кт 


1.4 km 


Map 
is represented by 1cm 
| 1 
is represented b — ст 
P d 1.75 


1.75 
= 0.8 ст 


1 
is represented by ( Ах xs) em 


-. The distance between the two shopping centres on another 


map is 0.8 cm. 


By measuring the bar on the map, which represents 300 m, 


we get 2.4 cm. 


Hence, the scale of the map is 2.4 cm : 300 m, which is 


1 ст : 125 m. 
125 т = 12 500 ст 


i.e. the scale of the map is 1 : 


12 500. 


By measuring XY on the map, we get 2.5 cm. 


Map 
1 ст represents 
2.5cm represents 


Actual 

125 m 
(2.5x125) m 
= 312.5 т 


-. The actual distance XY of the biking trail is 312.5 m. 
(iii) The actual trail XY is not a fully straight trail. 


0) 500 т = 50 000 ст 
i.e. the scale of the map is 1 : 50 000. 
(ii) Actual Map 
500m=05km is represented by 1 cm 
1 km is represented by 5 cm = 2 cm 
28 km is represented by (28 x 2) cm 
= 56 cm 
-. The corresponding distance on the map is 56 cm. 
(iii) Map Actual 
1 ст represents 0.5 km 
1 cm? represents (0.5 km)’ = 0.25 km’ 
12 cm? represents (12 x 0.25) km? 
=3 km’ 
2. The actual area of the jungle is 3 km’. 
(i) Map Actual 
1 ст represents 240 000 cm 2 24 km 
1 cm? represents (2.4 кт) = 5.76 km? 
3.8 cm? represents (3.8 x 576) km? 
= 21.888 km? 
= 21.9 Ки” (ю 3 sf.) 
г. The actual area of the lake is 21.9 km’. 
(ii) Actual Map 


2.4 km = 2400 m is represented by 1 cm 


lm 


1 т> 


2908 800 m* _ is represented by [2 908 800 х 
2 


is represented 5 


is represented by 








su 2 





1 | : 
cm 
2400? 


0.505 cm? 


*. The area on the map is 0.505 cm’. 


18. Area of the field on the scale drawing 


19. 


-21х 13.6 

= 285.6 cm’ 

Plan Actual 

1 ст represents 5m 

1 cm? represents (5m) =25 m’ 

285.6 cm? represents (285.6 x25) m? 
= 7140 п? 


“. The actual area of the field is 7140 m?. 


@) 


By measuring 60 km on the scale, we get 1 cm. 
60 km = 6 000 000 cm 


: : 1 
i.e. the scale of the map is 6000000 


(ii) By measuring the distance between Singapore and Kuantan on 


the map, we get 5.2 cm. 


Map Actual 

1 ст represents 60 km 

5.2cm represents (5.2 x 60) km 
= 312 кт 


-. The actual distance between Singapore and Kuantan 
is 312 km. 


(iii) By measuring the distance between Melaka and Kuala Lumpur 


on the map, we get 2.3 cm. 


Map Actual 

1 ст represents — 60 km 

2.3cm represents (2.3 x 60) km 
= 138 km 


Actual distance between Melaka and Kuala Lumpur = 138 km 
Taxi fare = 13.8 x $0.60 

= $82.80 
-. The taxi fare is $82.80. 


(iv) By measuring the distance between Batu Pahat and Port Dickson 


(v) 


on the map, we get 2.7 cm. 


Map Actual 
1 ст represents 60 km 
2.7 cm represents (2.7 x 60) km 
= 162 кт 
Time to travel - 162 
60 
= 2.7 hours 


= 2 hours 42 minutes 
-. The time taken to travel is 2 hours 42 minutes. 
By measuring the distance between Johor Bahru and Segamat 


on the map, we get 2.8 cm. 


Map Actual 
1 ст represents 60 km 
2.8 cm represents (2.8 x 60) km 
= 168 Кт 
Actual distance between Johor Bahru and Segamat = 168 km 
Average speed = 18 
- 42 km/h 


-. The average speed is 42 km/h. 


20. 


Length of plot of land on the map 
=8 x 175% 


л 
100 
= 14 ст 


Area of plot of land on the map 


= 14 х8 
= 112 спе 
Мар Actual 
lcm represents 500m 
1 ст> гергеѕепіѕ (500 m)? 2 250 000 m? 
112cm? represents (112 x 250 000) m? 

= 28 000 000 m° 
Actual area in hectares = ae me 

10 000 

= 2800 hectares 


-. The actual area of the plot of land is 2800 hectares. 
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21. (i) Actual Plan 

10m is represented by 1 ст 

lm is represented by 5 =0.1 ст 

90m is represented by (90 x 0.1) cm 
-9сш 

70 ш is represented by (70 x 0.1) cm 
=7 ст 

85m is represented by (85 x 0.1) cm 
=85 ст 








(ii) From scale drawing, length of BK = 4.9 cm. 
Plan Actual 


lcm represents 10m 


49cm represents (4.9 x 10) m 
= 49 т 
-. The actual distance from B to the point K is 49 m. 


Review Exercise 8 


1. 


(а) ш ЛАВС, 
ХС = 180° - 90° — 67° (Z sum of AABC) 
==23» 
-. AABC does not have an angle of 18? that is in APQR. 


-. AABC does not have the same shape as APQR and so it is 


not congruent to APQR. 
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(b) ZEDF = 180° -70° -62° (Z sum of ADEF) 
= 48° 
ZTSU = 180° -70° -48° (Z sum of ASTU) 
= 62° 
DoT (since 2D = ZT = 48°) 
E & U (since ZE = ZU = 709) 
F&S (since ZF = ZS = 62°) 
ГЕРЕ = ZUTS = 48° 
ZDEF z Z TUS = 70° 
ZDEF = ZTSU = 62° 
DE=TU=6cm 
EF = US = 5 cm 
DF = TS = 6.4 cm 
-. The two triangles have the same shape and size and so 
ADEF = ATUS. 
(i) Since ABCD = PQRS, then the corresponding vertices match. 
-. Length of AB = length of PQ 
=6cm 
(0) ZS = ZD 
= 360° - ZA-ZB-ZC-ZD (Z sum of quad.) 
= 360° — 100° — 70° — 95° 
= 95° 
(i) Since AABC = AAKH, then the corresponding vertices match. 
ZHAK = ZCAB 
=52° 
“. ДАКН = 1809 – 529 – 362. (Z sum of AAKH) 
= 92° 
(ii) Length of AC = length of AH 
= 10.2 ст 
Length of AK = length of AB 
=6cm 
~. Length of KC = length of AC — length of AK 
=10.2-6 
= 4.2 cm 
(i) Since AABC = AAHK, then the corresponding vertices match. 
“. ДАВС = LAHK 
= 90° 
(ii) Length of AB = length of AH 


=6cm 


Area of AABC= 5 x AB x BC 


24 = 5 x6xBC 


24 = ЗВС 
-. Length of BC 2 8 cm 
(iii) In AABC, 

ZACB = 180“ – 909 – 53 (Z sum of AABC) 
237 

In ACHX, 

ZCHX 2180? —90? (adj. Zs ona str. line) 
= 90° 

ZCXH = 180° — 90° — 37° (Z sum of ACHX) 
zor 

“. ДВХК = / СХН (vert. opp. Zs) 

= 53° 


5. (а) /А =180°—40°—60° (/ ѕит ОЁ ЛАВС) 


= 80° 

ZR = 180° – 40° – 80° (Z sum of APQR) 
= 60° 

ZA = ГР = 809 

ZB =ZQ=40° 

ZC = ZR=60° 

Since all the corresponding angles are equal, then AABC is 

similar to APQR. 

w) -23 -3 

ST 54 9 

ЕЕ 3.8 5 

TU 684 9 

DF 6 5 

SU 108 9 


Since all the ratios of the corresponding sides are equal, then 


ADEF is similar to ASTU. 


6. Since ALMN is similar to AZXY, then all the corresponding angles 


are equal. 

a° = LMLN 
= ZXZY 
= 180° – 90° – 37° (Z sum of AZXY) 
=53° 


Since ALMN is similar to AZXY, then all the ratios of the 


corresponding sides are equal. 
YZ _ XZ 


NL ML 


"а =53,ђ = 15 


7. Since ABCD is similar to PORS, then all the corresponding angles 


are equal. 

x° = ZBCD 
= LORS 
= 85° 


Since ABCD is similar to PQRS, then all the ratios of the 


corresponding sides are equal. 


PS _ PO 
AD AB 
y _ 6 
12 8 
у= 5 х12 
£ 8 
=9 
“ х=85,у=9 


8. (i) Since AABC is similar to APQR, then all the corresponding 


angles are equal. 
“ ДР = ДА 
= 60° 


(ii) Since AABC is similar to APQR, then all the ratios of the 


9. (i) 
(ii) 

10. (i) 
(ii) 


11. (i) 


corresponding sides are equal. 


fe 

АВ AC 

РО _ 10 

6 8 
-. Length of PQ = a x6 
=7.5 cm 

Model Actual 

1 cm represents 80 cm 

25 cm represents (25 x 80) cm 

= 2000 cm 
=20m 
-. The wingspan of the actual aircraft is 20 m. 
Actual Model 
80 cm = 0.8 m is represented by 1 cm 
lm is represented by 55 ст = 1.25 ст 
40 т is represented by (40 x 1.25) cm 
=50cm 
-. The length of the model aircraft is 50 cm. 
Model Actual 
2cm represents 7.5m 
lcm represents 2 m=3.75m 
41.6cm represents (41.6 x 3.75) m 
= 156 т 

-. The actual height of the block of flats is 156 m. 
Actual Model 
12m is represented by 5 ст 
Im is represented by 2 cm 


12 
=65 cm 
-. The height of the model block of flats is 65 cm. 
1 кт = 100 000 ст 


156m is represented by [156 х 5) ст 


1 
100000 ~ 25000 ° 








i.e. the scale of the map is 


(ii) Map Actual 

4cm represents 1 кт 

1 ст represents 1 km = 0.25 km 

3 ст represents (0.25 x 3) km 

=0.75 кт 

-. The actual length of the river is 0.75 km. 
(iii) Actual Map 

1 кт is represented by 4cm 

8 km is represented by (8 x 4) cm 


= 32 ст 
-. The distance on the map is 32 ст. 
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12. (i) Actual Map 
180 000 ст = 1.8 кт  isrepresentedis 1 cm 
1 кт is represented by 28, ст = 2 cm 
1.8 9 
35.7 km is represented by (357 x 5) ст 
=19.83ст(о2а р.) 
-. The corresponding length on the map is 19.83 cm. 
(1) Мар Actual 
lcm represents 1.8 km 
13.5 cm represents (13.5 x 1.8) km 
= 24.3 km 


-. The actual distance between Sentosa and Changi Ferry 
Terminal is 24.3 km. 


(iii) Actual Map 
1 km is represented by 2 ст 
2 
1 km? is represented by 3 ст | = 2 ст? 
9 81 
2 1 25 2 
5 km is represented by 5x 81 ст 


13. (i) 


1.54 cm (to 2 d.p.) 
<. The area of the map is 1.54 cm". 
3 кт = 300 000 ст 
i.e. the scale of the map is 2 cm : 300 000 cm, which is 
1 : 150 000. 


(ii) Map Actual 
lcm represents 150 000 cm = 1.5 km 
7 ст represents (7 x 1.5) km 
= 10.5 km 
-. The actual distance between the two towns is 10.5 km. 
(iii) Actual Map 
3km is represented by 2cm 
1 кт is represented by 5 ст 
2 
1 km? is represented by 3 са | = 5 cm? 
81 km? is represented by E x 5) ст? 
= 36 cm? 


14. (i) 


(ii) 
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г. Тһе area of the map is 36 cm’. 
Actual Map 
25 000 cm =0.25cm_ is represented by 1 cm 


. 1 
1 кт is represented by (55) ст =4 ст 
3.5 km is represented by (3.5 x 4) 
=14cm 


-. The corresponding distance on the map is 14 cm. 


Map Actual 
lcm represents 0.25 km 
1 ст> гергеѕепіѕ (0.25 km)? 2 0.0625 km? 
16 cm? represents (16 x 0.0625) km? 
=1 кт 


. The actual area is 1 km’. 


15. (i) Plan Actual 
1 ст represents 400 ст =4 т 
24.5cm represents (24.5 x 4) m 
= 98 т 
-. The actual length of the corridor is 98 m. 
(ii) Actual Plan 
4m is represented by lcm 
lm is represented by i cm 
2 | 1 d 
lm is represented by р em] = 16 cm 
400 m? is represented by (400 x x) em? 
= 25 ст“ 
<. The area on the plan is 25 cm’. 
(iii) Plan Actual 
lm represents 400 m 
1m represents (400 m) 2 160 000 m? 
0.25 m? represents (0.25 x 160 000) m? 
= 40 000 т 
= (40 000 + 10 000) hectares 
= 4 hectares 


.. The actual area in hectares is 4 hectares. 


Challenge Yourself 


ZDCP = ZDBA = 90° 

“ PC // AB 

ZDPC=ZDAB (corr. Zs, PC // AB) 

ZCDP=ZBDA _ (common 2) 

Since all the corresponding angles are equal, then ADPC is 
similar to ADAB. 

ZBCP = 180° — 90° (adj. Zs on a str. line) 


= 90° 
ZBCP = ZBDQ = 90° 
А РСП Ор 


ZBPC=ZBQD (сог. Zs, PC // QD) 

ZCBP=ZDBQ_ (common 2) 

Since all the corresponding angles are equal, then ABPC is 
similar to ABQD. 

Since PC // AB and PC // QD, AB // QD. 


ZBAP=ZQDP (alt. 2s, AB// QD) 
ZABP=ZDQP (alt. Zs, AB // QD) 
LAPB-ZDPQ (vert. opp. Zs) 


Since all the corresponding angles are equal, then AABP is 
similar to ADQP. 


(ii) In AABD, 


ср _ PC 
BD АВ 
РС= ©Р хл 
BD 
In AQDB, 
ВС _РС 
BD OD 
РС= ЁС х6 
Вр 
СВ уде 2С кб 
BD BD 
4CD - 6BC 
BE s 
CD 


о] с += 


-. The ratio of the length of BC to the length of CD is 2 : 3. 
Let the radius of the circle be r. 


C 





A B 
Consider AOPQ. Extend OP to X and OQ to Y such that PX =r and 
ОҮ = г. 


Х Y 





By symmetry, observe that OP bisects 2QPR. APQR is equilateral. 


ua 


Hence, ZOPQ = 30°. 


ZOQP = 30° (base Zs of isos. AOPQ) 

ZPOQ = 180° — 30° — 30° (Z sum of AOPQ) 
= 120° 

In AOXY, 


180° – 121 
2 


ZOXY = 0 (Zsum of AOXY) (base Zs of isos. AOXY) 


= 30° 

ZOYX =30° (base Zs of isos. AOXY) 
ZO= 120° 
ZP = ZX =30° 
ZQ=ZY=30° 
Since all the corresponding angles are equal, AOP@Q is similar to 
ДОХУ. 

2 ХҮ ог 

РО т 
By rotational symmetry, AOPR is similar to AOXZ and AOQR 
is similar to AOYZ, where Z is OR extended. 


=> 


2 








Х Ї Ү 
К 


Since APQR is a equilateral triangle, AXYZ is also an equilateral 
triangle. 

^. AXYZ is similar to AABC. 

Let K, L and M be the midpoints of XY, YZ and XZ. 

By construction of AOXY, OK =r. Similarly, OL = OM =r. 
Since OK = OL = OM =r, a circle of radius r can be drawn 
passing through K, L and M. 
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К 


^. AXYZ is congruent to AABC. 
Let AB be s and PQ be t. 


. 5 22 
1 


Let the height of AABC be A, and the height of APQR be /;. 
h, 


2 i 
Area of AABC хх 
Area of APQR хх h 
Si 
=p h, 
=2x2 
=4 


-. The ratio of the area of the bigger triangle to that of the smaller 
triangle is 4: 1. 
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Chapter 9 Geometrical Transformation 


TEACHING NOTES 


Suggested Approach: 


This topic deals with spatial visualisation and teachers would be able to find many examples in the surroundings. Teachers 
should make use of these everyday examples to help students understand transformations from a three-dimensional point of 
view, in order for them to apply the concepts to the drawing of graphs. 


Section 9.1: 


Section 9.2: 


Section 9.3: 


Reflection 
Students who study Physics would be familiar with the idea of reflection in terms of light. Teachers may further 
explore their understanding of it and introduce mathematical terms pertaining to motion geometry. 


An interesting method to initiate the notion of an invariant point would be to ask students to picture themselves 
standing in front of the mirror. Teachers can prompt them by asking them to think about how far their images 
behind the mirror is compared to how far they are from the mirror; and what happens if they move closer to the 
mirror. Teachers can further suggest that students hold their palms in front of their faces and simulate it as a 
mirror, and ask what would happen when their noses touch the mirror i.e. pulling their palms to touch the tip of 
their noses. Students should make the deduction that the image of the nose tip is the nose tip itself. 


Rotation 

Teachers should highlight the importance of providing exact specifications for transformations. In the case of a 
rotation, the centre of rotation needs to be specified. The importance of specifying the centre can be illustrated 
by calling up students to stretch out an arm each, and rotate it 90 clockwise. A few possibilities would arise as 
some might rotate their arms such that the centre of rotation is the shoulder, or at the elbow joints, or with their 
wrists at the centre of rotation. 


Translation 

Teachers can arouse curiosity of students by pointing out the utilisation of translation in art, which in turn 
links back to Mathematics (see Journal Writing on page 248 of the textbook). With the introduction of common 
encounters with translation in everyday situations, teachers can encourage students to contribute more ideas of 
such instances, and share their insights with their peers. 
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WORKED SOLUTIONS 
Thinking Time (Page 237) 


The two points M „M (A) and MM, (A) are different. 


Thinking Time (Page 242) 


No. Reflection does not preserve orientation, and in this case, the rotation 
preserved orientation. A reflection of R in the line x = 0 gives the same 
R’, but the results for Q and S are incorrect. 


Thinking Time (Page 243) 


The distance between A and A’ and that between C and C’ from the centre 
of rotation will be the same. Points along the perpendicular bisectors 
of AA’ and CC’ indicate where the respective distances between A 
and A’, and C and C' are equal. Hence, the point of intersection of the 
perpendicular bisectors would mean that this point is equidistant from 
both A to A’ and C to C’, thus the centre of rotation lies here. 


Thinking Time (Page 246) 

No, there would be no invariant points as each point is translated in the 
same distance. 

Thinking Time (Page 248) 


(a) Yes, the result would be the same. 
(b) The single vector that would produce the same result would be the 


4 2 
equivalent of the addition of the two vectors | | апа | | 


41) | 


Journal Writing (Page 248) 


Teachers may show students some art pieces of Escher's tessellations 
and illustrate how transformation was used. Students can also find out 
more on their own through books in the library or the Internet, where 
there are many documented records on his impressive tessellations. 


Practise Now (Page 237) 


Midpoint of CC’ C 2 - (21 21) 
idpoint o А 27 2 = 2' 72 


re 3+7 7+3 
Midpoint of DD', | ——. —— | = (5, 5) 
2 2 
Rise=5-2} 
2 
зэс 
2 
Run=5-2Ł} 
2 
= 
2 
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. : rise 
Gradient of line = — = 1 
run 


y-intercept = 0 
г. Equation of line of reflection is y = x. 


Practise Now 1 








































































































(i) From the graph, the coordinates of A’ are (—3, —1) and those of B’ 
are (-1, —5). 

(ii) From the graph, the coordinates of A" are (7, —1) and those of B" 
are (5, —5). 


Practise Now 2 


















































































































































Let AB represent the line 3y = 4x + 12. 


(a) Under reflection in the x-axis, the point A is mapped onto A’ (0, —4) 
and the point B is invariant. 
Gradient of A’B = 2 2 
run 3 


y-intercept = —4 
1 4 : 
-. The equation of A’B’ is y = я. — 4, 1е. Зу = -4х - 12 ог 


3y * Ax z -12. 


(b) Under reflection in the y-axis, the point A is invariant and the point 
B is mapped onto B"(3, 0). 
Gradient of AB” = —~ =- ks 
run 3 


y-intercept = 4 
: : 4 . 
-. The equation of AB" is y Eo + 4, ie. 3y = —4x + 12 or 


Зу + 4х = 12. 
(с) The images of A and B under reflection in the line x = 3 are 
А””(6, 4) апа B’’(9, 0) respectively. 
Gradient of A"' B" — Se 2 
run 3 


y-intercept = 12 


-. The equation of A’’B’””’ is y = -$x + 12, i.e. 3y = —4x + 36 or 
Зу + 4х = 36. 


Practise Now 3 










































































(a) From graph, vertices of ALMN are L(- 1, 6), M(0, 9) and N(1, 6). 

(b) From graph, line m, is the perpendicular bisector of AP while line 
m; is the perpendicular bisector of BQ. The point of intersection of 
these two perpendicular bisectors D(4, 3) gives the centre of rotation. 
Joining AD and PD gives the angle of rotation which is 90 clockwise. 


Practise Now 4 





















































"104141 
"ч 2-1 
"0410 
"10414 


The vertices of the image are A'(4, -1), B'(5, 2), C'(7, 2) and 
D'(8, -1). Image of the quadrilateral A'B'C'D' is plotted in the graph 
above. For the second translation T,, 


o5) 5-0 
951150) 
«1)41:0) 
ee) 


Vertices of the image of this new quadrilateral are A”(8, 2), B”(9, 5), 
C"(11,5) and D'(12, 2). 


Practise Now 5 


(i) A’=T(A) 


dis Leben cn nue | | 
2) 50) 
(5) -(5]- 
45 


(iii) B’ = T,(B) 
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Exercise 9A 4. 





1. Areflection of a point in the x-axis brings about the negative of the 





original y-coordinate. A reflection in the y-axis results in the negative 

















of the original x-coordinate. A reflection in the line y = x results in 





the value of the x-coordinate becoming the y-coordinate and vice 


versa. 

(i) (a) (3,-4) (b) (-3,4) (с) (4,3) 
Gi) (a) (-1,—3) (b) (1,3) (с) (3,—1) 
(Ш) (а) (3,—3) (b) 3,3) (с) (3,3) 
(iv) (a) (-3, 4) b) (3,-4) (с) (-4,-3) 
(v) (a) (3,2) (b) (-3,-2) (с) (-2,3) 
(vi) (a) (p.—q) (b) p,q) (c) (q.p) 























































































































































































































2. 
(ii) From graph, the coordinates of O' are (2, —2). 
5. 
(i) M,(P) is obtained through a reflection in the y-axis. From graph, 
the coordinates are (—2, 1) 
(ii) M,(P) is obtained through a reflection in the line x = 4. From 
graph, the coordinates are (6, 1). 
(iii) M,|M,(P) is obtained through a reflection in the line 
x = 4 followed by a reflection in the y-axis. From graph, the 
coordinates are (—6, 1). 
(iv) M,M,(P) is obtained through a reflection in the y-axis followed 
by a reflection in the line x = 4. From graph, the coordinates are 
(10, 1). 
(a) @) Ргот атарһ, соогаїпаїез аге (—1, 11) 6. (i) Let(3,5) be the point A, and (5, 3) be the point A’. 
(ii) From graph, coordinates are (-1, —5) 345 543 
(b) No, the resultant points are different as the combination of Midpoint of AA’, (233. 2) = (4,4) 
reflections is not commutative. rise 
3. Reflection in the line x = 2 results in the x-coordinate changing by Gradient of line = Tum e 
2-3=-1. y-intercept = 0 
.. Coordinates of the reflection of the point are (1, 2). -. Equation of line of reflection is y = x. 
(ii) Let the reflected point (—5, 3) be B. 
Midpoint of AB, (==, эз) = (0,3) 
2 2 
Rise 23 
Кип =0 


Gradient of line = 28 = undefined, line of reflection parallel 
run 


to y-axis. 
Since x-coordinate of midpoint is 0, 
-. Equation of line of reflection is x = 0. 
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7. 


(a) Equation of line of reflection is x = 2. 





(b) Equation of line of reflection is y = 4. 


























(c) From graph, midpoint of AA’ = (1, 2) 


Gradient of line = ч 1 
тип 
y-intercept = 1 


г. Equation of line of reflection is y=x+ 1. 

















1,1 
(d) From graph, midpoint of AA’ = (+ ‚1 1) 


: . rise 
Gradient of line = — = -1 
run 


y-intercept = 2 
г. Equation of line of reflection is y = -x +2 or y+x=2. 








(e) From graph, midpoint of AA’ = (1,0) 
Gradient of line = —~ =-1 
run 
y-intercept = 1 
.. Equation of line of reflection is y=-x+ lory+x=1. 























(£) From graph, midpoint of AA’ = (1,0) 
Gradient of line = 2-2 
run 
y-intercept = —2 
г. Equation of line of reflection is y = 2x — 2. 




















(i) From graph, A’ is obtained upon reflection of A in the line x = 2. 
A” is obtained from reflecting A’ in the line y = 1. Coordinates 
are (1,2). 

(ii) Point which remains invariant lies on the line of reflection 
between A and A", which can be obtained from the midpoint 
of line AA". From graph, the coordinates of the invariant point 
are (2, 1). 
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(a) Under reflection in the x-axis, the point A is mapped onto 
A'(0, —2) and the point B is invariant. 
Gradient of A’B = © =- 
run 


=-3 


||» 


y-intercept = —2 
.. The equation of A’B is y = -3x —2 or y+ 3x =-2. 
(b) Under reflection in the y-axis, the point A is invariant and the 






























































point B is mapped onto [5 1 о) : 


Gradient of AB” = = 


2 
== 
run 2 
3 


























y-intercept = 2 
-. The equation of AB” is y = -3x + 2 or y + 3x =2. 
(c) The images of A and B under reflection in the line x = 2 are 





From graph, coordinates of the image of the point under those two A"' (4, 2) and "(4 i 1 o) respectively. 


reflections are (3, 10). 


10. (i) y=x+2 Отайеш оїА””В”” = ŽS = Lo 
run 2 


3 





y-intercept = 14 
-. The equation of A” B” is y=-3x + 14 ory+3x= 14. 
12. х+у=б=у=-х+б 
(а) 















































(ii) From graph, the coordinates of A are (—2, 2). 
11. y 23x42 








х -1 0 1 
y -1 2 5 (i) From graph, reflection of A in the line y = x gives B, and 
reflection of B in the line x + y =6 gives B’ with coordinates 

(5, 2). 
(ii) From graph, reflection of A in the line x + y 2 6 gives B", and 
reflection of B” in the line y = x gives B’ with coordinates 

(5, 2). 
(b) Yes, they are the same. The gradients of the lines of reflection 





























































































































are the direct negative of each other. 
(c) From graph, invariant point is given by C with coordinates 


(3,3). 
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13. (а) 





(i) From graph, reflection of A in the line x + y = 6 gives B, 
and reflection of B in the line x = 4 remains as B since B 
lies on the line x = 4. Coordinates of point B are (4, 5). 
(ii) From graph, reflection of A in the line x = 4 gives B’, and 
reflection of B’ in the line x + y 2 6 gives B" with coordinates 
(4, -1). 
(b) No, reflection is not commutative. 
(c) From graph, invariant point is given by C with coordinates 





(4, 2). 
Exercise 9B 
1. 

2. 








From graph, 

(a) Image of P under clockwise rotation of 90 about R is P'(3, —3) 

(b) Image of Q under anticlockwise rotation of 90 about P is 
Q'(7, 6) 

(c) Image of R under 180 rotation about Q is R'(9, —2) 





(a) From graph, coordinates of the image are (6, 5). 

(b) From graph, coordinates of the image are (7, 0). 

Since R represents an anticlockwise rotation of 240? about 
the origin, R^ will be (240? х 2) — 360° = 480° — 360° = 120° 
anticlockwise rotation about the origin. Rf will then be 120° x 2 = 
240° anticlockwise rotation about the origin. 


(i) 





(ii) From graph, line m, is the perpendicular bisector of AA’ while 
line m, is the perpendicular bisector of BB’. The point of 
intersection of these two perpendicular bisectors (2, 0) gives 
the centre of rotation. The angle of rotation is 180°. 
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(a) From graph, centre of rotation is given by point of intersection 
D. 
(i) Coordinates are (6, 3) 
(ii) Angle of rotation = 180° 
(b) From graph, line m, is the perpendicular bisector of QQ’ while 
line m, is the perpendicular bisector of PP’. 
(i) The point of intersection of these two perpendicular 
bisectors at E gives the centre of rotation, with coordinates 
(5, 2). 
(ii) The angle of rotation obtained by joining PE and PE’ is 
90°. 
(c) From graph, the coordinates of the vertices are (2, 2), (0, 0) and 
(2,-1). 





Points A(O,2) and B(—2,0) lie on the line y=x + 2. Under a clockwise 
rotation of 90 about the origin, point A becomes A’, and B becomes 
А. 
Gradient = 28 =-1 

тип 
y-intercept = 2 
.. Equation of the line is y = -x +2 i.e.x+y=2. 
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188 





(i) From graph, coordinates of Q’ are (6, 1). “. k=6. 

(ii) From graph, line m, is the perpendicular bisector of PP’ while 
line m, is the perpendicular bisector of QQ’. The point of 
intersection of these two perpendicular bisectors (2, 0) gives 
the centre of rotation. The angle of rotation is 90° clockwise. 


-. The image of the point (i 2 2) on line PQ is (4 : 1] on 
line P’Q’. 
(iii) The coordinates of the point on line PQ whose image is 


& 1) on line P'Q' are (i 3. 
2 2 


(a) Length of AC = A’C 
-. ACAA’ is an isosceles triangle. 


ХА’СА = 25° 
2 САА! = = (base Zs of isos. A) 
= 77.5° 
(b) ZACB' - ZACB 
460 
-tan — 
40 


= 56.310° (to 3 dp.) 
“. ZACB’ = 56.310° — 25° 
= 31.310° 
= 31.5° (nearest 0.5) 


Exercise 9C 


























The vertices of the image are A'(7, —3), B’(8, 1), C'(10, —1) and 
D’(10,-2). Image of the quadrilateral A’B’C’D’ is plotted in the graph 
above. For the second translation T,, 


4. 


ч «(2)-(5) 


Vertices of the image of this new quadrilateral are A"(5, —2), 
B"(6, 0), C"(8,0) and D"(8, 1). 
Р' = Т(Р) 





: a 


-. The coordinates of the vertices of the image APQR are P’(4, 1), 
Q'(10, 3) and К (5, –2). 


Е | à | | 
ОНОН 
2-0): 
3) 
ЇГ (| 
43) 


<. Coordinates of P are (—5, 0). 
(i) A'- T(A) 


1041 
D 


.. Coordinates of A’ are (4, 8). 


2 P 
(ii) Сан 1! 
2-р 
= 4-4 


Since T(B) =А, 
2+р=2 
“ p=0 
4+4=4 
“. а =0 
(iii) T,(A) = T(A’) 


le 
8) е8) G)- (1 


ћ=б,К= 12. 


(iv) Let point D be | 2 | : 


«(-:)-) 
Я 


г. Coordinates of point D are (2, —4). 


> 


5. Let the translation vector of T, be | 5 | х 


5] -|2] (3) 
2310 

2) 
а T | 5 | | 
20008) 
i) GG) 

-(5) 


(a) Image ипдег Т, = | | | + p | 
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7 6 
(b) Image under T, = B + ия Let point A be (z) 


45 3.0 


= 15 + 
23 3 
(с) Image under T,T, = Image under T, + = 21:5 


2) 
0) 8) 
-(5). (3) (2) 
































10 .. Coordinates of A are (0, —7). 
EU. 3. 
6 
(d) Image under T;T, = Image under T, 10 
_|4 2 6 
“(10 -10 
_ |10 
EU 
2» |7 -3 
(е) Т, = | 6 +2 4 
_|7 + -3 " -3 
“16 4 4 
411 
“114 
Review Exercise 9 
1. 
(a) From graph, an anticlockwise rotation of 90? would produce (a) From graph, 90? clockwise rotation of line AB about B produces 
P' with coordinates (—2, 1). line A'B, where A'(8, 6). 
(b) x «2205 x2z-2 1 ; rise 5 
From graph, reflection of P in the line x = —2 will result in ЗОНАМА nmn 2 
P" with coordinates (—7, 4). y-intercept = —14 
2. Let the translation vector be | | | . -. The equation of line A’B is y = За – 14 1е. Зу = 5х – 28. 
2 5 5 (b) From graph, coordinates of point C are (1, –1). 


98089 
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4. 


(a) To map PQRS onto ABCD, a translation is done. Let the 
. a 
translation vector be | b | : 


Comparing points A and P, 


18) 60) 
ЕЕ 
47) 


-. A translation of | 


0 | of square PORS will map it onto 
ABCD. 

(b) To map ABCD onto QPSR, a reflection is done in the line 
equidistant between the two squares. ABCD is reflected in the 
line x = 6 to be mapped onto ОР$К. 

(c) To map PQRS onto CDAB, PQRS undergoes a 180? rotation 
about the point the perpendicular bisectors of CP and DQ 
intersect i.e. (6,3). 

(d) To map ABCD onto SPQR, ABCD is rotated 90 clockwise 
about the point the perpendicular bisectors of AS and BP intersect 
i.e. (6, 0). 

(e) To map PQRS onto DABC, PQRS is rotated 90? clockwise 
about the point the perpendicular bisectors of PD and QA 
intersect i.e. (6, 6). 

(a) For a reflection in the пе у = –х, Фе value of the x- and 
y-coordinates interchange and become negative of the original 
value. Coordinates of the image of the point (5, 2) under M are 
(-2, —5). 

(b) Under MP, the image obtained under M is reflected again in the 
line y 2 —x. Coordinates of the resultant point are (5, 2). 

(c) Under M°, the image obtained under M? is reflected again in the 
line y = —x. Coordinates of the resultant point are (2, —5). 





From graph, points A(1, 1) and B(O, 0) lie on the line y = x. An 
anticlockwise rotation of 90 about the point (2, 0) gives A’(1, —1) 
and B'(2, —2) respectively. 
Gradient = © =—-1 

run 
y-intercept = 0 
.. Equation of the line is y 2 x ie. y * x 2 0. 





(a) 


(b) 


(c) 









































Under reflection in the line x = 2, the point B is mapped onto 
B'(8, 0) and the point A is invariant. 
Gradient of AB’ = “= =-1 
run 
y-intercept = 8 
The equation of AB’ is y=-x+ 8, ic.y+x=8. 
Point B has coordinates (—4, 0) 
В” = T(B) 


10 
E 


Point A has coordinates (2, 6) 
А’ = Т(А) 


(GG) (8) 
45) 


After translation, the image is given by line A'B". 
Gradient of A’B” = US = 

run 
y-intercept = 5 
/. The equation of A’B” is y=x +5. 
Point C has coordinates (0, 4). Under a 90° clockwise rotation 
about the origin O, its image C’ has coordinates (4, 0). For 
B(-4,0),a 90? clockwise rotation about the origin O will result 
in it being mapped onto point C with coordinates (4, 0). 


rise 


Gradient of CC’ = =-1 


run 
y-intercept 2 4 
-. The equation of CC' is y 2 x t 4 ie. y cx 2 4. 
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(а) х+у=4 
у=— +4 
From graph, the image of P(2, 1) under a reflection in the line 
y-2-x-4isa point with coordinates (3, 2). 

(b) From graph, the image of P(2,1) under 180? rotation about the 
point (—5, 3) is a point with coordinates (-12, 5). 


—5 2 
mL 
BU 
-. The image of P(2, 1) under a translation of | 3 | is a point 


with coordinates (—3, 4). 
(d) From graph, the image of P(2, 1) under a reflection in the line 
y-2x-*2isa point with coordinates (—1, 4). 








у=2х+3 
X -1 1 
y 1 5 

















Two points on the line y = 2x + 3 are A(—1, 1) and B(1, 5). After 
: 3 
translation of | 2 | : 


A’ =T(A) 


[3] 


I 
Ре. 
LN 
Хий” 


Gradient of line A’B’ = эв Е = 
run 2-4 
y-intercept = —5 
-. The equation of A'B' is y 2 2x - 5. 
Thus, m = 2 and c = -5 
10. (a) Under M, the image of the point (1, 3) is (3, 1). 
(b) Under M”, the point will be reflected in the line x = y, which 
will produce an image (5, 2). 
(© Under M5, the number of reflections about the line is an odd 


number, hence it will be the same as the image of M, which is 
fT Xx 
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11. (a) Under R, the points would rotate such that the values of the 
x- and y-coordinates would interchange, and the x-coordinate 
would be the negative of the original y value. 

(i) The image of the point (3, 5) is (-5, 3). 
(ii) The image of the point (7, —4) is (4, 7). 

(b) Under R^, the rotation would be 90? clockwise. The points 
would rotate such that the values of the x- and y-coordinates 
would interchange, and the y-coordinate would be the negative 
of the original x value. 

(i) The image of the point (3, 4) is (4, —3). 

(ii) The image of the point (2, —3) is (3, 2). 

(c) (i) Under RS, the number of reflections about the line is an odd 

number, hence it will be the same as the image of R. The 
image of the point (2, 5) is (—5, 2). 

(ii) Under Rë, the number of reflections about the line is an even 
number, hence it will be go back to the original point. The 
image of the point (2, 5) is (2, 5). 


Challenge Yourself 
































From graph, AABC can be mapped onto AA;B,C; through a translation 


of 9 cm along line AC. 


Revision Exercise B1 (b) 


1. (а) 1ба – а: – 64 =0 








а" – 1ба + 64 = 0 
(a- 8) 20 
а-8-0 
4-8 
2 16 
(b) b- 55 =0 
ЖЭ 
25 
4 2 
-(5) 
4 2 
EU 
за? 
5 
(с) 1 + Зс = 10с? 
10c -3c- 1 20 
(2d + 1)(5c- 1) =0 
2d+1=0 or 5с-1=0 
sem or ин 5 (© (i) Whenx=-0.5 
( 4-4-1324-0 у=-2 
Ф + а 132) =0 (ii) When y = 0.5, 
d(d—11)(d+ 12)=0 x= 13,02 
4-0 ог 4-11-0 ог 4-12-0 (iii) Maximum value of y = 1.1 
а=1 ог а=-12 (d) The equation of the line of symmetry is x = 0.75. 
2. Letthe breadth of the rectangle be x m, 4. (a) x-1 5-2х  х-1 _ 5-2x 
then the length of the rectangle is (x + 5) т. 4х-2 3-6х 202х-1) -32х-1) 
у. хх + 5) = 66 з ae 
"n 2(2х-1) 3(2х-1) 
x 5x-66 20 3«-1 , 25-21) 


7 6Gx-D * 605-1) 


(x-6)x 11) 20 3x - 1) -* Z(5 - 2x) 











x-6=0 or x+11=0 = 6(2x = 1) 
“xX=6 ог x 2-11 (rejected, since x » 0) 3x 3410 — Ax 
Breadth 2 6 m i ^ 60x-D 
Length =6 +5 _ -х+7 
= Пт ^ 6(2x- 1) 
.. Perimeter of the rectangle = 2(6 + 11) (b) 2х+3 __7 - 2х+3 EE 
22x17 92-1 3x-1 (3x*D(3x-1) 3x-1 
=34 т i 2x+3 _ 7(3х +1) 
3. (а) Уһепх=-2,у=р, (3x+1)(3x-1) (3х + 0(3х- 1) 
РӘ = = EG Ту 
=-6-8 
zc] 22x *3-21x - 7 


(3х + Бах - D 
-19х-4 
(3х + 1)(3х — 1) 


When x = 25, у =а, 

а= 3(2.5) - 20.5) = 
=7.5 - 12.5 
=—5 
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7. 


3х-4 
(i) 5а = 2y— 3x 
5а(2у — 3x) =3x-4 
10ay — 15ax 2 3x - 4 
15ах + Зх = 10ау + 4 
x(15a + 3) = 10ay + 4 
10ау + 4 
елт 
(1) Ућепа = 1, у =5, 
_ 1006) + 4 
15(1) + 3 
54 
18 
=3 
f(x) 27x-2 





F(x) = > x46 
0) Ка)-7а-2 
(8) Еаба – 8) = > (16a -8) +6 


= 10а-5+6 
= 10а+1 


аш Хал | -1{2a+1] -2 
7 7 


=а+5 
5 
Е(4а – 3) = о 


ааа. +6 


nigga 
2 8 


1 1 1 
(3643) + КДа – 3) = (а + 5) + (25а+42) 


"s 
2 8 


(i) Since AABC = APQR, then the corresponding vertices match. 


Length of PQ = length of AB 
=8cm 
(1) ZR= ZC 
= 180° — 70° — 60° (Z sum of AABC) 
= 50° 
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(1) 8 km = 800 000 ст 


: : 1 

i.e. the scale of the map is 800000 ` 
(ii) Actual Map 

8 km is represented by 1 ст 

1 кт is represented by : ст 


8 
72 ст is represented by С x 3 cm 


-. The distance on the map is 9 cm. 


(iii) Actual Map 
8 km is represented by 1 ст 
1 кт is represented by В ст 


496 km? 


8 
E 3 1 y 
1 km is represented by cm 
is represented by | 


2. The area on the map is 7.75 cm’. 
For a reflection about the line x = 2, the image would be equidistant 
from the line along the x-axis. Coordinates of the reflection the point 
(4, 5) is (0, 5). 


10. R’ would be (2 x 187°) — 360° = 14° clockwise rotation about the 


origin. R^' would be a 187° anticlockwise rotation about the origin. 


Revision Exercise B2 


1. Qx-DG-4x)z2(1-2x) 
6x 8x3? - 3. c Ax 2 2- Ax 
8 – 14 + 5 =0 
(Ax —5)Qx- 1) 20 
4x-5=0 or 
1 
4 


2x-1=0 


Agal or х= 


Nile 


2. (i) When x=3, 
3° + p(3) + 15 =0 
9 + Зр+ 15 =0 
3p + 24 =0 
3p 2-24 
“p=-8 
(ii) When p =-8, 
x -8x41520 
(x-3)x-5)20 
x-3z0 or x-5z0 
“x=3 ог х= 
-. The other solution is x = 5. 
3. Lety=0. 
x +5x+4=0 
(x * A)x - 1) 20 
x+4=0 or x+1=0 


их=-4 or х=-1 


6. 


7. 


-. The coordinates of A and B are (-4, 0) and (-1, 0) respectively. 


When x - 0, 
y=0°+5(0) +4 
=4 
.. The coordinates of C are (0, 4). 


212 3 3 2 2 
4. (a) 4а – ва ђ – 14ађ i 2ab(2ab — 4a^ — Tb^) 








4ab 4ab 
..2ab - Ad? - TI? 
7 2 
6cd* «12c*d? - 98d? | 3c d? Qcd? + 4с? – За) 
(b) -36242 = acid? 


z -Qcd? * 4c? — 3d) 
=—2cd’ — Ac’ + 3d 
2 
5. @ F= 
@) _ 


2 
Ег = ту 


2 Fr 
Se 


m 
ve de (since v > 0) 
m 


(ii) When m = 225,r=5 and F = 4500, 


_ [4500 x5 
Y= 225 


= v100 


=10 ms” 


8. 


f(x) 213 - 9x 

(i) f2)213-9(2) 
213-18 
=—5 


(ii) 183) =13 -9(-3| 


=13+4 
=17 
(iii) 280) -2113-9(0)| 
=2(13) 
=26 
f(1) = 13-9(1) 
=4 
260) + 1) =26+4 
= 30 
(iv) 3) = 13 – 9(3) 
-13-27 


=11 
2 
ка (2 је-м-и 


=-25 
(i) Since AABC is similar to AAPQ, then all the ratios of the 


corresponding sides are equal. 


ОР _ АР 
CB AB 
ОР _ 6+5 
Ig 6 


ОР = — х5 


Gi) AO = 
AC 2: 
AC+65 6-5 
ПАС = 6(АС + 6.5) 
= бАС + 39 
5АС = 39 
/. АС =7.8 ст 
(i) Model 
1 ст 
244 ст 


Actual 

7.5 т 

(24.4 x 7.5) m 
-183ш 

-. The actual height of the building is 183 m. 


represents 


represents 
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(ii) Actual Model 


12 т is represented by 1 ст 
im is represented by = ст 


12 
= 15.25 ст 
-. The height of the model building is 15.25 cm. 
9. yz2x-5 


1 
183 т is represented by (is х 5) cm 





х 0 2 4 


























From graph, after an anticlockwise rotation of 90? about the 
origin, image of the point A(2, 1) is A'(1, 2), and that of B(0, —5) 
is B'(5, 0). 
Gradient of line A'B’ = Z = : 

тип 2 


: 1 
y-intercept = 2 5 


: : Е 1 1 
-. The equation of the image of the line is y = 2 х+2 2 


1е.2у=х+5. 
10. () А'=Т,(А) 


15). 
5] 


-. The image of the point A(2, 4) under T, is (5, —3). 
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Gi) Lette wanton verte [ 1. 
5); 
(]«(5)-) 

13) 

„т, {2 ) 
(iii) T,(B) = Я + (A 

411 


-. The image of the point B(4, —8) under T, is (7, —4). 


Chapter 10 Pythagoras" Theorem 


TEACHING NOTES 


Suggested Approach 


There are many ways of proving the Pythagoras’ Theorem. An unofficial tally shows more than 300 ways of doing this. Teachers 
may use this opportunity to ask students to do a project of finding the best or the easiest method of doing this and get the students 
to present them to their class (see Performance Task on page 262). 


Students should be able to easily recall the previous lesson on similar triangles and apply their understanding in this chapter. 


Section 10.1: 


Section 10.2: 


Section 10.3: 


Pythagoras’ Theorem 
Students are expected to know that the longest side of a right-angled triangle is known as the hypotenuse. 
The condition that the triangle must be a right-angled triangle has to be highlighted. 


Teachers may wish to prove the Pythagoras’ Theorem by showing the activity on the pages 260 and 261 (see 
Investigation: Pythagoras’ Theorem — The Secret of the Rope-Stretchers). Again, it is important to state the 
theorem applies only to right-angled triangles. The theorem does not hold for other types of triangles. 


Applications of Pythagoras’ Theorem in Real-World Contexts 

There are many real-life applications of Pythagoras’ Theorem which the teachers can show to students. The 
worked examples and exercises should be more than enough for students to appreciate how the theorem is 
frequently present in real-life. Teachers should always remind students to check before applying the theorem, 
that the triangle is a right-angled triangle and that the longest side refers to the hypotenuse. 


Converse of Pythagoras’ Theorem 

Worked Example 8 provides an example of the converse of Pythagoras’ Theorem. Some students should find the 
converse of the theorem easily manageable while teachers should take note of students who may have difficulty 
in following. Students should be guided of the importance of giving reasons to justify their answers. 


Challenge Yourself 


Question 2 requires the arrangement of 3 right-angled triangles such that their hypotenuses form another triangle. 
Students should be able to do the rest of the questions if they have understood Pythagoras’ Theorem. 
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WORKED SOLUTIONS 


Investigation (Pythagoras! Theorem — The Secret of the 
Rope-Stretchers) 














Partl: 
In all 3 triangles, AB is the hypotenuse. 
1,2,3,4. 

ВС | АС | AB | BC | AC АВ? |BC «AC 
(a)}3cm|4cm | 5cm | 9cm! | 16cm? | 25cm? 25 cm? 
(Ь) | бст | 8 сш | 10см | 36 сш? | 64 сш? | 100 сш? | 100 cm? 
(©) |5 сш | 12 сш | 13 сш | 25 спа? | 144 сш? | 169 сш? | 169 cm? 





























Table 8.1 
The value of AB’ in table 8.1 is the same as the value of BC* + AC’. 
Part II: 
5. In AABC, AB is the hypotenuse. 
6. Any 6 sets of values of BC, AC and AB can be used. Teachers may 


wish to have students attempt to get integer values for all 3 sides of 


the triangle. 
7. The value of AB? in table 8.2 is the same as the value of BC’ + AC’. 


Performance Task (Page 262) 


Even though Pythagoras’ Theorem was long known years before 
Pythagoras’ time, the theorem was credited to him as he was widely 


believed to be the first to provide a proof of it, which is shown in Fig. 8.5. 


The Babylonians knew about the theorem by the Pythagorean triplets 
stated found in their remaining text that survived till this day. The 
Indians were able to list down the Pythagorean triplets, along with a 
geometrical proof of the Pythagoras’ Theorem for a regular right-angled 
triangle. 


The Chinese stated the theorem as the ‘Gougu theorem’ listed in the 
Chinese text ‘Zhou Bi Suan Jing’ published around the first century 
B.C. It was also known alternatively as ‘Shang Gao Theorem’, after 
the Duke of Zhou’s astronomer and mathematician, and where the 
reasoning of Pythagoras’ Theorem in ‘Zhou Bi Suan Jing’ came from. 


Some proofs of Pythagoras’ Theorem are as follows. 


Proof 1: (Using Similar Triangles) 
A 


С а В 


ZACB = ZBPC = ZAPC = 90° 
Since AACB is similar to AAPC, 


AB . AC 
AC AP 
: с b 
1e.—— — 
b h 
b’=ch — (1) 
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Since AACB is similar to ACPB, 


АВ _ СВ 
СВ PB 
Le. © ша 
а k 
а = ск — (2) 
(D + (2): P + а? = с + ck 
=c(h+k) 
2g 
“а + = 


Proof 2: (Using four right-angled triangles) 
b 











S 

















о 














b 


We can arrange the four triangles to form the following diagram. 








The diagram is a large square of length c units, with a smaller square of 
length (a — b) units. 


. Area of large square — 4 x area of a triangle + area of small square 
с -4х (эхэ * (a — by 
= 2аЬ + à! - 2ab 4 b? 


= а +b 


ла + = о 


Proof 3: (Using a trapezium) 


























C B 
B 
a C b с 
С Ђ А 

А 


By rotating AABC 90? clockwise, and placing the second triangle on 


top of the first one, we can get the following trapezium. 


E 2 D 























С Ђ А 


First, we show that ZABD = 90°. 
ZABC + ZBAC = 180° — 90° = 90° (sum of Z in AABC) 
ZBDE + ZDBE = 180° — 90° 2 90? (sum of Z in ABDE) 
Since 2BAC = ZDBE, 
ZABC + ZDBE = 90° 
“. ZABD = 180° – 90° (adj. Zs ona str. line) 
= 90° 
Area of trapezium = 2 x Area of AABC + Area of AABD 


b xtarnx(arn)=2x(Fxaxd| + (хех 


ход = ађ + 56 
(а +)” = 2аЬ + c? 
с“ =(а + ђу – Зађ 
= а + 2ар + 02 – 2аЬ 
= а +0 
ла+ =е 


Practise Now (Page 259) 


(a) AB is the hypotenuse. 
(b) DE is the hypotenuse. 
(c) PQ is the hypotenuse. 


Practise Now 1 


1. In AABC, ZC 2 90*. 
Using Pythagoras' Theorem, 
AB’ = BC’ + AC” 
28.60 
= 64 + 36 
= 100 
~. AB = 4100. (since AB » 0) 
= 10 ст 
2. ш ДАВС, ZC = 90°. 
Using Pythagoras’ Theorem, 
AB’ = BC’ + AC’ 
=7 +24 
=49 + 576 
=625 
“. АВ = 4625 (since AB» 0) 


= 25 ст 


Practise Now 2 


1. In APOR, ZR = 90°. 
Using Pythagoras’ Theorem, 
РО? = OR’ + PR’ 
15! 2 12? 4 РК? 


РЕ? = 15°— 12° 
= 225 – 144 
=81 


-. PR 2 481 (since PR » 0) 
=9m 
2. In APOR, ZR=90°. 
Using Pythagoras’ Theorem, 
РО? = ОВ? + РЕ? 
35? = ОК? + 28° 
OR? = 35° — 28° 
= 1225 – 784 
=441 


"ОК = «441 (since QR » 0) 


=21 ст 


Practise Now 3 


1. () In AABQ, ZB - 90". 
Using Pythagoras' Theorem, 
АО? = ВО? + АВ? 
5? = ВО? + 3? 
ВО? = 5: – 32 
=25-9 
= 16 
-. BQ - 416 (since PR» 0) 


=4 ст 
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(ii) ш ДАВС, / В = 90°. Practise Now 4 
Using Pythagoras' Theorem, 


2 2 2 1. Letthe length of the cable be x m. 
АС = СВ + AB 


Using Pythagoras’ Theorem, 


= (4+4)? +3? 2 

* : x 224.14 
=8 +3 
26125 = 576 + 196 
236 = 772 


“x = ¥772 (since x >0) 
= 27.8 (to 3 sf.) 
The cable is 27.8 m. 
2. Let the vertical height the ladder reached be x m. 
Using Pythagoras’ Theorem, 


-. AC = 73 (since AC > 0) 
= 8.54 cm (to 3 sf.) 
2. (i) In AGHL, ZI 2 90*. 
Using Pythagoras’ Theorem, 
СН? = НГ + СГ 


22225218 2552.15 
612 = НР + 11 | 222 
2 2 2 х =25-15 
HP =61?-11 
= 625-225 
= 3721- 121 24 
= 3600 B л 
“x= V4 (si >0 
-. HI - 43600. (since HI » 0) * (mce x 0) 
=2 
= 60 cm 


(ii) In AGRI, ZI = 90° The ladder reaches 2 m up the wall. 
ii) In , LI = 90°. 


Using Pythagoras’ Theorem, 
СЕ? = К+ СР 
= (60 – 21): + 112 1. т 
= 397 + 11? 
= 1521 + 121 
= 1642 


- GR 2 41642. (since GR » 0) 


= 40.5 cm (to 3 sf.) 

3. (i) In AHKR, ZR=90°. 
Using Pythagoras’ Theorem, Nt 
НК? = KR’ + HR’ 


Practise Now 5 








19? = 13? + НЕ? 9 10m Е 
HR = 19° – 13: Let the height of the tree be OT. 
= 361 – 169 In ATNM, ZN = 90° 
= 192 Using Pythagoras’ Theorem, 
~. НЕ = 4192. (since HR » 0) TM'- MN'« TN 
пи Im - о. 
(ii) In APQR, ZR - 90*. ү ые ау 
Using Pythagoras' Theorem, тое 
РО? = ОК? + РК? = 
332 = (ОК + 13): + (6 + 13.86)? ^. TN = ¥96 (since TN > 0) 
= (ОК + 13) + 19.86 — 9.798 m (to 4 s.f.) 
(ОК + 13) = 33: – 19.86' 2 ОТ = 9798 + 1.8 
= 694.58 = 11.6 m(to3 sf.) 
~. QK + 13 = + /694.58. The height of the tree is 11.6 m. 


ОК 2 —13 € 4604.58 


QK = 13.4 cm (to 3 s.f.) or QK 2—394 cm (to3 s.£.) 
(rejected, since QK > 0) 
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Practise Now 6 


1. In AABD, ZA - 90*. 
Using Pythagoras’ Theorem, 
BD’ = DA’ + BA’ 
(2x + 18)? =x° + (2x + 12) 

4х? + 72х + 324 = х? + 4х? + 48х + 144 

х? – 24х – 180 = 0 

(x — 30) 4 6) 20 

х=30 or x=-6 

и. X = 30 (since x > 0) 


Practise Now 7 


(i) AB=10x12=12km 
ВС= 10х17 = 17 кт 
А 











M 
M D 
4— — — — 38 km ————_» 


In AABC, 4B = 90°. 
Using Pythagoras’ Theorem, 
АС = СВ? + АВ? 

= 172+ 12? 

= 289 + 144 

= 433 


-. AC 2 4433 (since AC » 0) 


= 20.8 km (to 3 sf.) 
The shortest distance between Port A and Jetty C is 20.8 km. 
(ii) Draw a perpendicular line from B to DE cutting DE at M. 

In AAEM, ДМ = 90°. 
АМ = 12 + 18 

= 30 km 
EM = 38 – 17 

= 21 Кт 
Using Pythagoras’ Theorem, 
АЕ? = ЕМ? + АМ? 

= 21' + 30° 

= 441 + 900 

= 1341 


-. AE 2 41341 (since AE » 0) 
= 36.6 km (to 3 s.f.) 





E 





The shortest distance between Port A and Island E is 36.6 km. 


Practise Now 8 


1. (a) AB is the longest side of AABC. 
АВ? = 12? 
= 144 
BC’ + AC? = 10° + 8° 
= 100 + 64 
= 164 
Since AB’ # BC’ + AC’, AABC is not a right-angled triangle. 
(b) PQ is the longest side of APQR. 


PQ'z34 
= 1156 
ОК? + РК? = 16° + 30° 
= 256 + 900 
= 1156 


Since PQ’ = OR’ + PR’, APQR is a right-angled triangle 
where ZR = 90°. 
2. (i) XZ is the longest side in AXYZ. 


Х7? = 51° 
= 2601 
ХУ? + У7? = 45? + 24? 
= 2025 + 576 
= 2601 


Since XZ? = XY?’ + YZ’, AXYZ is a right-angled triangle 
where / ХУЙ = 90°. 
(1) In XYT, Z Y = 909 
Using Pythagoras' Theorem, 
ТХ? = ХҮ? + ТҮ? 
= 452 + (24 – 14)? 
= 452+ 10° 
= 2025 + 100 
= 2125 


TX 2 42125. (since TX » 0) 


= 46.1 m (to 3 s.f.) 
The distance of the tree from X is 46.1 m. 


Exercise 10A 


1. (a) Using Pythagoras’ Theorem, 
а? = 20°+ 21° 
= 400 + 441 
= 841 
-. a 2 «841 (since a » 0) 
= 29 
(b) Using Pythagoras' Theorem, 
Б? = 122 + 35? 
= 144 + 1225 
= 1369 
-. b = 41369 (since b » 0) 
237 
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2. 


3. 


(c) Using Pythagoras’ Theorem, 
с“ = 10: + 12? 
= 100 + 144 
= 244 
с = ¥244 (8шсес»0) 
= 15.6 (to3 sf.) 
(d) Using Pythagoras’ Theorem, 
d =23° +29 
= 529 + 841 
= 1370 
-. d 2 41370 (since d » 0) 
= 37.0 (to 3 s.f.) 
(a) Using Pythagoras’ Theorem, 
39 =a +15 
@ =39 -15° 
= 1521 – 225 
= 1296 
-. a 2 ¥1296 (since a>0) 
= 36 
(b) Using Pythagoras' Theorem, 
19 =b +14 
Ь = 19? - 142 
= 361 - 196 
= 165 
г. Б = 4165 (since b » 0) 
= 12.8 (to 3 s.f.) 
(c) Using Pythagoras’ Theorem, 
98° =с°+6.5° 
с^ =98°—6.5° 
= 96.04 — 42.25 
= 53.79 


- c2 453.79 (since c » 0) 


= 7.33 (to 3 s.f.) 
(d) Using Pythagoras’ Theorem, 
24.72 = @ + 14.5? 
Ф = 247° – 14.5? 
= 610.09 — 210.25 
= 399.84 
-. d 2 4399.84 (since d » 0) 
= 20.0 (to 3 sf.) 
п ДАВС, ZB = 90°. 
Using Pythagoras’ Theorem, 
AC? = AB’ + BC’ 
= 8+ 15 
= 64 + 225 
= 289 
-. AC 2 A289. (since AC » 0) 


= 17 ст 
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4. In ADEF, ZE=90°. 
Using Pythagoras’ Theorem, 
DF = EF + РЕ? 
=55 +67 
= 30.25 + 44.89 
=75.14 


- DF 2 4/1544. (since DF » 0) 


= 8.67 m (to 3 s.f.) 
5. In AGHI, ZH =90°. 

Using Pythagoras’ Theorem, 
GP = HI + GH 
65? = НР + 33? 
НР = 65° – 33? 

= 4225 – 1089 

= 3136 


УНІ = 43136 (since HI » 0) 


= 56 ст 
6. In AMNO, ZN=90°. 
Using Pythagoras’ Theorem, 
MO’ = MN’ + NO” 
14.22 = М№ + 11? 
М№ = 14.2? 11? 
= 201.64 — 121 
= 80.64 


-. MN - 480.64 (since MN » 0) 


= 8.98 cm (to 3 s.f.) 
7. (i) In APQS, ZQ =90°. 
Using Pythagoras’ Theorem, 
PS’ = РО? + 0$ 
53° =45° + Qs? 
QS’ = 53° — 45° 
= 2809 — 2025 
= 784 
-. QS 2 A784. (since QS » 0) 
-28cm 
(ii) In AQRS, ZS = 90°. 
Using Pythagoras’ Theorem, 
OR’ = OS’ + SR’ 
30? 228 4 SR" 
SR* = 30° — 28? 
= 900 – 784 
= 116 
^. SR 2 4116 (since QS » 0) 
= 10.8 cm (to 3 sf.) 


8. Histhe midpoint of UV. 


х нү- 124 253m 
2 
TV = 9.6 т (isos. ATUV) 
In ATHV, ZH = 90°. 
Using Pythagoras’ Theorem, 
TV = ТН + НҮ 
9.6 = ТН + 77° 


ТН? = 9.6 77° 
= 92.16 — 59.29 
= 32.87 


. ТН = 432.87 (since TH » 0) 
25/73 m (to 3 s.f.) 


34 cm 
+ х ст 





4— 30 cm ——_> 


Let the unknown side be x cm. 


Using Pythagoras’ Theorem on the right-angled triangle on the 


right, 
34° =x° + 30° 
х = 34? — 30? 
= 1156 — 900 
= 256 


Using Pythagoras’ Theorem on the right-angled triangle on the 
left, 
= ж+ж 
= 256 + 256 
=512 
а = \512 (зшсеа>0) 
= 22.6 (to 3 s.f.) 
(b) 


41 ст 














Let the unknown side be x cm. 
Using Pythagoras' Theorem on the larger right-angled triangle, 
41? = (х + х)* + 9° 
(2х)? = 417 - 9° 
4х” = 1681 — 81 
4х? = 1600 
х? = 400 
Using Pythagoras’ Theorem on the smaller right-angled triangle, 
Parte 
= 400 + 81 
=481 


-. b2 4481 (since b » 0) 
=21.9 (to3 sf.) 


(c) 


19 ст 


-«4—8 cm — 46 ст => 


Let the unknown side be x cm. 
Using Pythagoras’ Theorem on the larger right-angled triangle, 
19 = 7 + (8 + 6): 














19 =х+ 14° 
х? = 19° – 142 
= 361 – 196 
= 165 
Using Pythagoras’ Theorem on the smaller right-angled triangle, 
сэшх +8? 
= 165 + 64 
= 229 
лс = 4229 (зшсес> 0) 
= 15.1 
(9) 

30 ст ЭД 26 ст 
<< d cm ——> 
р 

xem yem 


Let the two unknown sides be x cm and y cm. 
Using Pythagoras' Theorem on the right-angled triangle on the 
left, 


30" = х' + 24° 
x” = 30" – 242 
= 900 – 576 
= 324 
Using Pythagoras’ Theorem on the right-angled triangle to the 
right, 
26 2y 424 
y 226 -24 
= 676 – 576 
= 100 
ла=х+у 
= `/324 + J100 (since x, y » 0) 
= 18 +10 
= 28 
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(е) 


10. (а) 


Ф) 
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40 cm ecm 
32cm 











4&——— — 55 cm ———» 
х ст 





Let the unknown side be x cm. 
Using Pythagoras’ Theorem on the right-angled triangle on 
the left, 
40° = х? + 32? 
а? = 40° – 32? 
= 1600 – 1024 
= 576 


х= 4576 (since x » 0) 
= 24 
Using Pythagoras’ Theorem on the right-angled triangle on the 
right, 
е? = (55 – х)? + 322 
= (55 – 24): + 322 
= 31+ 32? 
= 961 + 1024 
= 1985 
ён 41985 (зшсее> 0) 
= 44.6 (to 3 s.f.) 
Using Pythagoras’ Theorem on the right-angled triangle with 
one side 27 cm, 
Qa * ay. 2 36 + 27" 
(3ay = 1296 + 729 


9а? = 2025 
а? = 225 
ла = 4225 (ѕіпсеа> 0) 
= 15 


Using Pythagoras’ Theorem on the right-angled triangle with 
one side a cm, 
Б = а + 60° 

= 225 + 3600 

= 3825 


“b= 43825 (since b > 0) 
= 61.8 
Using Pythagoras’ Theorem on the larger right-angled triangle, 
39° = (3c + 4c) + 25° 
(7с)? = 39° – 25? 
492" = 1521 – 625 


492“ = 896 
7 


с = (2 (since c > 0) 


= 4.28 (to3 sf.) 


Using Pythagoras’ Theorem on the smaller right-angled triangle, 
Ф = (4с) + 25° 
= 160" + 625 


= 82) + 625 


29174 
7 


vod (9173 (since d » 0) 


= 30.3 


(с) 


22 ст 4e cm 





32 cm 


Using Pythagoras’ Theorem on the right-angled triangle with 
side 32 cm, 
32: = 27" + (Ае) 
16e? 2 32-277 
= 1024 – 729 
= 295 
295 
16 


[295 : 
е = TA (since e » 0) 


=4.29 (to 3 sf.) 


Let the unknown side be x cm. 


t2 


е = 


Using Pythagoras’ Theorem on the right-angled triangle with 
side 22 cm, 
27 =x +22? 
207-00 
= 729 – 484 
= 245 
Using the Pythagoras’ Theorem on the right-angled triangle 
with side 5e cm, 
(Sey =f +x 
25е? = Р + 245 


295\_„ 
25| Fe |=f +245 


: 295 
f =25| Te | - 245 


=21515 
16 


гүрж 21515 (since 7 > 0) 


= 147 (to 3 sf.) 


(4) 





gcm 


Let the unknown sides be a cm, b cm and с ст. 
Using Pythagoras’ Theorem, 
35 =a +7 
а? = 35-7 
№ +7 = 35 – 7 
Б = 35-7 – 7 
с +7 = 35 7 – 7 
eas- -Fer 
5+7' =35:-7–7-7 
g = 352 — 72 — 72 — 72 _ 92 
= 1225 – 49 – 49 – 49 – 49 
= 1029 
дов 41029 (since g » 0) 
= 32.1 (to3 sf.) 
11. (i) In AWXY, ZY =90°. 
Using Pythagoras’ Theorem, 
УХ? = ХҮ? + WY’ 
(18 + 14) = Хү? + 24° 


ХУ? = 32? — 24? 
= 1024 – 576 
= 448 


ХҮ = 4448 (since XY » 0) 


- 21.17 m (to4 sf.) 
- YO-XY- QX 
=21.17-98 
=114m(to3 sf.) 
(1) In AXPY, ZP = 180° — 90° (adj. Zs on a str. line) 
= 90° 
Using Pythagoras’ Theorem, 
ХУ = УР” + ХР? 
448 = УР? + 14? 
ҮР? = 448 – 14° 
= 448 – 196 
= 252 


ҮР = 4[252 (зтсе УР> 0) 


- 15.87 m (to 4 sf.) 


2. Area of AXPY = 5 х14х 15.87 


=111 m’ (to 3 s.f.) 


12. 


13. 


In AHBK, / В = 90°. 
Using Pythagoras’ Theorem, 
НК? = ВК? + ВН? 
22? = ВК? + 15? 
ВК? = 22? — 15? 
= 484 – 225 
= 259 


-. BK 2 4259 (since BK » 0) 


= 16.09 cm (to 4 s.f.) 
In ДАВС, / В = 90°. 
Using Pythagoras’ Theorem, 
АС? = АВ? + ВС? 
43? = (АН + 15)? + (16.09 + 19)? 
(АН + 15): = 43: – 35.09: 


AH * 15 2 N43? - 3509? 
- AH 2-15 4 X43? — 3509? 


= 9.85 cm (to 3 s.f.) 


or 


AH * 15 2 - 443? — 3509? 

AH = -15 – N43? - 35.09? 
=-39.9 cm (to 3 s.f.) 
(rejected, since AH > 0) 

In AEPF, ZP = 90°. 
Using Pythagoras’ Theorem, 
EF = РЕ + РЕ? 
23: = 13: + PE? 
РЕ? = 23° — 13° 
= 529 – 169 
= 360 


РЕ = 4360 (since PE » 0) 


= 18.97 т (to 4 sf.) 
In ADPE, Z DPE = 180° — 90? (adj. Zs on a str. line) 
= 90° 
Using Pythagoras' Theorem, 
DE’ = Рр? + РЕ? 
31? = PD’ + 360 
PD = 31° – 360 
= 961 – 360 
= 601 
PD - 4601 (since PD » 0) 


= 24.52 m (to 4 sf.) 
In ADGF, ZG = 90° 
Using Pythagoras’ Theorem, 
DF = ЕС? + DG 
(24.52 + 13) = ЕС? + 32? 
ЕС? = (24.52 + 13) – 32? 


ЕС = (24.52 413 — 32?. (since FG » 0) 


= 19.59 т (to 4 s.f.) 
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-. Area of the figure 
= Area of AEPF + Area of ADPE + Area of ADGF 


x 13 x 18.97 x 5 х24.52 х 18.97 + 5 х 32 х 19.59 


D wpe 


69 m° (to 3 s.f.) 


Exercise 10B 


1. Let the length of each cable be x m. 
Using Pythagoras’ Theorem, 
х =47 + 18: 
= 2209 + 324 
= 2533 
S 42533 (8шсех»0) 
= 50.3 (to 3 s.f.) 
The length of each cable is 50.3 m, 
2. Let the length of the barricade be x m. 
Using Pythagoras’ Theorem, 
x 250 450 
= 2500 + 2500 
= 5000 
ге 45000 (since x > 0) 
= 70.7 (to 3 sf.) 
The length of the barricade is 70.7 m. 
3. Let the distance Ethan has to swim be x m. 
Using Pythagoras’ Theorem, 
x” = 50° + 30° 
= 2500 + 900 
= 3400 


-. x = 3400 (since x » 0) 


= 58.3 (to 3 s.f.) 
The distance Ethan has to swim is 58.3 m. 
4. Let the vertical height the ladder reached be x m. 
Using Pythagoras’ Theorem, 


Sax 4+ 1.8" 

x 25-48 
225-324 
=2176 


- x2 421.76 (since x » 0) 
= 4.66 (to 3 sf.) 
The ladder reaches 4.66 m up the wall. 
5. Let the width of the screen be x inches. 
Using Pythagoras’ Theorem, 


30? =x° + 18° 
х? = 302 – 18° 
= 900 – 324 
= 576 
“xX = ¥576 (since x >0) 
=24 


The width of the screen is 24 inches. 
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Let the length of the cable be x m. 
Using Pythagoras’ Theorem, 
x = 16° + (37 – 30°) 
=16 +7 
= 256 + 49 
= 305 
лох = 305 (since x > 0) 
= 17.5 (to 3 s.f.) 
The length of the cable is 17.5 m. 
In AAED, ZE = 90°. 
Using Pythagoras’ Theorem, 
АР? = РЕ + АЕ? 
= 87 +87 
= 64 + 64 
= 128 


AD = 4128 (5шсе АБ > 0) 


= 11.31 (to 4 s.f.) 
In ABCD, ZC = 90°. 
Using Pythagoras’ Theorem, 
DB’ = BC’ + DC’ 

= 142 + 142 

= 196 + 196 

= 392 


ОВ = 4392 (since DB » 0) 


= 19.80 (to 4 s.f.) 

-. Total length = 11.31 + 19.80 
=31.1 cm (to 3 s.f.) 

The total length is 31.1 cm. 
The diagonals of a rhombus bisect each other and are at right angles 
to each other. 
Let the length of each side of the coaster be x cm. 
Using Pythagoras’ Theorem, 


ge a 
2 2 
= 57 + 12? 


= 25 + 144 
= 169 
AX 4169 (since x > 0) 
=13 
The length of each side of the coaster is 13 cm. 
(i) In ABKQ, ZB =90°. 
Using Pythagoras’ Theorem, 
ко: = ВО? + ВК? 
2 = ВО? +172? 
ВО? = 212 172? 
= 441 – 295.84 
= 145.16 


2 ВО = 4145.16 (since BQ > 0) 
= 12.0 m (to 3 s.f.) 


The height above the ground at which the spotlight Q is mounted, 
ВО, 15 12.0 m. 


(ii) In ABAP, / В = 90°. 
Using Pythagoras’ Theorem, 
НР? = ВР? + ВН? 
39° = (12.05 + 12.7) + BH” 
ВН? = 39? — 24.75? 


BH - 439? — 24.75 (since BH > 0) 


= 30.14 m (to 4 s.f.) 
г. HK = BH - BK 
= 30.14 – 17.2 
- 1229 m (to 3 s.f.) 
The distance between the projections of the light beams, HK, 
is 12.9 m. 
10. (i) Тп ДРОК, 40 = 90“. 
Using Pythagoras’ Theorem, 
PR = КО? + РО? 
= 1.1? + 4.2? 
= 1.21 +17.64 
= 18.85 


- PR 2 418.85. (since PR » 0) 


= 4.34 m (to 3 s.f.) 
The length of the pole is 4.34 m. 
(ii) In AXOY, ZO = 90°. 
Using Pythagoras’ Theorem, 
ХҮ? = ОҮ? + ОХ? 
18.85 = (ҮК + 1.1) + (420.9) 
(YR + 1.1) = 18.85 – 3.3? 


УВ + 11 = + 418.85 – 3.32 
2. УВ =-11 + 418.85 - 3.3? 


YR = 1.72 m (to 3 s.f.) 


or 


УК =-1.1- V¥18.85 — 3.3” 


YR = -3.92 m (to 3 s.f.) 
(rejected, since YR > 0) 
The distance, YR, is 1.72 m. 
11. In AFGH, 4С = 90°. 

Using Pythagoras’ Theorem, 
ЕН? = СН’ + СЕ 

(4х + 1) = (х + 1): + (3х + 6): 

16x? + 8х + 1 = + 25+ 1 + 92? + 36х + 36 
6x! - 30x - 36 20 


x!-5x-620 
(x - 6)(x * 1) 20 
x26 or х=-1 
When x = 6, When x 2 -1, 
ЕС = 3(6) + 6 ЕС = 3(-1) +6 
= 24 т =3т 
СН =6+1 СН =-1 +1 
=7 т = 0 т 


x =-1 is rejected since GH > 0. 
.. Area of campsite = 24 x 7 
- 168m 
The area of the campsite is 168 m". 


12. The side (x + 2) cm is the longest side. 
Using Pythagoras' Theorem, 
(х+2у =х +(Х+1) 
Х+-АХ + А =х + +2х+1 
х-2х-3=0 
(х— 3)(х+1)=0 
ux em or x = -l (rejected, since x > 0) 
The value of x is 3. 
13. (à HL=9-2=7cm 
OL-6cm 
In AHLO, ZL = 90°. 
Using Pythagoras’ Theorem, 
OH’ = HL’ + OL’ 
=T+6 
= 49 + 36 
=85 
-. OH 2 485 (since OH » 0) 
= 9.22 cm (to 3 s.f.) 
The length of the zip is 9.22 cm. 
(ii) In AHMN, 2M = 90°. 
Using Pythagoras’ Theorem, 
HN? = NM? + HM? 
=6 +2 
=36+4 
=40 
Let the length of NK be x cm, 
the length of OK be y cm. 
In AHKN, / К = 90°. 
Using Pythagoras' Theorem, 
HN = NK + HK? 
x + НК? = 40 
HK 240-x 
(485 - OKy 2 40- x 
85 -24/85 y y! 2 40- x 


y 22485 y-45- x 
In AOKN, ZK = 180° — 90° (adj. Zs ona str. line) 
= 90° 
Using Pythagoras' Theorem, 
О№ = МК? + ОК? 


© =? +у 
8123342485 y-45- x 
2485 y 2126 
63 
ye 
485 


sy 22485 y -45- x* 
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2 
_03_ e Ce) 4-8 
85 485 
xX = 126— 45— 2299 
23426 
35 


| 26 ,. 
же 34 55 (since x » 0) 


= 5.86 (to 3 sf.) 
The length of the second zip is 5.86 cm. 


14. Distance travelled due North — 40 x 2 


-4Кш 


Distance travelled due South = 30 x a 


=6km 
10 km 

















4km 











Let the shortest distance be x km. 
Using Pythagoras’ Theorem, 
x =10°+(6-4) 
=100+4 
= 104 
ша ээ Лоа (since x » 0) 
= 10.2 (to 3 s.f.) 
The shortest distance between the courier and his starting point 
is 10.2 km. 
15. (a) (i) Length of each side of square tabletop 
_ 132 
4 
= 33 ст 
(ii) Let the radius of the round tabletop be r cm. 
2nr = 132 


ax => xr = 132 


zraz] 
The radius is 21 cm. 
(b) Area of square tabletop = 33° 
- 1089 cm* 
Area of round tabletop = mr" 
22 


х 21? 


= 1386 сп? 
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(c) (i) Length of each side of table 
_ 132 
3 
-44 сш 
(ii) The height of the equilateral triangle bisects the side 
opposite it. 
Let the height of the equilateral triangle be h cm. 


Using Pythagoras’ Theorem, 


x oi [4Y 
443 = 1 + (+) 
ћ = 44" – 22: 
= 1936 – 484 

= 1452 


h = 41452 (since h » 0) 
= 38.11 (to4 sf.) 


Area of tabletop = 5 х44 х 38.11 


= 838 cm’ (to 3 sf.) 
(d) The tabletop in the shape of a circle should be chosen since it 
has the greatest area. 


Exercise 10C 


1. (a) AC is the longest side of AABC. 
АС = 65 
= 4225 
АВ? + ВС? = 16° + 63° 
= 256 + 3969 
= 4225 
Since AC’ = AB’ + BC’, AABC is a right-angled triangle where 
ZB=90°. 
EF is the longest side of ADEF. 
EF =27 
= 729 
DF + РЕ! = 21° + 24° 
=441+576 
= 1017 
Since EF’ # DF’ + DE’, ADEF is not a right-angled triangle. 
GH is the longest side in AGHI. 
GH =7.5° 
= 56.25 
HP + GP =7. +24 
= 50.41 + 5.76 
= 56.17 
Since GH’ # HF + GP, AGHI is not a right-angled triangle. 


(b) 


(c) 


(d) MN is the longest side in AMNO. 


To show Jun Wei stops at X is to show RX is perpendicular to QS. 


MN = | 5 | We need to show ASXR and AQXR are right-angled triangles. 
13 RS is the longest side in ASXR. 
225 RS’ = 40° 
169 : 1 = 1600 
МО? + МО? = (à) à (5) SX? + RX? =32 +24 
> » i = 1024 + 576 
= 180 + Тео | | - 1900 : | | | 
25 Since RS’ = SX° + RX”, ASXR is a right-angled triangle where 
= 169 4X 5 90°. 22 
Ѕіпсе МА = МО? + МО?, AMNO is atight-angled triangle where QR is the longest side in AQXR. 
20-90. ОК -30 
2. PRisthe longest side is APQR. Б 00 
РЕ? — 30? КХ + ОХ? = 24° + 18? 
= 900 = 576 + 324 
РО? + ОЁ = 19' + 242 T 
= 361 + 576 Since QR’ = RX? + ОХ”, AQXR is a right-angled triangle where 
— 937 ИХ =90°. 
Since PR? + PQ? + OR’, APQR is not a right-angled triangle. Бо аран. 
7 5. Since m and n are positive integers, 
3. ST - | em m+n >m -r 
Also, 
TU = 2 em= 15 cm (m — ny »0 


ЯГ тан 
3 12 


TU is the longest side in ASTU. 


‚_ (10ү 
ме (8) 


= 100 
144 


2 2 
оз А 7 
(4) + (5) 
16 , 49 
144 144 
65 

144 


Since TU? + SU? + ST’, ASTU is not a right-angled triangle. 


4. In APOS, ZP = 90°. 
Using Pythagoras’ Theorem, 
50° = РО? + PS 


= 40° + 30? 
= 1600 + 900 
= 2500 
SQ = 42500 (since SQ > 0) 
=50m 
5х _ 16 
SQ 1649 
SX = 16 х 50 
25 
=32 т 
ОХ = 50 – 32 
= 18 т 


т 2тп + п? > 0 
т + п? > 2тп 

c is the longest side in the triangle. 

C= (m? + п?) 

= т' + Степе n 

а + 02 = (т – п?) + (стпу 
= т? — 2m! 4 n^ « Ami? 
= т“ + Степе + п“ 


Since c’ = a’ + b’, then the triangle is a right-angled triangle. 


Review Exercise 10 


1. (a) Using Pythagoras’ Theorem, 
a 263 «9. 
= 39.69 + 92.16 
= 131.85 


-. a = «131.85 (sincea » 0) 


= 11.5 (to 3 s.f.) 
(b) Using Pythagoras’ Theorem, 
13.5 =b +87 
P =135 -8.7 
= 182.25 — 75.69 
= 106.56 


-. b 2 4106.56 (since b » 0) 
= 10.3 (to 3 s.f.) 
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(с) 


(4) 
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| c cm 


хет 














< Ош > 
эст 


Let the unknown side be x cm. 
Using Pythagoras’ Theorem on the smaller right-angled triangle, 
Sax +2 


Х-5-3 
225-9 
= 16 

х = 4/16 (since x > 0) 
=4 


Using Pythagoras’ Theorem on the larger right-angled triangle, 
с =6 +(х+4) 


=6 +8 
= 36 + 64 
= 100 
-. c = X100 (since c » 0) 
= 10 
10m 
dm 
6m 
xm 


Let the unknown side be x m. 


Using Pythagoras' Theorem on the smaller right-angled 


triangle, 
113 = + 6: 
х= 112-6 
= 121-36 
= 85 


Using Pythagoras’ Theorem on the larger right-angled triangle, 
d =x +(10+6) 

= 85 + 16' 

= 85 + 256 

= 341 


d 2 4341 (since c » 0) 
= 18.5 (to 3 sf.) 


2. 


(i) Let the side of the square be x cm. 
Using Pythagoras’ Theorem, 
425° =x +x 

2х? = 1806.25 
x = 903.125 


x = ¥903.125 (since x > 0) 


= 30.05 (to 4 sf.) 
2. Perimeter of the square = 4 x 30.05 
= 120 cm (to 3 s.f.) 
(ii) Area of the square — 30.05 
= 903 cm’ (to 3 sf.) 
Let the height of the briefcase be x cm. 
Using Pythagoras’ Theorem, 


372 = 2 + 30° 

х = 37 – 30° 
= 1369 – 900 
= 469 


“x = 4460 (since x » 0) 
= 21.7 (to3 sf.) 
The height of the briefcase is 21.7 cm. 
Let the perpendicular distance from F to GH be x cm. 
The perpendicular distance from F to GH bisects GH. 
Using Pythagoras’ Theorem, 
=x +1? 
х =2-1' 
=4-1 
=3 
“x= 43 (8шсех»0) 
2173 
The perpendicular distance from F to GH is 1.73 cm. 


о N 


15 ст 





1, 12 ст 


Let the length of LN be x cm. 
In ALMN, ZL=90°. 
Using Pythagoras’ Theorem, 
MN’ = LN’ + LM” 
15? = LN’ + 12: 
[№ = 15? - 12 
= 225 – 144 
=81 
LN - 481 (since LN » 0) 
=9 
-. Area of stained glass 2 12 x 9 
= 108 ст’ 


6. 


8. 


(1) Let the length of the other diagonal be x cm. 
The diagonals of a rhombus bisect and are at right angles to 
each other. 


Using Pythagoras’ Theorem, 


-E E 


2 

3 -52-24 

4 
= 2704 – 576 
= 2128 

х = 8512 

“x = 48512 (since x » 0) 
=92.26 


= 92.3 (0 3 $.Е.) 
The length of the other diagonal is 92.3 cm. 


T Г 1 9226 48 
(ii) Area of the floor tile 24x | zx ——x — 
2 2 2 

= 5 x 92.26 x 48 


= 2210 cm’ (to 3 s.f.) 
The area of the floor tile is 2210 cm’. 
(i) In AABD, ZA = 90°. 
Using Pythagoras’ Theorem, 
ВР? = АР? + АВ? 
= 48? + 367 
= 2304 + 1296 
= 3600 
<. BD = 4/3600 (since BD » 0) 
= 60 ст 
(ii) BC is the longest side in ABCD. 
ВС? = 87? 
= 7569 
ВГ? + СР? = 60° + 63? 
= 3600 + 3969 
= 7569 
Since BC’ = BD’ + CD’, ABCD is aright-angled triangle where 
ZD=90°. 
(i) AP =28-6 
=22m 
CR = 15-6 
=9m 
Area of shaded region DPOR 
= Area of ABCD — area of AADP — area of ACDR 
— area of PBRQ 


= (28 x18)- (3x22 x15) -($x28x9] -6 


= 420 – 165 – 126 – 36 
=93 m? 


(ii) In AADP, ДА = 90. 
Using Pythagoras’ Theorem, 
DP” = АР? + АГ? 
=22 +15 
= 484 + 225 
= 709 т 


DP = +4709 (since DP » 0) 


= 26.6 m (to 3 sf.) 


(iii) Let the length of AX be x m. 


1 1 


— X22x15= — x ¥709 xx 
2 2 


22 х 15 
х= 


\/ 709 


= 12.4 (to 3 s.f.) 
The length of AX is 12.4 m. 
In AFTK, ZT = 90°. 
Using Pythagoras’ Theorem, 
ЕК? = КТ? + ЕТ? 
187 = 12,5 + ЕТ? 

ЕТ” = 18°—12.5° 

= 324— 156.25 

= 167.75 


г. ЕТ = 4167.75 (since FT > 0) 


= 13.0 m (to 3 s.f.) 
The height of the pole is 13.0 m. 





. HT 2 
(1) —— - —— 
КТ 3-2 
НТ =125х 2 
5 
=5 т 


In AFTH, ZT = 90°. 
Using Pythagoras’ Theorem, 
ЕН? = НТ? + ЕТ? 
= 5° + 167.75 
= 25 + 167.75 
= 192.75 
<. FH = 4192.75. (since FH » 0) 
= 13.9 m (to 3 s.f.) 
The distance FH is 13.9 m. 
10. Let the length of the diagonal be x m. 
Using Pythagoras' Theorem, 
x” = 80° + 60° 
= 6400 + 3600 
= 10 000 


x = 4/10 000 (ѕіпсех> 0) 


= 100 


-. Time taken to complete run — = 


= 35 s (to 3 sf) 


Farhan takes 13 j s to complete his run. 
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Challenge Yourself 

1. (а) 6: + 82 = 36 + 64 
= 100 
=10° 


6,8 and 10 form a Pythagorean Triple. 
(b à czz12 416 
= 144 + 256 
= 400 
Acum 4400 (8шсес»0) 
-20 
The Pythagorean Triple is 12, 16 and 20. 
(ii) 7° + 24° = 49 +576 = 625 = 25° 
A Pythagorean Triple is 7,24 and 25. 
Alternatively, 
3442941622525 
Multiply throughout by 25, 
(3х 5) + (4 х 5): = (5 х 5): 
15° + 20° = 25° 
A Pythagorean Triple is 15, 20 and 25. 
(с) @ (3ny & (Any 2 9r? 4 165? 
= 25п? 
(ii) 2502 = (5и)? 
Letn =7. 
(3х7)? + (4х7)? = (5х7)? 
21° х 28°= 35° 
The Pythagorean Triple is 21,28 and 35. 
(d) (à) When n 2 24, 
1 +2n= 1 +2(24) 
=49 
=7 
п+1=>24+1 
=25 
The Pythagorean Triple is 7, 24 and 25. 
Gi) 1 + 2n = 42 
2п = 41 


n=20} 
2 


n is not an integer, so a Pythagorean Triple cannot 

be obtained. 
(iii) When k = 9, 

1+2n=9 

2п = 81 
п = 40 
п+1=40+1 
=41 
The Pythagorean Triple is 9, 40 and 41. 
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ДАВС is such that BC’ = 370, AC’ = 74 and AB’ = 116. 
The hint is 370° = 9° + 177,74 = 5° + 77, 116 = 4° + 10°. 
The key is to observe that 17 = 7 + 10, 

9=5+4 
So starting with BC^ = 9° + 17°, we have the diagram below. 
Then we try to construct the point A as follows. 


№] 


10 






v370 





17 17 
PL---A3 
р 9 с Вава 5С 
9 

-. Area of AABC 
= area of ABCD — area of AABP — area of AACQ 

— area of rectangle APDQ 
-1 х9х17-1 х4х10-1 хя5х7-7х4 

2 2 2 
= 11 units’ 


Let the diameter of A,, A, and A, be d,, d, and d}. 
Using Pythagoras’ Theorem, 
4} =а; +4 


2 
1 4 
A, = 5 хх (2) 


T,p 
= — (а 
g (dU 
2 2 
21 apa pn 
AA xax (&) +1хпх{® 
Л 


2. (02 +05) 
T 2 

= _ (di 
g (di) 


Since A, 2 A; * A,, the relatioship still holds true. 


@) 


Let the length of each side of the equilateral triangle be x cm, 
the height of the equilateral triangle be h cm. 

Area of equilateral triangle 

= Area of square 

= 3? 

= 9 ст 

The height of an equilateral triangle bisects the side. 

Using Pythagoras’ Theorem, 


х 
moyen 
4 
3 à 
za 
4 
3 5 : 
моћ = 47 (since h > 0) 
43 
=—=~Х 
2 
: 1 ххх М3 9 
2 2 
43 2-0 
4 
2.36 


x= 25 (8шсех»0) 
43 


= 4.56 (to 3 sf.) 
The length of each side of the equilateral triangle is 4.56 cm. 


43 


(ii) No. From above, ћ = тэ x. If x is an integer, h is never an 


integer and therefore the area of the triangle will not be an 
integer. Thus, the side of the square is never an integer. 


This applies for the converse. 
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Chapter 11 Trigonometric Ratios 


TEACHING NOTES 


Suggested Approach 


Teachers may want to introduce this topic by stating some of the uses of trigonometry such as surveying, engineering, physics 
and other physical sciences etc. Teachers can also introduce this chapter from a historical perspective. For instance, teachers 
can show old trigonometric tables to students, and explaining how the people in the past studied trigonometry before calculators 
became common. Depending on the profiles on the students, teachers may want to introduce the basic trigonometric ratios one 
at a time, or present them together. 


Section 11.1: 


Section 11.2: 


Section 11.3: 
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Trigonometric Ratios 

Teachers should guide the students through the activity on page 283 (seeInvestigation: Trigonometric Ratios). 
Just like Pythagoras' Theorem, it isimportant to emphasise that trigonometric ratios are applicable only to 
right-angled triangles. Students should not attempt to use trigonometricratios in other types of triangles. 


To help students to memorise the trigonometric ratios easily, teachers may wish to use the mnemonic 
"TOA-CAH-SOH' (means 'Big-foot lady' in a Chinese dialect). Students may need practice to identify the 
opposite, adjacent and hypotenuse sides with reference to a given angle as they may find theratios confusing 
at the initial stage. 


In using a calculator, it is important to remind pupils to check and see thatthe MODE is set as DEG. 


The examination requirements state students are to give answers correct to 3 significant figures and angles in 
degree to correct to 1 decimal place. Therefore, students should develop the habit of working with 4 or 5significant 
figures and angles in degree to 2 decimal places and give the final answer correct to the required accuracy. 


Applications of Trigonometric Ratios to Find Unknown Sides of Right-Angled Triangles 
Students are required to solve simple right-angled triangles in this section. They are expected to understand, write 
and express their working inexplicit form before using a calculator to evaluate the expression. For example, 


when sin 72° = = ‚ Шеу must first write 
х = 12 sin 72? 
= 11.4 (to 3 sf.) 
and not state the answer 11.4, corrected to 3 significant figures, outright. 


Applications of Trigonometric Ratios to Find Unknown Angles in Right-Angled Triangles 
Previously, students are taught to find the sides given the angles of a right-angled triangle. Here, they will do 
the reverse, i.e. finding the angles of aright-angled triangle, given the sides. 


Teachers should remind students to choose the correct trigonometric ratiothat can be used to find the angle. 


In finding an unknown side or angle, the angle properties and Pythagoras' Theorem students have picked up at 
this stage can be used as well. Students should practise using different approaches to a particular problem so as 
to appreciate the concepts they have learnt thus far. 


Section 11.4 Applications of Trigonometric Ratios in Real-World Contexts 
In this section, students will learn how trigonometry is used in real-life situations. Teachers are encouraged to 
work through as many worked examples as possible. Students should also work through some questions of similar 


type. 


The usage of a clinometer is one of the learning experiences that students should be placed in groups and get 
involved in (see Investigation: Using a Clinometer to Findthe Height of the Object). Teachers may want to 
prepare several clinometers for demonstration purposes, or ask students to make their own. Some suitable objects 
to measure include the heights of a tree, a school block or a flag pole. Students should be reminded to include 
the height they hold the clinometer above the ground in performing calculations. 


Challenge Yourself 
For Question 1, students should recall that the diagonal BD of a kite bisects the angles 7B and ZD. In 
Question 2, students can substitute suitable values to see how sin x and cos x varies from 0° to 90°. 
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WORKED SOLUTIONS Practise Now (Page 285) 


Investigation (Trigonometric Ratios) 1. () ABisthe hypotenuse. 


(ii) BC is the side opposite ZA. 
(iii) AC is the side adjacent to ZA. 


1. The triangle should be the size of half a paper. 


One possible set of values is AC = 8 cm, AB=9.2 cm, BC =4.6 cm. 


BC _ 46 2. å) sinP = opp 
3. =— = —- =0.575 . @ sin 
AB 8 һур 
R 
АС _ 8 ОЁ 
=— = — =0.870 ([0 351. 7 
AB 92 eed РО 
3 
ВС = 46 =0.5 = 5 
AC 92 . 
4. (a) Thetwo triangles are similar. The corresponding angles in both (ii) cos P = a 
triangles are equal. йн 
(b) The values of the ratios are the same. = РО 
(c) The two right-angled triangles must be similar triangles. 
5. (a) AB is the hypotenuse. - = 
(b) BC is the opposite side. opp 
(c) AC is the adjacent side. (iii) tan P = adj 
BC P. AC adj ВС opp ок 
AB hyp’ AB hyp’ AC adj = PR 
273 
Thinking Time (Page 284) 4 
sin 50° # sin 30°, cos 50° # cos 30°, tan 50° # tan 30° (iv) sin Q = г 
ур 
Trigonometric ratios depend on the value of the angle, as they affect the PR 
lengths of the sides of the triangle, and hence the ratios. ~ PQ 
4 
Teachers may want students to repeat the Investigation on page 283, = 5 
replacing ZA=30° with 2X = 50° to verify that the ratios are not equal. adj 
(у) соѕ О = hyp 
Investigation (Using a Clinometer to Find the Height of an QR 
Object) = РО 
1. ДАВС = 90° 23 
ZABD = 90° — Zx 5 
In AABD, since ZADB = 90, (vi) tan О = ад) 
90° — Zx + Zy + 90° = 180° PR 
1х-4у = QR 
3. (i) Letthe distance between the student and the object be k m. 4 
(ii) Let the angle of elevation be a°. = 3 
(iii) Let the vertical height of the clinometer above 202 орр 
3. () зих = 1— 
the ground be h m, hyp 
the vertical height between the top of the object _ YZ 
and the clinometer be p m. XY 
. tang? 2 P. m 
k c 
= о адј 
p= kiana (ii) сов Х = р 
Height of the object = h + p УР 
=h + k tan a° p me 
XY 
=? 
с 
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(iii) tan X 


opp 


Practise Now 1 


(a) Sequence of calculator keys: 











[cos 2 4 = 


-. cos 24? 2 0.914 (to 3 sf.) 
(b) Sequence of calculator keys: 





















































tan A ; 6 || = 


-. tan 74.6? = 3.63 (to 3 sf.) 
(c) Sequence of calculator keys: 














sin 7 |[2 . 1 5 |[- | 



































-. sin 72.15? 2 0.952 (to 3 s.f.) 
(d) Sequence of calculator keys: 














3 sin] 4181 + ||2 [cos] 3 9 || = 


-. 3 sin 48° + 2 cos 39° = 3.78 (to 3 sf.) 
(e) Sequence of calculator keys: 


















































5 + [tan 11| 8 |: EE 
2-2 lr 

' tan18.3? 
(f) Sequence of calculator keys: 


га РО 11161 511 


+ с [с 115 | + [cos] з||5||)||= 












































= 15.1 (to 3 sf.) 

































































_ tan 48.3° — sin28.7° 


———— —————— — 20300 (to 3 sf.) 
cos 15? 4 cos 35? 


Practise Now 2 


: орр _ ВС 
ZBAC = — = — 
(a) sin С hyp АВ 
зїп 30° = X. 
1 
“. xX = 11 sin 30° 
=5.5 
. opp QR 
(b) sin ZQPR 2» — = = 
hyp  PQ 
. 8.7 
sin 67? 2 — 
y 
T 8.7 
б sin 67? 


= 9.45 (to 3 s.f.) 


Practise Now 3 


1. cos Z YXZ = 232 
ћур ХУ 
cos 58° = 49 
ХҮ 
4.9 
и. ХУ = —— 
cos 58? 
2925 m (to 3 s.f.) 
adj BC 
2. LAB = E —— 
cos С Бур AB 
cos 47° = ВС 
18 


-. BC 2 18 cos 47? 
- 123 m (to 3 s.f.) 


Practise Now 4 


i pr = OPP _ PR 
. tan ZOPR = adj = PO 
tan 53° = ОЁ 

20 


-. QR = 20 tan 53° 
= 26.5 cm (to 3 sf.) 





_ opp _ YZ 
2. tan ZYXZ= adj ^ = 
tan 35° = 15 
XZ 
ПАЛЕ e 
tan 35? 


= 17.1 cm (to 3 sf.) 


Practise Now 5 


adj 
d. @ соӊ/АВС= = BU 
hyp AB 

cos 27° = BC 

23 


-. BC z 23 cos 27? 
= 20.5 m (to 3 s.f.) 
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2. 


(iii) sin Z PSR 


(ii) Method 1: 


sin /АВС = 26 
hyp AB 
sin 27° = AC 
23 


“. AC = 23 sin 27° 
= 10.4 m (to 3 s.f.) 


Method 2: 
In AABC, ZC = 90°. 
Using Pythagoras’ Theorem, 


В? = АС? + ВС 
3? = АС? + 20.497? 


АС? = 23? — 20.49? 


= 529 – 419.8401 


= 109.1599 
= ¥109.1599 (since AC > 0) 
= 104m (to3 sf.) 
adj _ _ PQ 
(i) cos ZOPR = hyp PR 
cos 46° = РО 
9.2 
<. PQ 292 cos 46? 
- 6.39 m (to 3 sf.) 
opp _ QR 
(ii) sin ZQPR = Бур PR 
sin 46° = QR 
9.2 


'. ОК = 9.2 sin 46° 
= 6.62 m (to 3 s.f.) 
opp _ PR 
hyp PS 
92 
PS 
9.2 
sin 48? 
= 124 м (to 3 s.f.) 
орр _ РК 


sin 48? 


“ PS 


(iv) tan ZPSR = —— 


adj ~ RS 
tan 48° = 32 
RS 
92 
tan 48? 


= 8.28 m (to 3 s.f.) 





(v) Perimeter of the quadrilateral PORS 


= PQ + QR + RS + PS 
= 6.391 + 6.618 + 12.38 + 8.284 
= 33.7 m (to 3 sf.) 


(vi) Area of the quadrilateral PORS 


= Area of APOR + Area of APRS 


= : Х РО ХОК + ; x PR x RS 


E 5 х 6.391 х6.618-12х92х8.284 


= 59.3 m? 


OXFORD 


UNIVERSITY PRESS 


Practise Now (Page 297) 


(a) Sequence of calculator keys: 




















2nd F| [sin] 0 : 7 118 [= 
. 4А =вїп (0.78) 

=51.3° (to 1 d.p.) 
(b) Sequence of calculator keys: 






































2nd F [cos] 0 : 31|5 = 
. ДВ =со5 (0.35) 

= 69.5° (to 1 d.p.) 
(c) Sequence of calculator keys: 


БСН ЕН 


АС =1їап (123) 
= 50.9° (to 1 d.p.) 


























Practise Now 6 


11 


(a) sin x° 


° = sin” B 
19 


35.4? (to 1 d.p.) 


= 
| 


“x = 35.4 
9.1 

b) cos y° = —— 
(b) pex 


9.] 
^y? cos! (3) 


= 64.3° (to 1 d.p.) 


“. у =64.3 

292 

с) | oe 
RI RUE 


д. = tan! 292 
18.8 


= 57.2° (to 1 d.p.) 
у =57:2 


Practise Now 7 


1. (i) In AKBC, 
BC 
7.6 
-. BC 2 7.6 tan 42? 
= 6.843 m (to 4 s.f.) 


tan 42° = 


In AABC, 
sin ZBAC = 6.843 
173 
. __. - | 6.843 
. ZBAC - sin | 173 | 


- 23.3? (to 1 d.p.) 


(ii) In AABC, ZC = 90°. 
Using Pythagoras’ Theorem, 
АВ? = АС + ВС? 
17.3? = АС? + 6.843? 
AC! 2 17.33 - 6.843? 
= 299.29 — 46.826 649 
= 252.463 351 


-. AC 2 4252463351 (since АС > 0) 


= 15.89 m (to4 sf.) 
“. KA = AC- KC 
= 15.89 – 7.6 
= 8.29 m (to 3 s.f.) 
2. (i) In APQS, 
3 


tan Z POS - 
9 4 


3 
“. ZPQS = tan (3) 
— 36.9? (to 1 d.p.) 
(ii) In APQS, Z P = 90°. 
Using Pythagoras’ Theorem, 
05? = РО? + PS 
24.3 
21649 
=25 
-. QS 2 A25 (since QS » 0) 
=5 
ZORS = 180° – 90° — 36.87° (int. Zs. PQ // SR) 
= 53.13° (to 2 dp.) 


In AQRS, 
tan 53.13? - 2 
ОК 
5 
и. ОВ = — 
9 tan 53.13? 


= 3.75 сш (® 3 sf.) 


Practise Now 8 


1. tan54? - РО 
28 
“. РО = 28 tan 54° 


= 38.5 m (to 3 s.f.) 
The height of the flagpole is 38.5 m. 
40 
FA 
40 
tan 37° 
= 53.1 m(to3 sf.) 
The distance is 53.1 m. 
18.4 - 1.6 
T 
16.8 
tan 40? 
= 20.0 m (to 3 sf.) 


2. tan 37° = 


3. tan 40° = 





Practise Now 9 


{ап Z TAB = ES 
24 
13 
4 ах: -1 
<. LTAB = tan (3) 


- 284? (to 1 d.p.) 


Practise Now 10 


In ACHW, ZH -90*. 
tan 32.4° = 265 
2265 
tan 32.4? 
= 41.76 т (to 4 s.f.) 
BW = CH = 41.76 m 


In AABW, 
tan 49.6? — Е 
41.76 
-. AB 2 41.76 tan 49.6? 
= 49.07 m (to 4 s.f.) 

BC = WH = 26.5 m 
“. AB = AB + BC 

= 49.07 + 26.5 

= 75.6 т 


The height of the mast is 75.6 m. 


Practise Now 11 


In the figure, AP and BQ represent the two positions of the straight pole 


and PQ represents the signboard. 
P 

















B A R 
In AAPR, 
PR 
14.5 
-. PR = 14.5 зш 53° 
= 11.58 т (to 4 s.f.) 
In ABQR, 
QR 
14.5 
-. QR - 14.5 sin 42? 
= 9.702 m (to 4 s.f.) 


sin 53° = 


sin 42° = 
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“РО = РК—ОК адј 


= 11.58 – 9.702 Gi) cosA = uu 
= 1.88 m (to 3 s.f.) _ АС 
The height of the signboard is 1.88 m. ~ AB 
= 
Exercise 11A 25 
гүй орр 
1. (a) (i) PQ is the hypotenuse. Gii) tanA = гаар 
(ii) PR is the side opposite Za. BC 
(iii) QR is the side adjacent to Za. ^ AC 
(b) (i) XY is the hypotenuse. 24 
(ii) XZ is the side opposite Za. = 7 
(iii) YZ is the side adjacent to Za. Чу) sinB = - 
: . орр 
2. (a) (i  sinA - һур _ АС 
ВС АВ 
= ав “л 
5 25 
13 . (v) cosB = aa 
(1) cosA = aa | 
УР _ ВС 
АС АВ 
~ AB _ 24 
12 "25 
13 (vi) tanB = ME 
(ii) tana = Œ А 
адј _ АС 
_ вс _ ВС 
= т 
5 24 
3. (a) @ sinp = OPP 
(iv) sinB = ЕЕЕ һур 
ур = QE 
_ AC E 
AB 203 
212 7 | 
ud (ii) cosP= a 
(v) cosB = PR 
BC 7 РО 
АВ == 
5 < 
13 (iii) tan P = ЈЕ 
(vi) tanB = SPP : 
adj _ ОК 
АС _ РЕ 
а E 
- 12 : 
| A (iv) sinQ = p 
(b) (i) sinA = hyp _ PR 
BC _ РО 
АВ 22 
_ 24 2 
7 25 
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(у) adj (c) Sequence of calculator keys: 


















































































































































































































































































































































































































































































































































— hyp cos|| 3 | 0 119 | = 
QR - 
= РО “. сов 30.199 = 0.864 (ю 3 s.f.) 
у (d) Sequence of calculator keys: 
“2 зт || 3 || 5 || + ||сов || 4 | 9 || = 
1 орр : 
(vi) tanQ = “adj *. sin 35? + cos 49° = 1.23 (to 3 sf.) 
PR (e) Sequence of calculator keys: 
= ок 2 ||сов || 4 || 2 · ||3 || + ||3 ||sin 1151 8 
= Е -. 2 cos 42.3? + 3 sin 16.8? 2 2.35 (to 3 sf.) 
+ (f) Sequence of calculator keys: 
: . орр 
(b) @ sinP = typ sin|| 7 || 1 : 6 х ап 1 6 [= 
__ ОК -. sin 71.6? x tan 16.7? 2 0.285 (to 3 3.4.) 
PQ 5. (a) Sequence of calculator keys: 
= < Е 
х 
5 adj n Stabl A 2466 do asf 
Ж ыж 2соз10.3° | ) 
РВ (b) Sequence of calculator keys: 
- PQ а || |а] > | 2 ib lell 
=> ГО ГЕРА О lf 
-х esl JE JL IL JE 
o : оу2 
Gii) tanp = PP „ 468225) =153 (03 sf) 
adj cos 67.5? 
_ ОК (c) Sequence of calculator keys: 
2 ( ||tan ! 1 5||+ 23 3 || 3 ) || = 
= за А] 
5 : орр о о 
(iv) sing = р х imnI5"-Feos33" 145 to3 sf 
hyp sin 78.4 REDE 
= (d) Sequence of calculator keys: 
_y кап || 4 || 7 4 9||- | ( ||сов| | 8 || 4 
х m | 3 | [= | 
0) cos = “2 
у) соѕ О = т о 
ћур n ШИРЭЭГ | титана кеј 
ОК cos 84? — sin 63? 
= РО (e) Sequence of calculator keys: 
mE. ( ||сов| | 6 || 7 + [8 9 ) + 
E «ЗСТ СТЕУ УРИ 
(vi) tanQ = SPP 
m 1 © е? о 
adi х 200867 Lsi89" =0.723 зе, 
РК tan 63.4? x cos15.5? 
= ов (f) Sequence of calculator keys: 
2-7 ( ||зп || 2 || 4 · |[6 [= воз] [6 |2] [1 
2 
4. (a) Sequence of calculator keys: PUES: TEES 88) 243 | ЫН 1 JR | ) | - 










































































tan | 4 | 7 || = = sin 24.6? + cos62.1° 
tan 21° + cos14? 

















= 0.657 (to 3 sf.) 





“. tan 47° = 1.07 (to 3 sf.) 
(b) Sequence of calculator keys: 








ма ||7 || 5 5 3 || = 
































-. sin 75.3? 2 0.967 (to 3 s£.) 
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= 9.95 (to3 sf.) 


(р) соз 43° = © 


16 
и. с = 16 cos 43° 
= 11.7 (to 3 sf.) 
sin 43° = 2. 
16 
<. d = 16 sin 43° 


= 10.9 (to 3 sf.) 
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(g) Sequence of calculator keys: (с) 
( ||sin | 51|7 сов || 7 || 3 ) tan 
ШЕЯШ ЕЕ ЕЛ ҤЕ = 
1 o o 
‚ 557° —00873°° _ 0р a a Ph 
tan15.3? x sin 83.4? 
(h) Sequence of calculator keys: 
( ||cos | 2114 4117 1| х 18113 1 
) || = [tan 5 |7 || — |сов|| 1 Э (а) 
о 1 о 
. 00824.7" x sin35.1" род (to 3 s.f.) 
tan 57° — cos15° 
Exercise 11B 
1. (а) ѕіп 67° = 2. 
(а) 15 
-. a = 15 sin 67° 
= 13.8 (to 3 s.f.) 
5. @ 
(b) sin 15° = 27 ш 
Ь 
_ 97 
^ sinl5? 
= 37.5 (to3 sf.) 
о 0. (ii) 
2. (a) cos 36° = 135 
“. a = 13.5 cos 36° 
= 10.9 (to 3 s.f.) 
17 
(b) cos 61° = d 
_ 17 
7 со8619 
= 35.1 (to3 sf.) 
a 
3. (a) tan 28° = 14 
^а = 14 tan 28° 
= 7.44 (10 351.) 
(b) tan 62.5° = 13 
b 
| 13 
^ tan62.5? 
= 6.77 (to 3 sf.) 
4. (а) sin34°= 4 
(a) B 
-. q - 12 sin 34? 
= 6.71 (to 3 s.f.) 
“. b = 12 cos 34° 


е 
(ап 442° = = 
ап 7 


-. e 2] tan 44.2? 
= 6.81 (to 3 s.f.) 
sT 
cos 44.2° = F 
7 
^7 соза 2° 
=9.76 (to 3 s.f.) 
8.9 
tan 21.5° = — 
8 
8.9 
tan21.5? 
= 22.6 (to 3 s.f.) 
8.9 
h 
8.9 
7 sin21.5° 
= 24.3 (to 3 s.f.) 
In AABH, 
sin 56° = эн 
8.9 
-. AH 2 89 sin 56° 
= 7.38 т (0 3 sf.) 
Method 1: 
In AABH, 


g= 


sin 21.5° = 


cos 56° = ВИ: 
8.9 
/. ВН = 8.9 соз 56° 
- 4.977 m (to 4 sf.) 
In AABC, 
8.9 
ВС 
8.9 
cos 56? 
= 15.92 m (to 4 s.f.) 
/. HC = BC - BH 
= 15.92 — 4.977 
= 10.9 m (to 3 s.f.) 
Method 2: 
ш ДАВС, 
ZACB = 180° — 90? — 56? (7. sum of AABC) 
= 34° 
In AAHC, ZACH = 34°. 
From (i), 


cos 56° = 


“ BC = 


7.378 

. HC. 

_ 7.378 

~ tan 34° 

= 10.9 m (to 3 s.f.) 


tan 34° = 


6. 


(i) In AQST, ZT = 180° — 90° (adj. Zs a str. line) 
= 90° 


sin 60° = 12 
25 


7 ТО = 25 sin 60? 
= 21.7 ст (to 3 s.f.) 
(ii) Method 1: 
In AQST, 
соз 60° = = 
25 
TS = 25 cos 60° 
= 12.5 ст 
In APQT, ZQ = 180° — 90° (adj. Zs ona str. line) 
= 90° 
cos 60? = 28, 
PS 
25 
cos 60? 
= 50 ст 
<. PT = PS -TS 
=50- 12.5 
= 37.5 ст 
Method 2: 
In APQS, 
ZPQS = 180° — 90? (adj. Zs on a str. line) 
= 90° 
ZOPS = 180° — 90° — 60? (7. sum of APQS) 
= 30° 
Іа ЛРОТ, 2 ОРТ = 30°. 
From (i), 


“ PS = 





21.65 
PT 
21.65 
tan 30? 
= 37.5 cm (to 3 s.f.) 
(iii) In APQR, 


tan 30? = 


GAPI- 


tan 60? = РО 
25 


ER PQ = 25 tan 60? 
- 43.30 cm (to 4 sf.) 
In AQRS, 


tan 45° = QR 
25 


“. QR = 25 tan 45° 
=25 cm 
“. РК = РО + ОК 
= 43.30 + 25 
= 68.3 cm (to 3 sf.) 


(i) In AVWX, 
WX 
154 
-. WX = 154 cos 63° 
= 69.91 т 
ух 
154 
154 sin 63? 
= 137.22 cm 
Та ДУХУ, ZY = 180° — 90° (adj. Zs on a str. line) 
= 90° 
Using Pythagoras’ Theorem, 
УХ? = ХУ? + Үү? 
137.22? = Ху? + 88? 
ХУ = 137.227 - 88? 


- XY 2 4137.22? — 88? (since XY » 0) 


= 105.29 
In AVYZ, 


tan 46° = 88 
YZ 


cos 63° = 


sin 63° 


. УХ 


88 
tan 46° 
= 84.98 
sin 46° = — 
VZ 
88 
sin 46? 
= 122.33 
-. Perimeter of the figure 
= ИХ + ХУ + УЙ + УХ + МУ 
= 69.91 + 105.29 + 84.98 + 122.33 + 154 
= 537 cm (to 3 s.f.) 
(ii) Area of the figure 
= Area of AWXV + Area of AVXZ 





= 1 x WX x VX 4 5 x XZ VY 


= 5 х 69.91 х 137.22 + 5 х (105.29 + 84.98) х 88 


= 13 200 m’ (to 3 s.f.) 


Since y is inversely proportiona to (tan x)’, 


then y = шан , where k is a constant. 
(tan x) 
When x = 30°, y=2, 
= k 
~ (tan 30°)? 
К = 2(tan 30°)? 
222 
Um 


When x = 2(30°) = 60“, 

1 

x 2 
(tan 60?) 

1 


mI 


Il 

о о] wl 
х 
| 
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Exercise 11C 


1. 


(a) Sequence of calculator keys: 





204 Е||8ш1| 0 : 512 


















































^ LA z sin (0.527) 
= 31.8° (to 1 d.p.) 
(b) Sequence of calculator keys: 





204 Е| |сов1| 0 : 712 


















































2. ZB =cos (0.725) 
= 43.5° (to 1 d.p.) 
(c) Sequence of calculator keys: 





2nd F| |tan|| 2 . 516 












































^ LC z tan (2.56) 
— 68.7? (to 1 d.p.) 
12 


a i "= Z 
(a) sina 56 


ʻa? = sin’! 12. 
Т7 26 


- 27.5? (to 1 d.p.) 
лат 21.5 
10 
17 


«= ро = =f 10 
-. b? 2 cos Ю 


— 54? (to 1 d.p.) 
^b 2540 
27 


(b) cos b° = 


(c) tan c° = 


z. c° = tan” a 
11 


- 67.8? (to 1 d..) 
и. с = 67.8 
_ 176 

20 


· о ___ 1{ 17.6 
-. d? 2 cos ЕЗ 


= 28 4° (to 1 d.p.) 
“ b=284 


TT 15 
e) sin e° = —— 
(e) 7 


z. e° = sin" EJ 
22.1 
=41.4° (to 1 d.p.) 
'.е =414 


12.5 
tanf? 2 —— 
(f) f 14 


сю. | 12.5 
+ fe = tan Е 


2418? (to 1 d.p.) 
~ ј=418 


(d) cos d? 
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147 
t Si Ы 
(g) tang 129 


. 8° = ап" г 
U 12.9 


— 48.7? (to 1 d.p.) 


<. g =48.7 
(h) cos h° = 158 
212 


. јо ___ [15,8 
-. h? = cos (55 


— 41.8? (to 1 d.p.) 


5 sais 
бў sinr = 2275 
41.62 


2 gogo 3275 
I 41.62 


=51.9° (to 1 dp.) 
 1=519 
3. (i) Letthe point where the perpendicular line from A to CD meets 
CD be X. 
In AAXD, 
2АХР” = 90° апі ХР = (7-4) = 3 т 


cos ZADC = 2 
7 
z. ZADC = cos” (3) 
- 64.6? (to 1 d.p.) 
(ii) In AAXD, ZX = 90°. 
Using Pythagoras’ Theorem, 
AD’ = AX’ + XD 
7 =АХ? + 3? 
AX = T 2 3? 
249-9 
=40 
- AX 2 440 (since AX » 0) 
= 6.32 m (to 3 s.f.) 
2. ВС = АХ 
= 6.32 т 
4. (à In AHMN, 
MN 
92 
-. MN 292 cos 38? 
= 7.250 cm (to 4 sf.) 
In ALMN, 


cos 38? 


ва 2МІМ = 7250. 


15.5 


У ДМ z sin! ss) 


15.5 
= 27.9° (to 1 d.p.) 


(ii) In AHMN, 


0) 


sinaga HN 
9.2 
^. HN = 9.2 sin 38° 
= 5.664 cm (to 4 s.f.) 
In ALMN, ZN =90°. 
Using Pythagoras’ Theorem, 
LM? = MN’ + LN? 
155? 27250 4 LN? 
LN? 215.5 -7250? 
= 240.25 — 52.5625 
= 187.6875 


-. LN 2 4187.6875 (since LN » 0) 
- 13.70 cm (to 4 sf.) 
-. HL LN - HN 
= 13.70 – 5.664 
= 8.04 cm (to 3 sf.) 
In APOR, 
76 


in ZPOR = 15. 
eee тл 


.a( 76 
- LPQR = sin (25) 
= 25.90° (to 2 d.p.) 
In APOK, 
ZQPK - 180? — 137? — 25.90? (7. sum of APQK) 
= 17.1° (to 1 d.p.) 


(ii) In APKR, 
ZPRK = 180° — 137° (adj. Zs ona str. line) 
= 43° 
tan 43° = En. 
KR 
tan 43? 


= 8.150 m (to 4 sf.) 
In APOR, ZR = 90°. 
Using Pythagoras’ Theorem, 
РО? = ОК? + РЕ? 
174 =OR +76 
OR’ =174°-7.6° 
= 302.76 — 57.76 
= 245 
~. QR 2 4245. (since QR » 0) 
= 15.65 m (to 4 s.f.) 
“ОК = ОК – КЕ 
= 15.65 – 8.150 
=7.50 m (to 3 s.f.) 


TH y 100% = 120% 
HU 


шэн 
HU 
-. TH = 


| 


6 





© 
1 
с 


1 х 11 

=6 ст 

HU=11-6 
=5cm 

In ASTH, 

Area of ASTH = 21 


! x 6x SH =21 
2 


SH =7 
7 


tan STH = — 
6 


7 
^ LSTH = (ап ' (s) 


= 49 A0° (to 2 d.p.) 
In ASUH, 
7 


tan ZSUH - 5 


7 
и. ИОН “шт (5) 


= 54.46° (to 2 d.p.) 
In ASTU, 
ZTSU = 180? — 49.40? — 54.46? (7. sum of ASTU) 
— 76.1? (to 1 d.p.) 
@ Mos 
ZY 13 
$ x78 
13 
= 3.6 т 
In AKWZ, 
3.6 
KZ 
3.6 
tan 62° 
- 1.914 m (to 4 s.f.) 
Let the point where the perpendicular line from X to ZY meets 
ZY be L. 


ІҮ = 7.8 – 1.914-47 


WK 


tan 62° = 


“. КЕ = 


=1.186m 
In ALXY, 
tan /XYL-2 _3:6_ 
1.186 
duzXYzs. 39. 
1.186 


. ___-[ 36 
“. ZXYZ - tan (is 


= 71.8° (ю 14.) 
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(ii) In AKWZ, 82 














4. tanZPRQ- 6 
sin 62° = 3s 82 
г. ДРВО = ап | —— 
. wz- 26 62 
U 7 sin62? — 52.9? (to 1 d.p.) 
= 4.077 m (to 4 sf.) 5. (i) Let the height of the nail above the ground be h m. 
In ALXY, . h 
sin 60° = — 
sin 71.77° = 3.6. . 
XY <. h = 5 sin 60° 
3.6 = 4.33 (to 3 s.f.) 
sin 71.77 The nail is 4.33 m above the ground. 
= 3.790 m (to 4 s.f.) (ii) Let the distance of the foot of the ladder from the base of the 
-. Perimeter of the trapezium WXYZ wall be d m. 
-WX-tXY-YZ4WZ d 
cos 60? = — 
=4.7 + 3.790 + 7.8 + 4.077 5 
= 20.4 m (to 3 sf.) <. d=5 cos 60° 
8. Let AH be h units. =25 
In AABH, The distance of the foot of the ladder from the base of the wall 
tan 35° = h is 2.5 m. 
BH 6. Letthe angle the rope makes with the water be a?. 
= =. sin a° = 33 
tan 35? ^12 
2h 3.5 
С E i И. 
tan 35° л а = ѕіп EJ 
In AACH, = 17.0° (to 1 d.p.) 
tan ZACH = h The rope makes an angle of 170° with the water. 
2h 7. Let the point where the horizontal line from Lixin’s eyes meets the 
tan 35° 
status be X. 
_ tan35° 
tan ZACB = 5 tan 42° = МХ 
Pus 7.05 
<. ДАСВ = ап" | T | 2. МХ = 7.05 ‘ап 42° 
= 6.348 m (to 4 sf.) 


- 19.3? (to 1 d.p. 
| p) -. Height of the statue = 6.348 + 1.55 


= 7.90 m (to 3 sf.) 


Exercise 11D : | 
The height of the statue is 7.90 m. 


1. tan 32° = ТВ 8. In AHRW, 
34 o 8 
^. ТВ = 34 tan 32° у as 
= 21.2 m (to 3 s.f.) HR 8 
The height of the Christmas tree is 21.2 m. U ^ tan243? 
У = 
Боинг ар 17.72 m (to 4 sf.) 
AQ WỌ = НК = 17.72 т 
АО = 7 In APQW, 
tan 27? >. РО 
=151 т (to 3 s.f.) ee 17.72 
The distance AQ is 15.1 m. -. PQ 2 17.72 tan 35.4? 
3. cos 53°= AB = 12.59 т (ю 4 $4.) 
120 -. Height of the flagpole PR 
-. AB — 120 cos 53° = РО + ОК 
= 72.2 m (to 3 s.f.) =1259+8 
The distance AB is 72.2 m. = 20.6 m (to 3 sf.) 
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9. Let the angle the plank makes with the wall be a°. 


1.8 
4-12 


‘a? = cos” 16 
Ее 28 


= 50.0° (to 1 d.p.) 
The plank makes an angle of 50.0° with the wall. 


cos a° = 


10. Let the height in which the pendulum rises above Y be h cm. 
| 2 | 45-10 
cos = 





2 45 
cos 15° = 45 —h 
45 


45 cos 15° = 45 – ћ 
7 Р = 45 – 45 соѕ 15° 
= 1.53 m (to 3 s.f.) 
The height is 1.53 cm. 
11. In the figure, AP and BQ represent the two positions of the ladder 
and PQ represents the window. 














P 
Q 
25m 13. 
25m 
38? 55? 
B A R 
In AAPR, 
sin 55° = PR 
25 
7. РВ = 2.5 ѕіп 55° 
= 2.048 m (to 4 s.f.) 
In ABQR, 


sin 38° = OR 
25 


7 ОК = 2.5 ѕіп 38° 
= 1.539 (to 4 s.f.) 
“. РО = РО – ОК 
= 2.048 – 1.539 
= 0.509 m (to 3 s.f.) 
= 50.9 cm 
The height of the window is 50.9 cm. 
12. (i) In AACH, 
CH 
36 
-. CH z36 sin 35? 
“. СР = 36 зп 359 + 18 
= 38.6 m (to3 sf.) 


sin 35° = 


(ii) In AACH, 
cos 35° = АН 
36 
-. AH = 36 сов 359 
- AF 2 AH- FH 
=АН- Ср 
= 36 соз 35° – 20 
In AAEF, ZA = 90°. 
Using Pythagoras’ Theorem, 
АЕ? = АЕ? + ЕЕ? 
367 = (36 соз 35° — 20)? + EF? 
EF? = 36° — (36 cos 35° — 20) 
5 ЕЕ = 136° – (36с0535° — 20) (since EF > 0) 


= 347 m (to 3 sf.) 


(iii) In AAEF, 
cos EARS 36cos 35? — 20 
36 
о — 
- LEAF = cos" (Se = 2) 


= 74.72° (to 2 d.p.) 
-. Angle in which the jib has rotated 

= ДЕАС 

= 74.72° – 35° 

= 39.7° (to 1 d.p.) 
Let the height of the tree be h m, 

the distance QB be d m. 

In ATBQ, 


tan 32° = 


d= — (1) 
In ATBP, 


tan 23° = 





d+10 


tan 23? 
h 
а = —__ -10 — (2 
tan 23? B 
(1) = 2): 


h h 


tan32?  tan23° | 
h tan 23° = h tan 32° — 10 tan 32° tan 23° 
h tan 32° — h tan 23° = 10 tan 32° tan 23° 
h(tan 32° — tan 23°) = 10 tan 32° tan 23° 
_ 10 tan 32° tan23° 
~ tan 32° — tan 23° 
= 13.2 (to3 sf.) 
The height of the tree is 13.2 m. 
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Review Exercise 11 


1. (a) sin43° = В 
a 
= 12 
~ sin43? 
= 17.6 (to 3 s.f.) 
Б b 
(b) tan 52° = 88 
-. b 2 9.8 tan 52? 
= 12.5 (to 3s.) 
7.6 


€) cosc? 2 —— 
© 143 


ЕС $! 76 
PUE ee S 


— 57.9? (to 1 d.p.) 
“¢ =579 
2. A 





24 ст 














В С 
(i) sin ZACB = 


24 


AC | 


vlw uju 


АС =24х >. 
3 


= 40 т 
(ii) ш ЛАВС, / В = 907. 
Using Pythagoras' Theorem, 
АС? = ВС? + АС? 


40? = ВС? + 24? 
ВС? = 40? — 24? 
= 1600 – 576 
= 1024 
- BC 2 41024. (since BC » 0) 
=32 т 
(Ш) соз /АСВ +їап / ВАС = 22 + 232 
40 24 
222 
15 
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: Ёо 
3. (i) cos 60° = 00 


> 
со$ 60° 
= 4 units 
(ii) In AOPQ, Z P = 909. 
Using Pythagoras’ Theorem, 
ОФ = ОР? + РО? 
4? = 2? + 1? 
k = 4 = 22 
= 16-4 
= 12 
ла = A12 (since h» 0) 
= 3.46 (to 3 s.f.) 


4, ПАК их 2, 
XZ 


00 = 


In AHXZ, sin Z= ŽE. 
XZ 


XZ XH 
_ ZK 
“ХН 
4 2. 
ES (given) 
5. Letthe angle between each diagonal and the breadth of the rectangle 
be a°. 
tan a° = De 
124 


"a? = ап" Dus 
Е 12.4 


= 57.1° (to 1 dp.) 
The angle is 57.1°. 


6. (i) In AABC, 


sin ZBAC = 53. 

13.2 

E" 6.9 
2. Д ВАС - sin 132 


= 31.52° (to 2 dp.) 
ZABH + 2 ВАН = ZBHC (ext. Z = sum of int. opp. Zs) 
ZABH + 31.52° = 46° 
<. ДАВН = 46° – 31.52° 
- 14.5? (to 1 р.) 


(ii) 


(i) 


(ii) 


(i) 


(ii) 





In ABCH, 
tan 46° = 59 
НС 
i 6.9 
tan 46? 


= 6.663 m (to 4 sf.) 
In AABC, ZC = 90°. 
Using Pythagoras’ Theorem, 
AB’ = BC’ + АС? 
13.2? = 6.9° + AC’ 
АС? = 13.2? - 6.9? 
= 174.24 – 47.61 
= 126.63 


“. АС = 4126.63 (ѕіпсе АС> 0) 


= 11.25 т (ю 4 $..) 
-. АН = АС-НС 
= 11.25 – 6.663 
= 4.59 m (to 4 s.f.) 
In AQPK, 
sin 30° = QK 
50 
“. ОК = 50 sin 30° 
=25 cm 
In AQPK, 
PK 
50 
“. РК = 50 сов 309 
= 43.30 cm (to 4 s f.) 
In ARPK, 


cos 30? = 


tan 46° = AR 
43.30 
2. КК = 43.30 1ап 46° 
= 44.84 cm (to 4 s.f.) 
<. QR = QK + KR 
= 25 + 44.84 
= 69.8 cm (to 3 sf.) 
In AVXZ, 


{ап /У7Х = 39 
54 


35 
<. ZVZX = tan! 


=329° (to 1 d.p.) 
In AXYZ, 
їп 54° = X 
54 
с. ХУ = 54 зїп 54° 


- 43/7 m (to 3 sf.) 


(iii) In AXYZ, 
ZYXZ = 180° – 90° – 54° (4 ѕит ОҒ AXYZ) 
= 36° 
In AVWX, 
ZVXW = 180° — 90° – 36° (adj. Zs on a str. line) 
= 54° 
VW 
35 
/. VW = 35 sin 54? 
= 28.3 m (to 3 s.f.) 


sin 54° = 


9. In AABL, 


tan 66.75? — AB 
15 


-. AB = 15 tan 66.75? 
= 34.91 m (to 4 s.f.) 
In AABU, 
AU 
3491 
-. AU 2 34.91 tan 27 4? 
= 18.10 m (to 4 s.f.) 
-. Height of the window UL 2 AU — AL 
= 18.10-15 
= 310 т (to 3 s.f.) 


tan 27.4° = 


10. In AFHT, 
tan 54° = ID 
HF 
tan 54? 
= 52.31 m (to 4 s.f.) 
In AFKT, 
tan 47° = ЕК 
72 


<. FK 2 72 tan 47? 
=77.21 m (to 4 s.f.) 
7 НК = НЕ + ЕК 
= 52.31 + 77.21 
= 130 m (to 3 sf.) 
11. Let the height of the mast be h m. 


tan 32° = JE 
57 
“о ћ = 57 tan 32° 


= 35.6 (to3 sf.) 
The height of the mast is 35.6 m. 
12. (i) Let the height of the window sill above the ground be / m. 


sin 61° = Hm 
6.5 
<. h 26.5 sin 61? 


= 5.69 (to 3 s.f.) 
The height of the window sill above the ground is 5.69 m. 
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(ii) Let the distance of the foot of the ladder from the base of the 2, 


wall be d m. 


cos 61° = _4_ 
6.5 
-. d 2 6.5 cos 61? 


= 3.15 (to 3 sf.) 


The distance of the foot of the ladder from the base of the wall 


is 3.15 m. 


Challenge Yourself 


1. BD bisects ZADC, i... ZADB = ZCDB = 20°. 

Let AB be x units and AD be y units. 

ZA =2ZC=90° 

ZD= ZD= 20° 

ZB = / В = 180° – 90° – 20° = 70° 
ВС = АВ = х 

Ср = Ар=у 
BD is common side in AADB and ACDB. 
2. AADB = ACDB 

1 ххху= 900 

2 2 

ху = 900 — (1) 
їап 20° = = 
y 
x =ytan 20° — (2) 
Substitute (2) into (1): 
(y tan 20°)y = 900 


2_ 900 
tan 20° 
“У5 4206 (since y » 0) 


= 49.73 (to 4 s.f.) 
Substitute y = 49.73 into (1): 
_ 900 
7 4973 
= 18.10 (to 4 s.f.) 
-. Perimeter 2 2(49.73 - 18.10) 
= 136 units (to 3 s.f.) 
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Consider AABC where ZB = 90°. 
A 


x 





B С 


ВС 
‚с08х= —^ 
АС АС 
When sin x « cos x, 
AB «ВС 
AC AC 
AB « BC 
Let AB = BC. 


sin x = 





AB 
tanx = —— 
BC 


=1 
г.х =1ап (1) 

= 45° 
-. AB « BC when x « 45? 
и. 0° <х< 45° 


Chapter 12 Volume and Surface Area of Pyramids, Cones and Spheres 
TEACHING NOTES 


Suggested Approach 


In Secondary One, students have learnt to find the volume and surface area of cubes, cuboids, prisms and cylinders. Here, they 


will learn to determine the volume and surface area of other regular figures, the pyramid, cone and sphere. By the end of this 


chapter, students are to be familiar with the various formulas in calculating the volume and surface area, as well as the various 


real-life examples of such figures. When the value of 7 is not stated, students are to use the value in the calculator. In some 
problems, students are expected to recall and apply Pythagoras' Theorem. 


Section 12.1: 


Section 12.2: 


Section 12.3: 


Section 12.4 


Volume and Surface Area of Pyramids 
As an introduction, teachers can show students some real-life examples of pyramids and question students on 
the properties of pyramids (see Class Discussion: What are Pyramids?) 


Teachers should go through the part of a pyramid. Following that, students should observe and recognise the 
various types of pyramids. Teachers should indicate that the pyramids studied in this chapter are right pyramids, 
where the apex is vertically above the centre of the base and the base is a regular polygon. 


The activity in determining the volume of a pyramid is to enable students to appreciate the relation between the 
volume of a pyramid and its corresponding prism (see Investigation: Volume of Pyramids). 


Volume and Surface Area of Cones 
Similar to pyramids, teachers can start off with an activity to introduce cones (see Class Discussion: What are 
Cones?). 


To improve and enhance understanding, students should learn and explain the features of a cone and state the 
differences between a cone, a cylinder and a pyramid (see Journal Writing on page 329, and Investigation: 
Comparison between a Cone and a Pyramid). 


Proceeding on, students should realise that the volume and total surface area of a cone is analogous to the volume 
and total surface area of a pyramid. The curved surface area of a cone is one unique calculation that has to be 
noted. 


Volume and Surface Area of Spheres 

Besides the volume and surface area of a sphere, students have to be aware of the volume and total surface area 
of a hemisphere, or half a sphere as well. Teachers should demonstrate how the volume and surface area of a 
sphere can be obtained (see Investigation: Volume of Spheres and Investigation: Surface Area of Spheres), and 
show the simple steps in deriving the volume and total surface area of a hemisphere (see Thinking Time on page 
342). This will minimise the formulas students need to recall. 


Volume and Surface Area of Composite Solids 

In this section, students are required to make calculations involving the various composite solids made up of 
regular figures. Besides the ones covered in this chapter, regular figures from Secondary One, such as cubes, 
cuboids, prisms and cylinders may be included. Weaker students may need a revision of their formulas for volume 
and total surface area. 


In calculating the total surface area, students must be careful not to include any sides that are overlapping. It is 
good practice to state and calculate the volume and total surface area part by part. 


Challenge Yourself 


A regular tetrahedron is a solid made up of four equilateral triangular faces. Therefore, it is a pyramid regardless 
of which side it lies on. This information is required for Question 1. 


For Question 2, to derive and prove the statement, students should observe that the length from the centre of 
the top of the hemisphere to the side of the depth of the water in the sphere is also its radius. After applying 
Pythagoras’ Theorem, the statement should follow after a little logical reasoning. 
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WORKED SOLUTIONS 


Class Discussion (What are Pyramids?) 


1. The pyramids are made up of one base and four triangular faces 
joined to the sides of the base. The four triangles are joined by a 
single point at the other end. 

2. The slanted faces of the pyramids are congruent, isosceles triangles. 

3. The bases of these pyramids are squares. 

4. The vertex of a pyramid is the point where the vertices of the triangle 
are joined to the vertices of the base. The apex of a pyramid is the 
point vertically above the base, where the triangles are joined to 
each other. 

5. The cross sections of a pyramid are squares and are not uniform 
throughout the pyramid. 

6. The food pyramids, human pyramid and rice dumplings are pyramids 
and they have the same features as the pyramids in Fig. 10.1. 

7. Three more real-life examples of pyramids are the roof of a house, 


tents, packets of milk etc. 


Thinking Time (Page 319) 


The slant edge is the hypotenuse of a right-angled triangle, together with 
the height of the pyramid and half of the diagonal of the base. 


The slant height is the hypotenuse of another right-angled triangle, 
together with the height of the pyramid and half the side of the base. 


The slant faces of regular pyramids are congruent, isosceles triangles. 


Journal Writing (Page 319) 


Prisms have two polygonal bases that are congruent and parallel to each 
other while pyramids have only one polygonal base with an apex 


vertically above it. 


The sides of a prism are made up of rectangles while the sides of a 


pyramid are triangles that are joined at the apex. 


The cross-section of a prism is uniform while the cross-section of a 


pyramid is non-uniform. 


Investigation (Volume of Pyramids) 


It will take 3 times to fill the prism completely. 


Volume of pyramid = 3 x volume of corresponding prism 


Class Discussion (What are Cones?) 


1. The cones have a circular base with a curved surface and an apex 
opposite the base. 
2. The base of a cone and a cylinder is a circle. The sides of a cone and 


a cylinder are curved surfaces. 


A cone has one circular base while a cylinder has two circular bases. 
A cone has an apex opposite its base while a cylinder does not have 
an apex. The cross-section of a cone is non-uniform while the cross- 


section of a cylinder is uniform. 
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3. Both the cone and pyramid have one base only. Both the cone 
and pyramid have an apex. The cross-section of both the cone and 


pyramid are non-uniform. 


The base of acone isa circle while the base of a pyramid is a polygon. 
The side of a cone is a curved surface while the sides of a pyramid 
are made up of triangles. The cross-section of a cone is a circle while 
the cross-section of a pyramid is a polygon. 

4. Three more real-life examples of cones are traffic cones, tents and 


mountains etc. 


Journal Writing (Page 329) 
Apex 


Slant height Height 





A cone is a solid in which the base is bounded by a simple closed curve 
and the curved surface tapers into a point called the apex, which is 
opposite the base. If the apex is vertically above the centre of the circular 
base, we call the cone a right circular cone. 


The perpendicular height (or height) of a cone is the perpendicular 
distance from the apex to the base of the cone. The slant height of a 
right circular cone is the distance from the apex to the circumference 
of the base. 


es LZ 


Cone Cylinder 


A cone has one circular base while a cylinder has two circular bases. 
A cone has an apex opposite its base while a cylinder does not have an 
apex. The cross-section of a cone is non-uniform while the cross-section 


of a cylinder is uniform. 


ду ду 


Сопе Pyramid 


The base of a cone is a circle while the base of a pyramid is a polygon. 
The side of a cone is a curved surface while the sides of a pyramid are 
made up of triangles. The cross-section of a cone is a circle while the 


cross-section of a pyramid is a polygon. 


C232 


Investigation (Comparison between a Cone and a Pyramid) 


1. The polygon will become a circle. 


2. The pyramid will become a cone. 
Thinking Time (Page 331) 


Volume of a cone = 5 mh 


Volume of a cylinder = лг 


Since the cone and cylinder have the same base and same height, 


-. Volume of cone = i x volume of a cylinder 


Investigation (Curved Surface Area of Cones) 


If the number of sectors is increased indefinitely, then the shape in 
Fig. 10.15(b) will become a rectangle PORS. 
Since PQ + RS = circumference of the base circle in Fig. 10.15(a), 
then the length of the rectangle is PQ = mr. 
Since PS = slant height of the cone in Fig. 10.15(a), then the breadth 
of the rectangle is PS = L. 
.. Curved surface area of cone = area of rectangle 

= PQ x PS 

- nri 


Thinking Time (Page 334) 


Total surface of a solid cone 
= Curved surface area of cone + base area of cone 
= лт + лг? 


Thinking Time (Page 338) 


A hemisphere is half a sphere. 
Some real-life examples of hemispheres are bowls, stadium domes, 


the base of a tilting doll etc. 


Class Discussion (Is the King's Crown Made of Pure Gold?) 


11.6 kg 


714 cm? 
_ (11.6 x 1000) g 


714 cm? 
_ 11600; 
— 714 cm? 
16.2 g/cm’ (to 3 sf.) 
Since 16.2 g/cm’ # 19.3 g/cm’, the crown was not made of pure gold. 


Density of the crown = 


Investigation (Volume of Spheres) 


Volume of cylinder = rr^h 
-nxrx2r 
-2nr 


Volume of sphere = = x volume of cylinder 


О 


И 

w| e IN |N 
а х 
N 
а 
PS s 


Investigation (Surface Area of Spheres) 


Part I: 

Length of second piece of twine 2 2nrh 
-2mnxrxr 
=2nr 


Curved surface area of sphere = 2 x length of first piece of twine 
= 2 x length of second piece of twine 
=2 х 2“ 
= Ат 

Part II: 

4. 4circles are covered completely with the orange skin. 


5. Surface area of the orange = An? 


Thinking Time (Page 342) 


Total surface of a solid hemisphere 


= Curved surface area of hemisphere + Base area of hemisphere 
= 1 хдл? + по? 

2 
= 2л? + ду? 
= Зд? 
Practise Now 1 
1. Volume of triangular pyramid 

= 5 X base area x height 


= l x36x7 
3 


= 84 cm’ 
2. Volume of the pyramid 


= 5 X base area x height 


- i x 229 x 229 x 146 


= 2 550 000 т (to 3 s£) 


Practise Now 2 
Volume of pyramid = — x base area x height 


75 = — x (5 x 5) x height 


N ule Оо 
UA 


75. та" X height 


-. Height 209m 
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Practise Now 3 


12m 


Area of each triangular face = j х 12 х 15 


=90 m? 
Area of square base = 12 x 12 
= 144 п? 
-. Total surface area of pyramid 
— 4 X area of each triangular face + area of square base 
=4 х 90 + 144 
= 504 m’ 


Practise Now 4 


(i) Total surface area of pyramid 
= 4 x area of each triangular face + area of square base 
Area of each triangular face 


Total surface area of pyramid — area of square base 





4 
. 161- (7x 7) 
me = 
. 112 
4 
= 28 ст 


Area of AVQR = 5 х7хүВ-28 


7 хув =28 
2 


УВ = 8 ст 
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(ii) Let the point where the vertical from V meets the square base be P. 


РВ = 


хРО 


х7 


ој] 


3.5 ст 


In AVPB, ZP = 90°. 
Using Pythagoras’ Theorem, 
VB’ = ҮР? + РВ? 


82 = УР? + 3.5? 
УР? = 8*— 3.5? 
= 64 – 12.25 
= 51.75 


VP. 2 45175 (since VP » 0) 


1 


-. Volume of pyramid = 3 X base area x height 


Practise 


1. Volume of cone 


= : х7х7х 45175 


-117 сш (00382) 
Моу 5 
meh 


xnx8x17 


= к- 


= 3622 д 
3 


= 1140 спу (to 3 s.f.) 


2 


2. Volume of cone = i" h 
84т = 5 xnx6xh 
84r - 12r 
-.hz27m 


The height of the cone is 7 m. 


Practise 


Now 6 


Let the height of the smaller cone be / cm. 


Then the height of the bigger cone is (i + 12) cm. 


hcm 


P 


12cm 


Q 





ЕЕЕ ees Ss р 





Since AOPB is similar to AOQD, 








ОР РВ 
OQ = ор 
h _ 5 
һ+12 20 
h 1 

h-12 4 
Ah =h+12 
ЗА = 12 
h=4 


-. Height of bigger cone = 12 + 4 


= 16 ст 


-. Volume of frustum = volume of bigger cone — volume of smaller cone 


= 1 мен – 1 тећ 
3 3 


ЛОН – г?һ) 


m(20° x 16 —5° x 4) 


|^ o wle 


6300 
з ) 


= 2100л 
= 6600 cm’ (to 3 s.f.) 


Practise Now 7 


1. Total surface area of cone = nrl + nr? 
=пх9х5+л+9° 
= 455 + 817 
= 1261 
= 396 сш? (ю 3 $.) 
2. Total surface area of cone = nrl + nr? 
350 2nx8xIo n x8 
= 8л/ + 647 
871 = 350 – 647 
350 – б4л 
е 
_ 350 – 64 х 3.142 
~ 8x3.142 
= 5.92 m (to 3 sf.) 


sls 


Practise Now 8 


1. Let the slant height of the cone be / m. 
Using Pythagoras’ Theorem, / = 48° + 15° 
=] 
.. Curved surface area of cone = ли! 
-nX8x17 
= 136л 
= 427 m’ (to 3 s.f.) 
2. Let the height of the cone be h cm. 
Using Pythagoras’ Theorem, л = N12? + 77 


= 9.747 (to 4 s.f) 


“. Volume of the cone = — дей 


хдх 7? х9.747 


Wl оре 


500 cm? (to 3 s.f.) 


Practise Now 9 


1. Radius of ball bearing 20.4 +2 
=02 ст 


А тр? 
3 


Volume of ball bearing 


^ xax02 
3 


4n 3 

—— cm 

375 

Mass of 5000 ball bearings 

= volume of 5000 ball bearings x density 


-5000х 27 х113 
375 


= 1890 g (to 3 s.f.) 
2. Volume of basketball = 5600 





^ диз = 5600 
3 
з_ 4200 
р 
4200 
e dome 
T 


= 11.0 cm (to 3 s.f.) 
The radius of the basketball is 11.0 cm. 


Practise Now 10 


Radius of sphere 2 25 + 2 


=12.5 ст 
Surface area of sphere - 4n? 
-4xnx12.5 
= 6.25т 


= 1960 cm’ (to 3 sf.) 


Practise Now 11 


Curved surface area of hemisphere = 200 cm? 
1 


— x 4nr? = 200 
2 
2nr? - 200 
2210 
T 
r= m (since r > 0) 


= 5.64 cm (to 3 s.f.) 
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Practise Now 12 








(ii) Surface area of the cylinder 


4 = 2nr* + 2nrh 
Height of cone = 4 X height of cylinder -2хтх125-2хтх125х312 
3 = 312.50 + 780% 
Se = 1092.57 cm? 
_9 
^4 T Exercise 12A 
Volume of cone = 1 пр 3 1 
= 3 Яг 2" 1. Volume of triangular pyramid = 3 X base area x height 
2 3 3 1 
= и = 3 x15x4 
: = = 3 
Since volume of cone = 10 / = 10 000 cm’, =20 cm 
3 3. 
шеп 4 nr cue 2. Volume of pyramid = i X base area x height 
3 _ 10000 x 4 1 
r= ES = 3 x23x6 
. 40000 — 46 cm? 
3n 1 
Volume of cylinder = nr (3r) 3. Вазе area of pyramid = 5 х7х4 
= 3 
-3nr -14cm? 
-3 40 000 1 
id Зд Volume of pyramid = 3 X base area x height 
= 40 000 ст? 4 
= 40 [ = 3 x14x5 
-. Amount of water needed to fill container completely = 40 + 10 1 
=23 ит 
=501 3 
4. Base area of pyramid = 10 x6 


Practise Now 13 


(a) (i) Radius of hemisphere = 30 +2 
= 15 ст 
Нелоће о! сопе = 50 – 15 
= 35 ст 


Volume of solid = volume of cone + volume of hemisphere 


1 хтх15?х35+ 2 х2 хтх15? 
3 2^3 


26257 + 22507 
= 48757 
= 15 300 cm? 


(ii) Using Pythagoras’ Theorem, 


Slant height of cone = ¥15* + 357 
= 38.08 cm (to 4 s.f.) 


Total surface area of solid 
= curved surface area of cone 
+ curved surface area of hemisphere 
=TX 15 x38.08+2x rx 15° 
= 571.27 + 4507 
= 1021.27 
= 3210 ст (to 3 s.f.) 
(b) (i) Volume of cylinder = 48751 
n(12.5°h = 48757 
_ 48757 
~ 156.250 
= 31.2 ст 


The height of the cylinder is 31.2 cm. 
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= 60 ст“ 
Volume of pyramid = i X base area x height 


100 = 5 x 60 x height 


100 z 20 x height 
-. Height 2 5 cm 


Base area of pyramid = 5 x5x8 
=20 сп? 
Volume of pyramid = j X base area x height 


50 = 5 x 20 x height 


50 = = x height 


-. Height 2 7.5 cm 


Volume of pyramid = 5 X base area x height 


100 = j X base area x 12 


100 = 4 x base area 
-. Base area 2 25 m? 


Let the length of the square base be x. 


x = 25 
“x = 25 (sincex» 0) 
=5т 


The length of its square base is 5 m. 


66 ст 
32 ст 


Area of triangular face OWX 5 х 66 х 56 


= 1848 ст" 
Area of triangular face OXY = 5 х 32х63 
= 1008 сш? 
Area of rectangular base = 66 x 32 
=2112 cm? 


.. Total surface area of pyramid 
=2 x area of OWX + 2 x area of OXY + area of square base 
=2 х 1848 + 2 х 1008 + 2112 


= 7824 ст“ 
Volume of paper weight = 5 X base area x height 
1 
= - хбхбх7 
- 84 cm? 
Mass of 4 paper weights = volume of 4 paper weights x density 
=4x84x3.1 
= 1041.6 = 
Volume of pyramid = mass of pyramid + density 
= 500 - 6 
= 83 E cm? 
3 
Volume of pyramid = i X base area x height 
1 1 : 
83— 2 — x30 x height 
3 3 
83 5 - 10 x height 


-. Height = 8i ст 


10. (i) Let the point where the vertical from V meets the rectangular 


base be P. 
РО = 15 + 2 
= 7.5 ст 


Using Pythagoras's Theorem, PV= 416^ — 7.5? 
= 14.13 ст (© 4 s f.) 


= 14.1 cm (to 3 sf.) 
The height of the pyramids is 10.1 cm. 


C237) 


(ii) Volume of pyramid = — x base area x height 


x15 x9 x 14.13 


о|= ој 


= 636 cm’ (to 3 sf.) 
1 


11. (i) Volume of pyramid = В X base area x height 


180 = : x 10 x 8 x height 


180 = = x height 


-. Height 26.75 cm 
(ii) Let the slant height from V to PQ be l, cm, 
the slant height from V to QR be l, cm. 
Using Pythagoras’ Theorem, 


l, 2 /675° + 4? 
=7.846 ((045.) 
1, = 46.75? + 5° 
= 8.400 (to 4 sf.) 


-. Total surface area of pyramid 


= Area of all triangular faces + area of square base 


2 2 
= 2(39.23 + 33.6) + 80 
= 145.66 + 80 
= 226 cm’ (to 3 sf.) 


=2x (4x10x7846+ 4x8 x840] +10х8 


12. (i) Volume of pyramid = 


700 = 


X base area x height 


x 16 x 14 x height 


| Он 


224 


700 - За? X height 


-. Height = 9.375 ст 
(ii) Let the slant height from the top of the pyramid to the side with 
16 m be /, cm, 
the slant height from the top of the pyramid to the side with 
14 m be l, cm. 


Using Pythagoras’ Theorem, 


l, 249375 + 7? 
= 11.70 (to 4 s.f.) 
L = /9.3752 + 82 


= 12.32 (to 4 s.f.) 
-. Total surface area of pyramid 


= Area of all triangular faces + area of square base 
=2х [5 x16%11.70%5 x14 х1222 + 16x14 


= 2(93.6 + 86.24) + 224 
= 359.68 + 224 
= 584 cm’ (to 3 sf.) 


13. Volume of pyramid = 1 X base area x height 


= i x 15 x 10 x 20 
= 1000 cm? 
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Volume of cubical tank = ? 


= 30° 

= 27 000 cm* 
Volume of water left in tank after pyramid is removed 
= 27 000 – 1000 
= 26 000 ст? 


Let the depth of the remaining water in the tank be d cm. 


30 x 30 x d = 26 000 


900 4 = 26 00 
.4=288 
9 


The depth of the remaining water is 28 5 ст. 


14. Let WX be a, XY be b and the height of the pyramid be Л. 


1е.а>Ь 


Using Pythagoras' Theorem, 


VA = ,[h? + 8 





Since a > b, VB > VA, 
-. the slant height VA is shorter than VB. 
15. (i) Let the slant height be / cm. 


Using Pythagoras’ Theorem, / = ‚|8° — 3 
= X64 — 16 
= 448 


= 6.928 cm (to 4 s.f.) 
= 6.93 cm (to 3 s.f.) 


(ii) Base area of tetrahedron = 3 х 8 х 6928 


= 27.712 cm’ 
Let the height of the tetrahedron be Л ст. 


2 
Using Pythagoras’s Theorem, - ,|8? — E х 6928 


= 6.532 cm (to 4 s.f.) 


-. Volume of tetrahedron = 


= 60.3 ст” 


Exercise 12B 


1. (a) Volume of cone = 


xnx6xl4 


= 1681 


OXFORD = 528 cm’ (to 3 sf.) 
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X base area x height 


х 27.712 x 6.532 


2. 


3. 


4. 


5. 


(b) Volume of cone 2 — x base area x height 


x 154 x5 


Ble wile 


= 256 = cm? 
3 


(c) Volume of cone 


=57-п 


= 180 cm’ (to 3 sf.) 
(d) Circumference = 132 





2nr = 132 
... 132 
Comm es 
2n 
08 
T 
Volume of cone = iuh 
2 
= T XTX ($) x28 
3 T 
_ 40656 
T 
- 12 900 mm? 
Volume of cone = uh 
3207 = 1 xnx8xh 
3207 =21 5 пи 
й = 15 ст 


Volume of cone = 3 X base area x height 


160 = 5 x 20 x height 


160 = = x height 


-. Height 224 m 


Volume of cone = 5 mh 


132-1х22 х 
з ^7 
132 = хр 
3 
r=9 


ares Jo (since r > 0) 
=3cm 
(a) Total surface area of cone = nrl + nr? 
-тх4х7-тх4 
= 28 т + 16% 
= 440 
= 138 cm’ (to 3 s.f.) 


(b) Radius of cone = 28 +2 
= 14 шт 
Total surface area of cone = nrl + nr? 
=лх14х30хтх 14° 
= 420 + 196л 
=616л 
= 1940 mm’ (to 3 sf.) 


(c) Circumference = 132 


2nr 2132 
. 132 
р 
2n 

= 56 

T 


Total surface area of cone = nrl + ти“ 
2 
=1X 66 x 254+ X ($) 
T T 


= 1650 + 2920 
T 


= 3040 cm’ (to 3 s.f.) 


6. Curved surface area of cone = 842 mm” 


л(6)/ = 840 
блі = 847 
_ 847 
шинэ 
= 14 шт 


The slant height of the cone is 14 mm. 
7. Total surface area of cone 2 1000 cm? 
т(15)/ + (15?) = 1000 
15 + 2257 = 1000 
1571 = 1000 – 2257 
. 1000 - 2251 
157 
_ 1000 – 225 х 3.142 
7 15 х 3.142 
= 6.22 cm (to3 sf.) 
The slant height of the cone is 6.22 cm. 


мар 


8. Curved surface area of cone 2251 m? 


mr(5) = 251 
5nr 2251 
251 

pS 5а 

5n 


= 16.0 m (to 3 s.f.) 
9. Radius of conical funnel = 23.2 +2 
=11.6cm 


Volume of conical funnel = i пећ 


j xnxll6 x42 


1883.847 cm° 
Radius of cylindrical = 16.2 + 2 
=8.1 ст 


Volume of cylindrical tin 2 1883.84x cm* 
1(8.1)) = 1883.847 
65.61л№ = 1883.847 
_ 1883.847 
765617 
= 28.7 cm (to 3 s.f.) 


10. Volume of conical block of silver — 5 meh 
= 5 хтх 12 х 16 
= 768л ст? 
Radius of a coin z 1 -2 
3 
= = ст 
4 


Volume of a coin = пећ 
зү od 
=лх (2) х - 
3 3 
= — љст 
32 


-. Number of coins that can be made 


Volume of conical block of silver 
Volume of a coin 








768 п 
3 
357 
= 8192 
11. Circumference of base of cone 2 2nr 
-2xmxl0 
= 201 ст 
Observe that slant height -20 1,1 x 1 





circumference ofcone 20 л 2 27. 
-. The net of the cone is a semicircle, where the slant height is the 


radius of the semicircle. 
10 cm 


207 ст 
12. (i) Letthe diameter of the semircircle be d, cm, 
the diameter of the base of the cone be d, cm. 


1 Бо 1 
Circumference of semicircle — 2) та, 


1 хт х 10 
2 


-57сш 
Circumference of base of cone = 5r cm 
та, = 5п 
под = 5 
The diameter of the base of the cone is 5 cm. 
(ii) Radius of the cone = 5 + 2 


=2.5cm 
Slant height of the cone = 10 +2 
=5 ст 


Curved surface area of the cone = ли! 
=лх2.5 х5 
= 12.5л 
= 39.3 ст? (їо 3 s£) 
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13. Using Pythagoras’ Theorem, 
1 = 45° +12? 


=13cm 
Curved surface area of the cone = trl 
=mx5x13 
= 651 
= 204 сш (to 3 sf.) 
14. Using Pythagoras’ Theorem, 


h = ү20° – 82 
- 18.33 cm (to 4 s.f.) 


Volume of cone = : nrh 


= 5 хтх8 х 18:33 


= 391.047 
= 1230 cm’ (to 3 sf.) 
15. (i) Using Pythagoras’ Theorem, 


r=2-17 
= 152 
Volume of cone = алй 
> 1 xnx152x17 
-861lm 
3 


= 2710 mm’ (to 3 s.f.) 


Gii) Total surface area of cone = nrl + nr’ 


=лх 4152 x214 mx 152 


=214152 л+ 1527 


= 1290 mm (to3 s f.) 


16. Let the height of the smaller cone be / cm. 
Then the height of the bigger cone is (h + 18) cm. 


X 


18 cm 





Since AXPS is similar to AXQU, 


XP PS 
XQ ~ QU 
h _ 6 
ћ+18 15 
15h = 6h + 108 

9h = 108 
h=12 
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-. Height of bigger cone = 18 + 12 
= 30 ст 
-. Volume of frustum 
= volume of bigger cone — volume of smaller cone 
1 1 


= ПЕН – — пећ 
3 3 


п(К?Н — rh) 


m(15° x 30 – 6: х 12) 


= — п(6318 
3 (6318) 


= 20167 
= 6620 cm’ (to 3 sf.) 
17. (i) Radius of cone = 14 +2 
=7 cm 
Total surface area of solid = 2701 
=2хпх7х 15 
= 2101 
= 660 cm? (to 3 sf.) 
(ii) Using Pythagoras’ Theorem, 
h= 415; -7 
= 13.27 cm (to 4 s.f.) 


Volume of solid = 2 x 5 nrh 


хпх 7 х 13.27 


w| N 


= 1360 ст? (0 3 s.f.) 
18. Total surface area of cone = 1240 m? 
п(13.5)/ + (13.5)? = 1240 
13.5л/ + 182.25т = 1240 
13.571 = 1240 – 182.257 
_ 1240 – 182.257 
13.57 
= 15.74 m (to 4 s.f.) 


Using Pythagoras’ Theorem, 


h 2 41574? - 13.5? 


= 8.093 m (to 4 sf.) 


21 


Volume of cone = : meh 


х x 1 x 13.5! x 8.093 


1540 m° (to 3 s.f.) 


Exercise 12C 


1. (a) Volume of sphere = mn 


^ xnx8 
3 


= 6822 д 
3 


= 2140 cm’ (to 3 sf.) 


(b) Volume of sphere = a 


= 4 хлх 148 
3 


= 3658 2 п 
3 
= 11500 mm’ (to 3 sf.) 


(c) Volume of sphere = an 
= 4 хлх4? 
3 


285lm 
3 


268 m’ (to 3 s.f.) 
(a) Volume of sphere — 1416 cm? 





4 a = 1416 
3 
3 1062 
рк сое 
T 
РГ 1062 
T 


= 6.97 cm (to 3 s.f.) 
(b) Volume of sphere = 12 345 mm? 
4 3 








— nr = 12 345 
3 
3 _ 37035 
r = 
4т 
37 035 
r= 1 
Ат 


= 14.3 mm (to 3 s.f.) 
(c) Volume of sphere = 780 m? 
4 т? = 780 
3 


3 _ 585 
ЈЕ = 
T 


„_ 385 
"Мт 


=5.71 m (to 3 s.f.) 
(d) Volume of sphere = 9727 cm? 
ia -972n 


r 2729 
s.r = 4729 
=9 cm 
(e) Volume of sphere - 498x mm? 
inr = 498 


в =3731 
2 


1 
“r= 3/37 
nS 3373 


= 7.20 mm (to 3 s.f.) 


(f) Volume of sphere = 15 2 пт 


4 3 


Lar -15—m 
3 16 
7 729 
# же === 
64 


„_ 1729 
~ \ 64 


=2.25 m (to 3 s.f.) 

(a) Surface area of sphere = 47r? 

-4xmx12 

= 5761 

= 1810 cm’ (to 3 sf.) 
(b) Surface area of sphere = 4nr? 

-4xmx9 

= 3241 

= 1020 mm’ (to 3 s.f.) 
(© Surface area of sphere = 47r? 

-4xnx3 

= Збл 

= 113 m’ (to3 sf.) 


Total surface area of hemisphere = лг? + 5 x 4nr 


= Злі? 
-3хтх7 
= 147л 
= 147 х 3.142 
= 462 cm’ (to 3 s.f.) 
(a) Surface area of sphere = 210 cm? 
Алғ? = 210 


47 
1210 : 
r= ч (since r > 0) 


= 4.09 cm (to 3 s.f.) 
(b) Surface area of sphere = 7230 mm? 





4ти? = 7230 
= 7230 
4т 
7230 ,. 
r їл (since г > 0) 


= 24.0 mm (to3 s.f.) 
(c) Surface area of sphere = 3163 m? 
Ати? = 3163 


е 3163 


AT 
|3163 ; 
ifs dm (since r > 0) 


= 159 т ([0 3 sf.) 
(d) Surface area of sphere = 647 cm? 
4nr? = 641 
r 216 
r= 16 (since r > 0) 


=4cm 
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(e) Surface area of sphere = 9117 mm? 
Ат? = 9110 
2. 911 


4 
a (since r > 0) 


=15.1 mm (to 3 s.f.) 
(f) Surface area of sphere = 497 m? 


r 


«Г 


41? = 497 
p.m: 
4 
r- 2 (since r » 0) 
\ 4 
=3.5 т 


6. Curved surface area of hemisphere = 364.52 cm* 


5 х 4л? = 364.5л 


217" = 364.5 
2 _ 364.5 
ров 
2 
Ay (25 (since r » 0) 
= 13.5 ст 
Radius of a ball bearing = 0.7 + 2 
= 0.35 ст 
Volume of a ball bearing = а ле 
= i x x x 0.35? 


= 0.1796 cm’ (to 4 s.f.) 
Mass of a ball bearing = 0.1796 x 7.85 
= 1.40986 g 
1000 
1.40986 
= 709 (to the nearest whole number) 





Number of ball bearings = 


Volume of hollow aluminium sphere 


= = К° — A ap 
3 3 
= 5 хпх 30° 4 хлх20? 


= 36 000л – 10 666 = x 


= 25 333 i ncm 


Mass of hollow aluminium sphere = 25 333 5 тх27 


2215 000 g (to 3 sf.) 
=215 kg 
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9. Radius of hemisphere =2 +2 
-1сш 
1 4 3 


Volume of a hemisphere = » х ae 


a 
E 


x 
a 
x 
– 


w 


WIN UIN WIN 
a 

O 

5 


Volume of sphere = i пх 54 


4 


2187 -36т 
3 
Rè =27 
78 = 427 
=3 ст 
10. Radius of sphere = 26.4 +2 
= 13.2 ст 
Volume of acid in the sphere = 5 х їл” 
2.3 
= = лг 
3 
= 2 хпх 1322 
3 


= 1533 3127 ст" 
Radius of beaker = 16 + 2 
=8cm 
Volume of acid in the beaker = 1533.3127 
xR'd — 1533.312n 
лх8 х4-1533312л 
64nd = 1533.3127 
_ 1533.312 
Sey 
= 24.0 cm (to 3 s.f.) 
The depth of the acid in the beaker is 24.0 cm. 
11. Radius of cylindrical tin = 18 + 2 


=9 cm 


^d 


Volume of water in the cylindrical tin = mh 
=пх9х132 
= 1069 2л ст" 

Radius of spherical ball bearing = 9.3 + 2 

=4.65 cm 


Volume of spherical ball bearing = 5 TR? 


x TX 4.65 


w| e > 


= 134.05957 cm? 
Volume of water and spherical ball bearing 
= 1069.27 + 134.0595 x 


Volume in the cylindrical їїп = 1203.2595лт 
TX 9 XH = 1203.2595n 
8ІлН = 1203.2595л7 


1203.2595 
81 
= 14.86 cm (to 2 d.p.) 
The new height of water in the tin is 14.86 cm. 
12. Volume of sphere = 850 m° 


ЗН = 


4 n? - 850 
3 
5 1275 
= == 
T 





NET UL 
UO CN 2n 


= 5.876 m (to 4 s.f.) 
Surface area of sphere — 4nr? 
-4xmx5.876 
= 434 m’ (to 3 sf.) 
13. Surface area of basketball = 1810 cm? 
4nr^ — 1810 


4n 
[1810 : 
гж "4g  Өшсєг»0) 


- 12.00 cm (to 4 s f.) 


Volume of basketball — тл? 


5 x 1 x 12.00? 


= 23047 
= 7240 ст? (о 3 s f£.) 


14. Curved surface area of hemisphere = 1 x Anr? 


- 2nr? units? 


Flat surface area of hemisphere = n° units” 


Ratio of red paint to yellow paint 22zr : mr 
2323. s I 
15. () Radius of sphere = radius of cylindrical can 
=34 ст 
Diameter of sphere 2 3.4 x 2 
=6.8 ст 
Depth of water in the can when the sphere was placed inside 
=6.8 ст 
Surface area of can in contact with water 
= ти? + ий 
=пх34°+2хпх34х68 
= 11.5бл + 46.247 
= 57.87 


= 182 cm’ (to3 sf.) 


(ii) Volume of water in the can when the sphere was placed inside 


=т?л- ®т? 
3 


=7Xx34 x68- i xnx34 


-34 B 
«зам 88-44: 


= (эе xen) cm? 


Let the depth of water in the can before the sphere was placed 


inside be d cm. 


Volume of water — E х 246 х J cm? 


nd 234 x22 xm 
15 
л(3494 =34°х22 хт 
15 
34? Хэр 
"d= — B 
34?^n 
-24 
15 


The depth of water in the can was 2 x cm. 


Exercise 12D 


1. Radius of cylinder = 12 +2 
=6m 
Total surface area of rocket 
= Flat surface of cylinder + curved surface area of cylinder 
+ curved surface area of cone 
=лтхб+2хтх6х42+тх6х 15 
= 367 + 5047 + 907 
= 6307 
= 1980 m’ (to 3 s.f.) 
2. Volume of remaining solid 


= Volume of cylinder — volume of cone 
-nx6x15- 5 хтх3°х15 


= 5407 – 457 
= 4957 
= 1560 cm’ (to 3 sf.) 


3. (i) Volume of the solid 


= Volume of hemisphere + volume of cylinder 


-1х3хл х7 тх7 х10 
2 3 


ы 2282 л +490л 


=7182 T 
3 


= 2260 cm’ (to 3 sf.) 
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4. 


6. 


(ii) Total surface area of the solid 


= Flat surface of cylinder + curved surface area of cylinder + 


curved surface area of hemisphere 
=пх7 +2 хпх7х 10 + 5 x4xnxT 


= 49n + 1407 + 987 
= 2870 
= 902 cm’ (to 3 s.f.) 
(i) Volume of the solid 
= Volume of hemisphere + volume of cone 


-1x 5 хлх21°+ 5 xx 212 x28 


2 
= 61747 + 4116л 
= 10 2907 
= 32 300 cm’ (to 3 sf.) 
(ii) Total surface area of the solid 
= Curved surface area of hemisphere + 


curved surface area of cone 
= 1 х4хпх212+ пх 21х35 


= 8827 + 73.57 

= 16171 

= 5080 cm’ (to 3 sf.) 
712 7000 cm? 


Height of the cone = 2 х4г 


127 
= — ст 
5 
Volume of cone = 7000 cm? 


12r 


1 xnxrx - 50190 


3 
4 nr’ = 7000 
5 
з _ 8750 
pS SS 
T 
Volume of cylindrical container — rh 
-nxrx4r 
= Аде“ 


_ за (2750 
T 


= 35 000 cm° 
Amount of water needed = 7000 + 35 000 
- 42 000 cm* 
=421 
(i) Radius of cylinder = 8 + 2 
=4m 
Total surface area of solid cylinder with conical ends 
= 2 x curved surface area of cone + 
curved surface area of cylinder 
=2хлх4х6б+2 хпх4х8 
= 48 т + 647 
= 1127 
= 352 m’ (to3 sf.) 
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10. 


(ii) Using Pythagoras’ Theorem, 


һ = 62 – 42 

= 4.472 m (to 4 s.f.) 
Volume of the solid cylinder with conical ends 
= 2 x volume of cone + volume of cylinder 


=2х 5 xnx4 x4472 4 nx 4x8 


= 552 ш? (03 51.) 
Radius of the cylinder = 4.7 + 2 
=2.35m 
Height of cylinder = 16.5 — 2.35 
=14.15m 
Capacity of tank 
= volume of hemisphere + volume of cylinder 


- i x i xnx235 4 1x235' x 1415 


2273 m! (to3 s£.) 
Volume of cone = volume of ball 


1 хтх4?хһ= ^ хтх3° 
3 3 


16 Th = 360 
3 
Зе) 
16 
= 6.75 ст 


(i) Volume of cone = 1 i х volume of hemisphere 


хтх35°хһ=1{ х1 х2 хтх35° 
5 2 3 


w| |1 


408 i Th = 34 3007 


+h =34 300 + 408 = 


= 84 ст 
The height of the cone is 84 cm. 
(ii) Using Pythagoras’ Theorem, 


1 = 3842 + 35? 


= 91 ст 

Total surface area of the solid 

= Curved surface area of cone + 
curved surface area of hemisphere 


= пх35х91 + 5 XAx n x35? 


= 31857 + 24507 
= 56357 ст“ 
(i) Volume of the solid = volume of pyramid + volume of cuboid 


= 5 X30 x 30x 28 + 30 x 30 x 40 


= 8400 + 36 000 
= 44 400 cm’ 
(ii) Using Pythagoras’ Theorem, 


slant height of pyramid, / = 4287 +157 


= 31.76 ст (10 482.) 


Total surface area of the solid 
= Total surface area of visible sides of cuboid + 


total surface area of all triangular faces of pyramid 
= (30 x 30 + 4 x 30 x 40) + [4x5 x30 x 31.76] 
= 5700 + 1905.6 
= 7610 ст (to 3 s.f.) 


Review Exercise 12 


1. (a) (i) Volume ofthe solid 
= Volume of pyramid + volume of cuboid 
Е i x 20 x 20 x 24 4 20 x 20 x 50 
= 3200 + 20 000 
= 25 200 ст" 
(ii) Total surface area of the solid 
= Total surface area of visible sides of cuboid + 
total surface area of all triangular faces of pyramid 
= (20 x 20 + 4 x 20 x 50) + [4x5 20 x 25 
= 4400 + 1040 
= 5440 ст? 
(b) 4) Volume of the solid 
= 2 x volume of cone + volume of cylinder 
=2x 5 хпх0.5х12+пх0.5°х2.5 
1 
= л+л 
5 
33 
= д 
40 
22,9 m! (to 3 s£.) 
(ii) Using Pythagoras’ Theorem, 
slant height of cone, / = \1.2? + 0.5? 
=13m 
Total surface area of the solid 
= 2 х curved surface area of cone + 
curved surface area of cylinder 
=2хтх0.5х13+2хтх0.5х2.5 
= 1.3л + 2.5л 
= 3.8л 
=11.9 m (to 3 s.f.) 
(c) (i) Volume of the hemisphere 


= 1 х  хтхад 
2 3 


= 42 666 = x 


= 134 000 cm’ (to 3 s.f.) 
(ii) Total surface area of the hemisphere 


= 1 х4хпх40 + пх 40° 


= 32007 + 16007 
= 48007 
= 15 100 сш? (ю 3 s.f.) 


3. 


(d) (i) Volume of the solid 
= 2 X volume of hemisphere + volume of cylinder 


1.4 


=2х 5 х 5 хїх35-7х35х4 


= 334 mi (to 3 sf.) 
(ii) Total surface area of the solid 
= 2 x curved surface area of hemisphere + 
curved surface area of cylinder 


1 


=2x 5 XAxnx3.5! -2xnx3.5x4 


- 40m 4 28n 
= 777 
= 242 m! (to 3 sf.) 
0) Volume of the structure 
= volume of the cone + volume of hemisphere 


= 1 хпхох2о+ 1 х хдх4 
3 2 3 


1662. x4. 422m 
3 3 


= 209 1 л, 
3 


= 658 cm’ (to 3 sf.) 
Using Pythagoras’ Theorem, 


slant height, / = 420° + 5° 


= 20.62 cm 


Total surface area of the structure 


(ii) 


= Total surface area of cone + total surface area of hemisphere 
= (пх 5 +лхух 20.62) + (axe ZI 


= 128 1п + 481 

= 176.17 

= 553 cm’ (to 3 sf.) 
Volume of the rocket 


= volume of cone + volume of cylinder 


Е 5 хлх 182 х 49 + лх 18° х 192 


= 52927 + 62 2087 

- 67 5001 cm? 

= 0.06751 m? 

Density of metal = 2 
0.06757 


= 10 115 kg/m’ (to the nearest whole number) 
Surface area of first sphere = 1442 cm? 


4nr; 2 1447 
12 = 36 
“1, = 36 (ѕіпсе л > 0) 
=6 ст 
Volume of first sphere = imn 
= 5 xax6 
3 
- 288r cm? 
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5. 


Surface area of second sphere = 2567 cm* 
4175 = 256л 
2 = 64 


лт = 164 (ѕіпсе ғ > 0) 


= 8 ст 


Volume of second sphere an 


= 4 хлх8? 
3 


= 682 3 T cm? 


Volume of larger sphere = 2881 + 682 5 T 


Í nR =970 2 ncm’ 
3 3 
№ = 728 
ГК = 4728 
= 8.996 cm (to 4 s.f.) 
Surface area of larger sphere - 4nR^ 
-4xmx 8.996 


= 1020 cm’ (to 3 s.f.) 


(i) External radius = 12 + 2 
= 6 cm 
Internal diameter = 12 —2 —2 
=8cm 
Internal radius = 8 + 2 
=4cm 
4 p 4.53 
Volume of hollow sphere = ч TR — з nr 
= ипие 
3 
= 2881 – 85 Е T 
3 
= 2022 mem’ 
3 
Mass of hollow sphere = 2022 тх54 
= 3438.159 0 
= 3.44 kg (to 3 s.f.) 
(ii) Volume of solid sphere = 202 i ncm? 
^ xax -2022n 
3 3 
г} = 152 
z. r, = 3/152 
= 5.34 cm (to 3 s.f.) 
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хтх4° 


6. 


(i) Number of drops = 5000 + 12.5 


= 400 
(ii) Volume of one drop of oil = 12.5 mm? 
а пх = 12.5 
3 
3 _ 75 
Fo 
8л 


NN 
U 7 N8n 


= 1.44 mm (to 3 s.f.) 

Let the radius of the cylinder and sphere be r units. 
Surface area of the sphere — 4n? units? 
Curved surface area of cylinder = 2 mrh 

-2xmxrx2r 

- 4nr units? 
-. Surface area of the sphere 

= curved surface area of cylinder (shown) 
Radius of hemispherical roof = 10 + 2 
-5m 


Curved surface area of hemispherical roof = > x 4nr? 


-2xmx5 
- 50r m 
Cost of painting 2 50r x $1.50 
= $235.62 (to the nearest cent) 
(i) External radius = 50.8 +2 


= 25.4 ст 
Internal diameter = 50.8 — 2.54 — 2.54 
= 45.72 cm 
Internal radius = 45.72 +2 
= 22.86 ст 


Volume of metal hemispherical bowl 
1,45 l.4,5 


=_ xX —mnR ЖЕ 
2 3 3 
= 1х4 хлх25.43_ 1х4 хтх2286 
2 3 2 3 
= 9300 cm? (to 4 s.f.) 
= 0.009 300 m? 
: 97.9 
Density of metal = 0.009 300 


= 10 500 kg/m’ (to 3 s.f.) 
(ii) Volume of liquid in the bowl 
1 4 3 
ex cq 
2 3 
= 1х4 хлх22 863 
2 3 
25 020 cm? (to 4 s.£.) 
= 0.02502 m? 
Mass of the liquid = 31.75 x 0.02502 
= 0.794 kg (to 3 sf.) 


= 794 2 


10. (i) Radius of capsule A = 0.6 +2 


11. 


12. 


= 0.3 ст 
Surface area of capsule A 
= 2 x curved surface area of hemisphere + 
curved surface area of cylinder 


=2x 5 х4хтх03 -2хтх03х24 


= 0.3бл + 1.447 
= 1.81 сп? 
Surface area of capsule B - 1.81 cm? 
2xnx0.6 -2xnx0.6xh 1.81 
0.727 + 1.27h = 1.87 


1.27h = 1.087 
pe 1.08 
1. 
=0.9 cm 


(ii) Volume of capsule A 
= 2 X volume of hemisphere + volume of cylinder 


=2х 5 х i xnx03 41x03! x24 


= 0'036п + 02161 

= 0.2520 

= 0.792 cm’ (to 3 sf.) 
Volume of capsule B 
=7x0.6 x09 

= 0.3247 

= 1.02 ст? (0 3 $.) 


Radius of pillar = 40 + 2 

= 20 ст 
Since the pillar has the same mass as a solid stone sphere of the same 
material, 


-. the pillar has the same volume as the solid stone sphere. 

















Volume of solid stone sphere = $ nR 
= 4 хлхад 
3 
256 000 3 
= T cm 
3 
Volume of pillar = 230000 тст? 
nx20 xh4 1 х2 хтх20* = 2°°000 1 
2. 3 3 
400лЛ + 16 000 йг 286000 2 
4007h = 80 0007 
“. ћ = 200 ст 


Radius of cylinder and cone = 2r + 2 
=r units 
Radius of sphere = 2r + 2 
=r units 
Volume of cylinder = T X 7° X 2r 


- 2nr? units? 


13. 


14. 


2 
Volume of cone = — xzxr x2r 


3 . 
Tw units? 


ој оре 


Volume of зрћеге = 1 xnxr 


4 | 
= 3 n? units? 


Ratio of volume of cylinder to volume of cone to volume of sphere 
3. 2.3 4 3 


= 2mr Ее: nr 
3 3 
zog 2 = 
3 3 
= 6 2 4 
= 3 : Ї ~ 2 
Radius of hemisphere = 2 + 2 
= 1 ст 
Radius of cone = 6 +2 
= 3 ст 
: 1 4 3 
Volume of hemisphere = а х 3 nr 
-1х7 хүүх 
2 3 
= 2лсп? 
3 
2 
Volume of cone = 40 x гай 
1 хтхз?хһ= 59т 
3 
злһ= 80 д 
3 
ier 
3 3 
= са 
9 


The height of the chocolate cone is 8 5 ст. 
Radius of cone 2 42 +2 


=2.1 ст 
ћ 1 4 3 
Volume of hemisphere = а х gu 
= 1х4 хлх2. 13 
2 3 
= 6.1747 cm? 
Volume of cone = 56 — 6.1741 
: xnx2. x h 2 56 -64174x 
1.47nh = 56 – 61741 
- 56 – 61741 


1.477 
= 7.93 cm (to 3 sf.) 
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Challenge Yourself 


1. 
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Let the side of a face of a tetrahedron which is an equilateral triangle, 
be x cm, 

the slant height of a face of a tetrahedron be / cm, and 

the height of the tetrahedron be H cm. 

Using Pythagoras’ Theorem, 


2 
је 8-8) (since 1 0) 


The centre of a side of a tetrahedron is 2 of its slant height. 


Using Pythagoras’ Theorem, 





| 

= 
| 
| 

~ 


Base area of tetrahedron 


Volume of tetrahedron = 500 cm? 


1 А хээ 
3^4 3 


x = 4243 (to 4 s.f.) 
лох = 4243 
= 16.19 (to 4 s.f.) 
Total surface area of tetrahedron = 4 х base area 


Уз 16.19? 


m4x X 
4 


= 454 cm’ (to 3 s.f.) 


о] ~ 


о] ~ 





Using Pythagoras' Theorem, 


SI 


Since x = a r > —, the water in the hemisphere is not a 


ко] ~ 


hemisphere on its own. 


But the volume of water is more than the volume of a hemisphere 
spo 4 | 
with 5 as its radius. 


Volume of water 7 volume of hemisphere with radius 5 


3 

r 

XTX|-— 
Ө 


3 
дх 
8 


х 


х 
х 


X Xİ XTX 


w| A 


x volume of the bowl 


оо| = ole юре юк 


-. The volume of water is more than Ё of the volume of the 


bowl. (shown) 


Chapter 13 Symmetry 


TEACHING NOTES 


Suggested Approach: 


Many buildings and objects in our surroundings are symmetrical in shape. Teachers can make use of these real life examples 
to allow students to appreciate the significance of symmetry in the way things are designed (see Chapter Opener on Page 355). 
Teachers can also highlight that this is not the first contact students have with symmetry, as most animals and insects, and even 
our faces, are symmetrical in shape. Students can be encouraged to think about symmetry around them and if there are any 
animals that are asymmetrical (see Thinking Time on Page 358). 


Section 13.1: 


Section 13.2: 


Section 13.3: 


Section 13.4: 


Line Symmetry 

Teachers can point out objects in the classroom with symmetrical designs, such as windows, desks and chairs. 
Teachers can also ask students to think about other symmetrical objects they come across daily, such as buildings 
or company logos etc. The link to reflection, which students have learnt in Chapter 9, can be emphasised, whereby 
symmetry implies that folding along the line of symmetry will give the same exact shape (see Investigation on 
page 357). 


Rotational Symmetry in Plane Figures 

Teachers may bring in plane rectangles, parallelograms or squares to illustrate to students the concept of rotational 
symmetry. Familiar objects such as the King, Queen and Jack picture cards can be used to enhance association 
and appreciation of rotational symmetry of order 2. 


Symmetry in Triangles, Quadrilaterals and Polygons 
Students can visualise the symmetrical properties of triangles, quadrilaterals and polygons through hands-on 
interaction by making their own paper cut-outs (see Investigation on Pages 372 to 378). 


Symmetry in Three Dimensions 

Students may find it challenging to visualise symmetry in three dimensions, but should be able to relate to figures 
with infinite lines of symmetry and rotational symmetries. Teachers can bring in objects such as cans and cones 
to allow students to understand and envision symmetrical planes across the objects better (see Investigation on 
Page 380). 
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WORKED SOLUTIONS 
Investigation (Line Symmetry in Two Dimensions) 


5. The reflected image in the mirror is the same “half-shape” as the 


original figure on the paper. 


Thinking Time (Page 358) 


Most human beings and animals are symmetrical. 

An example of an asymmetrical animal is the sole fish, which is edible 
and can be found in markets. The upper side of its body is a dark greyish 
brown with thicker flesh, while the underside is white with thinner flesh. 
Some other animals that appear asymmetrical include hermit crabs which 
have claws of different sizes, flatfish such as flounders which have their 
eyes on only one side of their bodies and the wrybill, a bird with a beak 
bent towards the right. 


Thinking Time (Page 359) 


No. Triangles that have lines of symmetry are equilateral triangles 


(3 lines) and isosceles triangles (1 line). 


Investigation (Rotational Symmetry in Two Dimensions) 
2. of a complete turn 


of a complete turn from the original position 


wIN он 


4. 3thirds will have to be made for the figure to be back in its original 


position. 


Class Discussion (Line and Rotational Symmetry in Circles) 


1. Teachers can highlight to students to observe that a circle can be 
folded in half in an infinite number of ways, and this means that it 
has infinite lines of symmetry. 

2. To determine rotational symmetry, teachers can prompt students to 
use a pen to hold the circle down in the centre while rotating it on 
the table. The shape of the circle will always remain, and hence the 


order of rotational symmetry is infinite. 


Investigation (Symmetry in Triangles) 


2. The triangle has one line of symmetry, shown by line AD. 

3. Yes.Since ABC is an isosceles triangle with line of symmetry AD, 
the two triangles ABD and ACD are congruent, and thus the sides 
AB and AC and angles B and C can be deduced to be equal. 

4. Yes. The order of rotational symmetry is 1 as it needs to be rotated 
one full round for the shape to be the same. 

5. An equilateral triangle has 3 lines of symmetry and an order of 
rotational symmetry of order 3. A scalene triangle has no line of 


symmetry and rotational symmetry of order 1. 
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Investigation (Symmetry in Special Quadrilaterals) 


(a) The answers are provided in Table 13.2 on Page 376 of the textbook. 

(b) The answers are provided in Table 13.2 on Page 376 of the textbook. 

(c) The angles directly across each other from the line of symmetry are 
equal. 


Investigation (Symmetry in Regular Polygons) 






























































3. Types of Number of lines of | Order of rotational 
quadrilateral symmetry symmetry 
360° 
Equilateral triangle 3 = 
120° 
о 
Square 4 360 =4 
90° 
360° 
Regular pentagon 5 =5 
gular pentag 725 
o 
Regular hexagon 6 360 = 
60° 
о 
Regular heptagon 7 3% sc 
51— 
7 
360° 
Regular octagon 8 15° 
360° 
Regular nonagon 9 - 
5 5 40° 
о 
Regular decagon 10 2 10 
36° 
Table 13.3 


4. (a) Number of lines of symmetry 2 n 


(b) Order of rotational symmetry 2 n 
o 





5. Smallest angle of rotational symmetry = 


Thinking Time (Page 379) 


Other planes of symmetry are the two planes from the midpoint of the 
height of the cuboid. 


Thinking Time (Page 380) 


Other axes of rotational symmetry are those that pass through the other 


two sets of two parallel faces. 


Investigation (Symmetry in Cylinders and Cones) 


Teachers should help students develop the understanding that three- 
dimensional objects with a circular cross-section and/or base have 


infinite planes of symmetry and order of rotational symmetry. 


Practise Now 1 


(a) 


(b) D 


Practise Now 2 


(a) 





(b) 















































Practise Now 3 


B' А’ 


Practise Now 4 


(i) Since the bowl has a circular top, it has infinite number of planes of 
symmetry. 

(1) It has 1 axis of rotational symmetry passing through centres of the 
circular top and the base. 

(iii) Since the bowl has a circular top, the order of rotational symmetry 
is infinite. 


Exercise 13A 


1. (а), (с), (2) 
2. (а) 1 

(b) 1 

(c) 1 

(d) 3 

(e) 2 

(f) 2 

(g) 2 

(h) 2 

0) 4 


слот 
о м < 


4. (а) | (b) 
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(с) 


(9) (в) (8) 


























à. 































































































6. (a) 
(i) G 
(k) 
(b) 
· (а) (b) 
(c) (d) 














(e) 
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4 
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10. 

















11. (а) W,M,A,T,H 


(b) E,H 
(c) H 

(d) N,S 
(e) 


n 


Exercise 13B 


1. 


(a) 


(c) 


С.) <> 


(е) т 


< 
Q, 





@ 
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2. Since the figure can be rotated 5 times to fit the original figure, 





























РЕ. 
3. (i) Lines of symmetry (ii) Order of rotational 
symmetry 
(a) 1 1 
(b) 2 2 
(c) 0 2 
(d) 8 8 
(e) 2 2 
(f) 2 2 
(g) 2 2 
(h) 2 2 
(b) 0) 0 4 

















(9) 


р 
1-7 
90 














qe СЭ QU | А | 





QE 


Exercise 13C 


1. 





(a) True 

(b) False 

(c) True 

(d) True 

(e) True 

(f) True 

(g) False 

(h) True 

(i) False 

0) False 

(a) Since the base is a square with an order of rotational symmetry 
4, the order of rotational symmetry for this pyramid is 4. 

(b) Since the base is a regular hexagon with an order of rotational 
symmetry 6, the order of rotational symmetry for this pyramid 
is 6. 

(c) Since the base is a circle, the order of rotational symmetry is 
infinite. 

(d) Since the ends of the axis are at the circular sides, the order of 
rotational symmetry is infinite. 

(b) axis 


(a) 


axis 


с 
- 
| 


HOW 


(d) axis 


4. 


5. 








A right pyramid with a square base has 4 planes of symmetry. 



































(i) Planes of symmetry (ii) Number of axes of 
rotational symmetry 

(a) 3 3 

(b) 9 13 

(c) 4 4 

(d) 6 6 

(e) 6 4 

(f) Infinite 1 

(2) Infinite Infinite 

(h) Infinite 1 

@) 4 1 

9 Infinite Infinite 














6. There are 9 planes of symmetry in a cube. Yes, a cube has more 


planes of symmetry than a cuboid (3 planes of symmetry) since all 
165 sides are equal. 

(i) There are 2 planes of symmetry. 

(ii) There is 1 axis of rotational symmetry. 

(iii) The order of rotational symmetry is 2. 


Review Exercise 13 


(a) (b) 
PE 


(d) 














OXFORD 


UNIVERSITY PRESS 




































































2. (i) Lines of symmetry (ii) Order of rotational 
symmetry 
(a) 2 2 
(b) 0 4 
(c) 8 8 
(d) 3 3 
(e) 1 1 
(f) 0 2 
(8) 2 4 
3. (a) 1 
(b) 2 
(c) 1 
(d) 2 
(e) 2 
@ 1 
(g) 2 
(h) 2 
4. (a) (b) 
(c) (d) 
(e) 




































































Teachers should note that there are other ways to shade the 


squares, and these are not the only answers. 


5. (a) (b) 
(ii) 
| Ад | v 
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Teachers should note that there are other ways to shade the 
triangles, and these are not the only answers. However, students 
should bear in mind that the question states that "exactly two 
triangles" are to be shaded. 


6. (a) (b) 


(d) 


(e) (f) 


ЗӨ 
Ub Жө 








Teachers should note that there are other ways to shade the 


figure. 


Challenge Yourself 


1. (i) Since the solid has a circular base, it has an infinite number of 
planes of symmetry. 


(ii) 





2. (i) Since the cone of ice cream is made up of a hemisphere with 
a circular base and cone with a circular top, there are infinite 


planes of symmetry. 


Revision Exercise C1 


1. ( In AABC, ZC = 90“. 
Using Pythagoras' Theorem, 
АВ? = ВС’ + АС” 
Qx + 1): = (2х) + (х- 5)" 
(i) (2x + 1): = (22): + (х – 5) 
Ах" + Ах + 1 =4Х + х — 10х + 25 
x -14x424 20 
(x—12)(x -2) 20 
x—1220 ог х-2=0 
2х-12 ог x —2 (rejected, since » 5) 
(iii) BC = 2(12) 2 24 cm 
АС = 12-5 =7ст 


Area of AABC = 5 x BC x AC 


1 


=— x24x7 
2 
= 84 ст: 
2. In ALMN, 
tan 31° = © 
LN 
г. ГМ = _26 _ 
tan 31? 
= 43.27 cm (to 4 s.f.) 
НМ = 4327 – 24 
= 19.27 ст 
In AHNM, 
tan LMHN = 029. 
19.27 
. _._-[ 26 
“. ДМНМ - tan (2955 


— 53.5? (to 1 d.p.) 
3. Letthe diameter of the circular base be x cm. 
The height of the cone bisects the vertical angle. 





х 
" ёо 

tn 2 = 2. 
2 8.4 

tan 36°= —2_ 

16.8 

-. x 2 16.8 tan 36? 


= 12.2 (03 s.f.) 
The diameter of the circular base is 12.2 cm. 


Volume of fish tank with pyramid and filled with water 
= (0.6 x 100) x (0.2 x 100) x 27 

= 32 400 cm’ 

Volume of pyramid 


= 5 X base area x height 


= 5 хЮх10х27 


= 900 cm? 
Volume of water in fish tank after pyramid is removed 
= 32 400 – 900 
= 31 500 сп? 
Let the height of water in the fish tank after pyramid is removed be 
h cm. 
~. (0.6 x 100) x (0.2 x 100) x A 2 31 500 
12001 = 31 500 


/. й= 26.25 ст 
Fall in water level 2 27 — 26.25 
= 0.75 ст 
(i) Volume of lip balm in container = 5 х 1 nr 
30 = 2 пе 
3 
p.d 
T 
“у= 2 
T 


= 2.429 (to 4 s.f.) 
= 2.43 cm (to 3 s.f.) 
The radius of the container is 2.43 cm. 
(ii) Surface area in contact with lip balm 


= 1 хат? 
2 


= 2л? 
= 2 хт х 2.429° 
= 37.1 cm’ (to 3 sf.) 
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Since the solid has a hexagonal top and base, it has an order of 
rotational symmetry of 6. 
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Revision Exercise C2 Substitute (3) into (2): 








1. (i) In APQR, ZR - 90. tan 56° = — E 
Using Pythagoras' Theorem, tan 63° + 20 
РО’ = ОК? + РЕ? : 
14.7 29.2? & PR tan 56 ГОО эх 
PR =14.7 -9.2 —— 
= 216.09 - 84.64 “л 639: + 20 tan 56° =x 
= о 
2 a EE = 20 tan 56? 
РК = «4131.45 (since PR » 0) tan 63 
= 11.47 cm (to 4 s.f.) dai tan 56° = 20 tan 56° 
In AKOR, ZR = 90°. tan 63° 
Using Pythagoras’ Theorem, . 20tan 55. 
? 5 
КО? = ОР + КЕ? _ tan 
oe tan 63° 


11.82 = 9.22 + КЕ? 


=121(038# 
КЕ? = 11.8? 9.2? оз) 


The height of the tower is 121 m. 


= 139.24 – 84.64 
= 546 3. Letthe length of the square base of the pyramid be x cm. 
m Volume of square pyramid = 750 + 8.05 
КЕ = «454.6 (since KR » 0) = 93.17 cm? (to 4 s.f.) 
= 7.389 10 4 $.Ё. 
em (tost) 1 X base area x height — 93.17 cm* 
“. РК = РК—КЕ 3 
Те 1 хххдх 13.5 = 93.17 
= 4.08 cm (to 3 s.f.) 3 
(ii) In APOR, 4.5х = 93.17 
9.2 2_ 93.17 
ZPOR= —— X moe 
Оти 45 
: a[( 92 3.17 
“. / РОК = COS (=) x= A (since x > 0) 
- 51.26? (to 2 d.p.) 24.55 (to 3 sf.) 
In AKQR, The length of the square base of the pyramid is 4.55 cm. 
cos / КОЁ = 9.2 4. (a) (i) Radius of core=7 +2 
118 =35 ст 
. _ af 9.2 
КОК = вов (3 Volume of cone= 5 meh 
= 38.77° (to 2 dp.) 1 
ёРОК = Г РОК – / КОЁ ас хпх35 х4 
= 51.26° – 38.77° 1 
= 12.5° (to 1 dp) ол 
2. Ге ТЕ =х т апа УР = y m. 251.31 cm? (to 4 s.£.) 
In ATFY, = 51.3 cm’ (to 3 sf.) 
tan 63° = - et (ii) Using Pythagoras’ Theorem, 
Slant height, / = V4? + 3.5° 
In ATFX, 
i = 5.315 cm (to 4 s.f.) 
tan 56° = у+20 (2) Total surface area of cone = лг + nr’ 


х =пх3.5 х5.315 +лх 3.5 
кышпы -0) = 30.8525л 


п 639 
296.9 cm? (to3 $.) 
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5. 


7. 





(b) Volume of a sphere = e 


4 


= — хлхо9 
3 
2 0.9721 cn? 1 
16 47 
Number of spheres that can be obtained 2 —2— 
umber of spheres that can be obtained = Soaz} 


= 16.8 (to 3 s.f.) 
The maximum number of spheres that can be obtained is 16. 
х+3у =50:-у) — (1) 
2y+11=3x-17 — (2) 


From (1), 
x+3y =5(x-y) 
= 5х- 5у 
4х = 8у 
х= 2у — (3) 
Substitute (3) into (2): 
2у+ 11 = 3(2у) - 17 
= бу- 17 
Ду = 28 
у=7 
Substitute y = 7 into (3): 
x = 2(7) 
=14 
Length of rectangle = 14 + 3(7) 
= 14+21 
= 35 ст 
Breadth of rectangle = 2(7) + 11 
=14+11 
=25 ст 


The longest length that can be drawn on the rectangle is its diagonal. 
Using Pythagoras’ Theorem, 


Length of diagonal = 435? 4 25? 
= \1850 


= 43.0 cm (to 3 s.f.) 





TENET шин 


























Since the solid has a circular top and base, the order of rotational 


symmetry is infinite. 
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Chapter 14 Sets 


TEACHING NOTES 


Suggested Approach: 


Teachers should not take an abstract approach when introducing the basic set notation, the complement of a set, and the union 
and intersection of sets. Teachers should try to apply the set language to describe things in daily life to arouse students' interest 
to learn this topic. 


Section 14.1: 


Section 14.2: 


Section 14.3: 


Section 14.4: 
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Introduction to Set Notations 

It will be a good idea to introduce this chapter by asking the students to think of sentences that relate to the 
collection of objects before introducing the mathematical term ‘set’ which is used to describe any collection 
of well-defined and distinct objects. It is important to engage the students to discuss the meanings of ‘well- 
defined’ and ‘distinct’ objects (see Class Discussion: Well-defined and Distinct Objects in a Set on page 394 of 
the textbook) before moving on to the different ways of representing sets as shown on page 394 of the textbook. 


Teachers should advise the students that when listing, it will be good if they are to arrange the elements either 
in ascending order for numbers or alphabetical order for letters or according to the given order. 


Students will gain a better understanding of equal sets if they are able to think of a counter-example to justify 
that the statement: if n(A) = n(B), then A = B is not valid (see Thinking Time on page 396). 


Teachers should always use a simple example to introduce the different set notations as well as the meaning of 
equal and empty sets so that students are able to understand them easily. 


Venn Diagrams, Universal Set and Complement of a Set 

Teachers may want to introduce Venn diagrams as a way to show the relationship between the set(s) that are 
under consideration. Teachers should go through some pointers (see Attention on page 399 of the textbook) when 
drawing the Venn diagram. 


When introducing the complement of a set, it will be good if an example can be illustrated using a Venn diagram. 
By having the students to discuss whether the complement of a set will exist if the universal set is not defined 
(see Thinking Time on page 401), they can have a better understanding of the meaning of the complement of a 
set. 


Students should be given more opportunities to discuss with each other on proper subsets (see Class Discussion: 
Understanding Subsets on page 402 of the textbook). It is crucial that the difference between a subset and a 
proper subset is discussed with the students so that they have a better understanding on proper subsets. 


Intersection of Two Sets 

Teachers may wish to use the Chapter Opener to introduce the intersection of two sets and guide the students to 
think how they can represent the intersection of the two sets on the Venn diagram since all the elements in a set 
are distinct. Conclude that the intersection of two sets refers to the set of elements which are common to both 
sets and this is represented by the overlapping region of the two sets. 


Teachers could use Practise Now 6, Question 1, to reinforce the meaning of subset and Practise Now 6, Question 
2, to introduce disjoint sets. 


Union of Two Sets 
Teachers should use Venn diagram to help students to visualise the meaning of the union of two sets, i.e. all the 
elements which are in either sets. 


Section 14.5: Combining Universal Set, Complement of a Set, Subset, Intersection and Union of Sets 
By recapping what was covered in the previous section, teachers may guide the students to solve problems 
involving universal set, intersection and union of sets in this section. 


Teachers may use step-by-step approach as shown in Worked Example 9 to identify and shade the required region. 
It should be reinforced that for a union, shade all the regions with at least one tick; for an intersection, shade all 
the regions with exactly two ticks and for complement, shade all the regions without any tick. 


Challenge Yourself 
Question | involves the understanding of the terms, ‘element’ and ‘proper subset’. Teachers may advise the 
students to use a Venn diagram to have a better understanding of each statement. 


For Question 2, teachers may wish to use the inductive approach to lead the students to observe a pattern for the 
number of proper subsets when a set has n elements. 


Question 3 involves the understanding of the properties of the different types of quadrilaterals and using one of 
the properties to classify them on a Venn diagram. 
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WORKED SOLUTIONS 


Class Discussion (Well-defined and Distinct Objects in a 
Set) 


1. No,H is not a set as the objects (handsome boys) in the set are not 
well-defined. 

2. T- (P, P,) since the 2 identical pens are distinct. 

3. E-(C,L,E, V, R) since the letter ‘E’ is not distinct. 


Thinking Time (Page 396) 


If A and B are two sets such that n(A) = n(B), it may not always be 
A = B. A counter-example is given as follows: Let A = (1, 2} and 
B = {3, 4}, n(A) = n(B) but A z B, since the elements in A are different 
from the elements in B. 


Thinking Time (Page 401) 


No, since A’ is defined to be the set of all elements in the universal set 
but not in A. 


Class Discussion (Understanding Subsets) 


1. Yes,sincea subset is a collection of well-defined and distinct objects. 


2. No,since not every element of P is in Q and vice versa. 


Thinking Time (Page 412) 


1. XUY/zX' UY 
(XUY/-xnY 
2. (XnYysx ny 
хпуу= ОУ 


Performance Task 


The universal set will be the students in my class. 
Yes, G is an empty set. It should be included in the Venn diagram. 


No, the sets will not be distinct. 


B BE 


Yes, the sets should be drawn such that there are overlapping 
regions between them. 


5. Yes,since I am a student of the class which is the universal set E. 


Practise Now (Page 393) 


1. (а) A= {2,4, 6, 8} 
(b) (i) True 
(ii) True 
(iii) False 
(iv) True 
(с) (0) 2EA 
(1) 5g A 
(УЖА 
(iv) Ge A 
2. n(B)= 10 
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Practise Now 1 


(i) С= {11,12, 13,14, 15,16,17} 
D = 410, 11, 12,13, 14, 15, 16, 177 
(ii) No. 10€ D but 10€ C 


Practise Now 2 


(a) No, a movie may be well-liked by some, but not others. 
(b) Yes, it is clear which pupils are fourteen years old. 


(c) Yes,itis clear whether someone is an English teacher in the school. 


Practise Now 3 


(i) P={} 
(ii) P and Q are not equal sets, as P is an empty set while Q consists of 


an element, 0. 


Practise Now 4 


(i) Е={1,2,3,4,5,6,7,8,9, 10, 11,12, 13} апа 
В={2,3,5,7,11, 13} 





(i) 
B 1 4 
6 8 
9 10 
12 











(iii) B’ = {1, 4, 6, 8, 9, 10, 12} 
(iv) B’ is the set of all integers between | and 13 inclusive which are not 


prime numbers. 


Practise Now 5 


1. 





(ii) Yes, D is a proper subset of C because every element of D is an 

element of C, and D#C. 
2. @ Р={1,2,3,4,5,6,7,8,9, 10, 11,12, 13} 

О = {2,3,5,7, 11} 

(ii) Q C P because every element of Q is an element of P, and 
QzP. 

(iii) R 2 (1,2,3,4,5,6,7, 8,9, 10, 11, 12, 13) 

(iv) R and P are equal sets because all the elements of R and P are 
the same, i.e. К = Р. 


Practise Now (Page 403) 


(i) (a) {7}, {8}, {7, 8} 
(b) {7}, {8} 


(ii) (a) {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c} 
(b) { }, {a}, {b}, {c}, {a, b}, {a,c}, {b, c} 


Practise Now 6 


1. () C-16,12,18) and D = {3, 6,9, 12, 15, 18} 
(ii) CN D= {6, 12, 18} 
(iii) 





(iv) Yes, since all of the elements of C are also in D. 
2. () EL={1,2,3,4,6, 12} and F = 15,7, 11,13} 


(ii) EM F=©@ since E and F do not share any common elements. 


Gii) £ 
E F 





Practise Now 7 


1. 0) C={1,2,4,8}and D= {1,2,4,8, 16} 
(ii) D 
C 16 


(iii) CU D= {1, 2,4, 8, 16} 
(iv) Yes, since all of the elements of C are also in D. 
2. (i) E={7, 14, 21, 28, 35, 42, 49,56} and 
F={9, 18, 27, 36, 45, 54} 
G) y 






F 
9 18 27 







7 1421 
28 35 42 
49 56 


36 45 54 


(iii) E U F = {7, 9, 14, 18, 21, 27, 28, 35, 36, 42,45, 49, 54, 56} 


Practise Now 8 


1. (a) E={1,2,3,4,5,6,7,8,9},A = (1,3, 5, 7, 9) and 


В = {3,6,9} 
(b) 5 
A B 
248 





(c) à (A U BY = {2,4, 8} 


(1) AM B’ = {1,5,7} 





~ 
~ 
= 











Practise Now 9 
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0) 
(ii) 5 Е : 
(ПРЕ 

вэ 
(v) 

(0) 
(У) Е 

QD 
(vi) Е 

(03 











Exercise 14A 
1. (а) В={1,3,5,7,9} 
(b) (i) True 
(ii) True 
(iii) False 
(iv) True 
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10. 
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(a) 12 

(b) 8 

(c) - 

(d) - 

(e) 7 

(f) 12 

(а) А= {2,3,4,5,6,7,8,9} 

(b) B 2 (-10,-9,—8,—7,—6,—5, -4, 3, -2, -1) 
(c) C= {2,4, 6,8, 10, 12} 

(d) D= {A} 

(a) {A, E, I} 

(b) {red, orange, yellow, green, blue, indigo, violet} 
(с) {9, 18, 27, 36, 45} 

(а) - 

(е) {12, 14, 16, 18, 20, 22} 


(a) Yes,it is clear whether someone has two brothers. 





(b) No, someone may be considered shy to some, but not to others. 

(c) No, an actor may be well-liked by some, but not others. 

(d) No, a dish may be well-liked by some, but not others. 

(e) Yes,it is clear whether a textbook is used in the school. 

(f) No,anactor may be considered most attractive to some, but not 
others. 

(a) Yes 

(b) Yes 

(c) No 

(d) Yes 

(e) Yes 

(f) Yes 

(g) No 

(h) No 

(i) Yes 

(j) Yes 

(а) E={ }.It is an empty set. 

(Б) F = { }. Itis an empty set. 

(с) G={ }. Itis an empty set. 

(d) H= {2}. It is not an empty set as in contains one element, 2. 

(a) D = {Monday, Tuesday, Wednesday, Thursday, Friday, 
Saturday, Sunday} 

(b) (i) Tuesday e D 
(1) Sunday e D 
(iii) March e D 
(iv) Holiday e D 

(i) No, 10 is not a perfect square. 

(ii) P = {4,9, 16, 25, 36, 49} 

(a) {red, orange, yellow, green, blue, indigo, violet} 

(b) {S, Y,M,T, R} 

(с) – 

(d) (January, June, July) 

(е) {11, 13, 15, 17} 

(f) {b,c,d,f, g} 

(g) {Tuesday, Thursday} 

(h) {2,4, 6,8, 10, 12} 

(i) {February} 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


(a) M = {x: x is an even integer} 
(b) N = {x: x is an even integer less than or equal to 8} or 
М = {x: x is an even integer less than 9} 
N 2 (x: xis an even integer less than 10} 
(c) O 2 (x: x is a perfect cube) 
(d) P z (x: x is an integer that is a multiple of 5) 
(e) Q 2 (x: x is a digit from the first 5 letters of the alphabet} 
(a) China; the remaining elements are ASEAN countries 
(b) Rubber; the remaining elements are edible fruits 
(c) 20; the remaining elements are perfect squares 
(d) 75; the remaining elements are perfect cubes 
(e) Pie chart; the remaining elements are statistical averages 
@ О={),К={1) 
(1) Q —- O but R z (O as it contains an element, 1. 
(i) False, as ‘c’ is an element of the set. 
(ii) False, as the word ‘car’ is not an element of the set. 
(iii) 
(iv) 


False, as {c} is a set, not an element. 

False, as {c, a, r} is a set, not the number of elements in the 
set. 

(v) True, as ‘5’ is an element of the set. 

(vi) 


(vii) False, as the word ‘bus’ is not an element of the set, only the 


False, as ‘4’ is not an element of the set. 


individual letters are. 
(viii) True, as ‘b’ is an element of the set. 
(a) True 
(b) True 
(c) False, as 4 is an even number. 
(d) False, as {S, C, O, H, L} is a set, not an element. 
(e) False, as 5 is not an even number. 
(f) False, as (3) is a set, not an element. 
(a) S2 (x: xis a girl in my current class wearing spectacles) 
(b) T 2 (x: xis a prime number) 
(c) U={x: xis a multiple of 4} 
(d) V2 (x: xis a multiple of 4 between —8 and 12 inclusive} 
(i) False, as O is an element. 
(ii) True 
(iii) False, as Ø is an element. 


(iv) True 


Exercise 14B 


1. 


(а) {2,4,6,8,10,...,20} 

(Б) {4, 8, 12, 16, 20} 

(с) {3,6,9, 12, 15, 18} 

(d) 11,3, 5,7,9, 11,13, 15,17, 19} 

(е) {1,2,3,5,6,7,9, 10, 11, 13, 14, 15,17, 18, 19} 
(f) {1,2,4,5,7,8, 10, 11, 13, 14, 16, 17, 19, 20} 
(а) {30, 31, 32, 34, 35, 36, 38, 40, 41, 43, 45} 
(Ъ) {35, 43, 44} 

(c) {31, 37,41, 43} 

(4) 130, 31, 33, 34, 35, 37, 38, 39, 41, 42, 43, 45} 
(е) 131, 32, 34, 35, 37, 38, 40, 41,43, 44) 


10. 


п. 


(а) {2,3,5,7} 
(b) {2,4, 6,8, 10} 
(c) {5, 10} 
(4) {1,4,6,8,9,10} 
(е) {1,3,5,7,9} 
(f) (1,2,3,4,6,7,8,9) 
(i) A - (cat, dog, mouse) 
E - (cat, dog, mouse, lion, tiger) 
(ii) A' - (tiger, lion) 





à) €={1,2,3,4,5,6,7,8,9, 10} 
В={2,4,6,8, 10} 
(i) Е 


B 1 3 


10 





(iii) B’ = {1,3, 5,7, 9} 

(iv) B' is the set of all integers between 1 and 10 inclusive which 
are odd numbers. 

(a) (20, 40, 60,80) 

Ф) {60} 

(с) {40,80} 

(4) 9 

(i) A={s,t,u} 
В = {5, 1,0, У, у, Х, у, 2} 

(ii) Yes, A is a proper subset of B because every element of A is an 
element of B, and A z B. 

(i) 





(ii) Yes, B is a proper subset of A because every element of B is an 
element of A, and B z A. 

0) E2(1,2,3,4,5,6,7,8,9), 
С-11,4,6,8,9), 
C’ = {2,3,5,7} 

(ii) C’ is a set of all integers between 0 and 10 which are prime 
numbers. 

0) &={a,b,c,d,e, f, g,h, i, j}, 
D= {b,c,d, f, g, h, j}, 
р’ = {a,e, i} 

(ii) D’ is a set of the first 10 letters of the English alphabet which 


are vowels. 


12. 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


() Е=11,2,3,4,5,6,7,8,9,10, 11, 12,13, 14, 15, 16, 17,18, 
19,20} 
Е= {4,8, 12,16} 
(1) F C E because every element of F is an element of E, and 
FE. 
(iii) G = {1, 2, 3,4, 5,6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
19,20} 
(iv) E and G are equal sets because all the elements of E апа С аге 
the same, i.e. E = G. 
Yes, because every element of J is an element of H, and / z H. 
(a) True 
(b) True 
(c) True 
(d) False 
(e) True 
(a) (3.07.03. 0.2) 
(b) (3. (pen), (ink), (ruler), (pen, ink), (pen, ruler), (ink, ruler}, 
(pen, ink, ruler) 
(с) { }, {Thailand}, {Vietnam}, (Thailand, Vietnam) 
(d) { }, {а}, {е}, {1}, {о}, Та, е), Та, 1), Ха, ој, Хе, 1), Хе, о), 
{i, o}, {a, e, i}, {e, 1, o}, {a, e, o}, {a, i, o}, {a, e, i, o} 
(a) {}, {x}, {y} 
(Б) { }, {Singapore}, {Malaysia} 
(с) { }, {3}, {4}, {5}, {3,4}, {3,5}, 44,5} 
(9) {}, {а}, {6}, {с}, {а}, {а, Б}, Та, с), Та, 4), 45, с), 45,9), 
(fe, d, (a, b, c), (a, b, d), (a, c, d), (b, c, d) 
(И 0’={1,2,4,5,7, 8, 10, 11, 13, 14, 16, 17, 19, 20} 
(ii) O’ = {x : xisa positive integer less than 21 which is not divisible 
by 3} 
(a) # 
(b) 5 
(с) = 
(d) 
(e) 
(f) 
(g) 
(h) 
@ = 
О = 
(k) C 
@ = 
(а) Тше 
(b) True 
(c) False 
(d) False 
(e) False 
(f) True 
(g) True 
(h) False 
(i) True 
(j) True 
(k) False 
(D True 
(m) False 


п + 


Г\ 
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Exercise 14C 3. (à CO D- (blue, yellow, pink) 








1. ФЕ @ р 


~ те 
- ве 
сш 
> 
= 5 
x ен 
< во 


























1 
] mn yz 
4. 0) Е 
AM B= {b,c} 
Gi) & 
A B 
bd 7 
f Y 
hij х 
kl mno st u v w AUBz(1,2,3,4,5,7,9) 
(Е 
АПВ= 2 
(ii) € 
A B 
a b Го 
са ра 
rs 
efg b 
hijk ~ У АО В= {1, 2,3,4, 5,6,7, 8,9} 
(їй) Е 
AN B={m,n,y} 
(iv) Е 
A B 
ab qr 
de 
uv 
fgj wW x 
jk 1 п о р у 7, АОВ=12,4,6,8) 





(УЕ 
АПВ= {с, $, } 


(У) Е 





5 


са 
h jk 
m qw A U B= {2,3,5,6,7,9} 





: У 
а 


~“ 
м 














(v) € 
АПВ = {а, 1,г, 1} 
(vi) € 
A B 

Бб tuv 
de мэх 

у 
fgh : 


lila 5 xoc AU B={2,4,6, 8} 


5. (ФЕ Е 
АПВ= {а, 1,0} =" 
2. à ANB={2,4} 16 
(ii) A B 18 
20 


Gi) E U F = {11, 12, 13, 14, 15, 16, 18, 20} 
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10. 


п. 


@ с 











durian apple 
banana 


grape 









orange 





pear 


(ii) GU Hz (apple, banana, durian, grape, orange, pear, strawberry 
() AU B z (durian, mango, pineapple, rambutan, soursop} 
(ii) A N B = (durian, mango} 
(a) A U B =4{3,6,8,9,12} 
АПВ = 56,9} 
(с) CU D={a, b,x, y,m,n,o, p} 
CND=© 
(c) E U F z (monkey, goat, lion, tiger} 
E N F = {goat} 
(d) GU H= {a,m,k,y} 
GNH=6 
(a) &§ ={1,2,3,4,5,6,7, 8,9, 10,11, 12, 13, 14, 15}, 
T= {4, 8, 12} and J= {1,2,4,8} 


b 
Е Ј 








35679 10 11 13 14 15 


© @ (10 Ју = 43,5,6,7,9,10,11,13,1415) 
(1) 1 J 2 (12) 
Е 


K L 
(i) 5 

K L 

K Е 


й) = 





(i) M={1,4,9, 16,25, 36, 49, 64} and P = {1, 8, 27, 64} 
(ii) M Р 
4 9 
16 25 
36 49 


(iii) M N P = {1, 64} 


12. 


13. 


14. 


15. 


16. 


17. 


(i) N= {8, 16,24, 32} and Q = {4, 8, 12, 16, 20, 24, 28, 32} 
(ii) NM O= {8, 16, 24, 32} 
(iii) 





(iv) Yes, since all the elements of N are also in Q. 
(1) R={1,2,3,6,9, 18} and S = {10, 12, 14, 15, 16} 


(ii) RO S=© since R and S do not share any common elements. 


(iii) R $ 
1 2 3 
6 9 18 


() T-14,8,12) and U 2 (1,2,3,4,6,8,12,14 
(ii) U 
12 
1 3 
6 
24 


Gii) TU U= {1,2, 3,4, 6,8, 12, 24} 
(iv) Yes, since all of the elements of T are also in U. 
(ij) У={1,5, 25} апа И = {6, 12, 18,24} 


(ii) у w 
6 12 
18 24 


Gii) V U W= {1, 5,6, 12, 18, 24,25} 
(а) Е= {4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18}, 
Y= {6,9, 12, 15, 18} and Z= {9, 18} 











(b) € 7 
7 
4 5 6 
78 12 
10 11 15 
i3 14 16 17 





(о) ( (YU Zy = (4,5, 7,8,10, 11,13, 14, 16,17) 
(ii) YNZ’ = {6, 12, 15} 

(a) E={0,1,2,3,4,5, 6,7, 8,9, 10, 11}, P= {2,3, 5,7, 11} and 
O={0, 1,4, 6,8, 9, 10} 


(5) 5 
Р, 0 
0 14 
6 8 9 
10 


(0 0) PU O= ={0,1,2,3,4,5,6,7,8,9, 10, 11} 
Gii) (P U QY =Ø 
(0 РПО=О= 10, 1,4, 6,8,9, 10} 
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18. (a) (i) 


(ii) 


(iii) 


(iv) 


(у) 


(vi) 


(vii) 


(viii) £ 





Б 





Е 








E 








E 








Е 








9 








5 











© 


(b) (i) They are the same. 


(1) They are the same. 
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19. (i) 


(ii) 


Gii) 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


















































20. £ 


Е 


(iii) 


dre 


(iv) 


dre 


(У) Е 


(У) Е 


(Уй) Е 


(viii) E 














21. (i) 
(ii) 
(iii) 
(iv) 

22. (i) 
(ii) 
(iii) 
(iv) 
(у) 
(vi) 
(vii) 


(viii 


АПЕ=А 
AUE=E 
АП@=0@ 
AUS=A 
ANB=A 
AUB=B 
Not possible to simplify further 
Not possible to simplify further 
(BUC)NA=A 
(ВПОПА=@ 
(AUC) BZAUC 
) АПОЧВ=В 





23. Е 


А 


В 

















Х Ү 
(32 
Х Ү 
Х Ү 
































Review Exercise 14 


1. 


(а) А={1,3,5,7,9} 
(b) (i) True 
(ii) True 
(iii) False 
(iv) False 
(с) (i) -ЗЕА 
(i) 3€ A 
(iii) O e A 
(ivy) Oe A 
(a) B = {2}. It is not an empty set. 
(b) C= {Saturday, Sunday}. It is not an empty set. 
(© D= Ø. It is an empty set. 
(d) E= Ø. It is an empty set. 
(а) А’={-4,-2,0,1,3} 
Ф) 8-2 
(с) С’={-5,-4,-3,-2,-1,0, 1} 
(d) D'2(-5,-4, 3, 2, -1,0, 1,2 
(a) True 
(b) False 
(c) True 
(d) True 
0) £2 (1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
19, 20, 21, 22, 23), A - (4,8, 12, 16, 20) and B = (1,2,3,4, 
6, 8, 12, 18} 





А 











10 11 13 14 15 17 





(ii) A U B’ = {4,5,7,8, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 
22,23) 
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6. (0) А'^={-7,7} 
(ii) AN B= {1,2,3,4,5, 6} 
(iii) A U B’ = {-7,-6, -5,-4,-3,-2,-1,0, 1, 2,3, 4,5, 6} 
7. @ E={1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15}, 
A= {1,4, 9} and B= {1, 2, 13} 





5 А В 


35 6 7 8 10 ll 











(ii) A’ N B’ = {3,5,6,7,8, 10, 11, 12, 14, 15} 


8. (0 Е={1,2,3,4,5, 6,7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
19,20}, А = {5, 10, 15,20} апа В = {1, 4, 6, 8, 9, 10, 12, 14, 


15, 16, 18, 20} 





Ef A 





2 377 


11 13 17 19 











(ii) AM B’ = {5} 

9. (0 42,487, 41), 00, 45,1), 4,1), (1,10), {5,1,0 
ii) {3}, {s}, {i}, {t}, {5,1}, {5,1}, {1,1} 

10. £ 
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Challenge Yourself 


1. 


(i) True, since a is an element of the set, S. 

(ii) True, since (a) is an element of the set, S. 

(iii) True, since (a) is a proper subset of the set, S. 
(iv) True, since {{a}} is a proper subset of the set, S. 


























2. If the set S has 2 elements, e.g. x and y then there are 4 subsets: ©, 
{x}, {y} and {x, y}. 
If the set S has 3 elements, e.g. 3, 4 and 5, then there are 8 subsets: 
©, {3}, {4}, {5}, {3,4}, {3,5}, {4,5} апа {3,4, 5}. 
If the set $ has 4 elements, e.g. a, b, c and d, then there are 16 subsets: 
Ø, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d}, 
{a, b, c}, {a, b, d}, {a, c, d}, {b, c, d} and {a, b, c, d}. 
No. of elements in a set S No. of subsets 
2 422 
3 8-2 
4 16 = 2 
Note that the total number of subsets doubles each time. Hence if 
the set S has n elements, then there are 2" subsets. So, if the set S 
has n elements, then there are 2"— | proper subsets, taking away the 
original set. 
3. (a) A trapezium has at least two parallel sides. 


(b) A kite has at least 2 equal adjacent sides. 

(с) A parallelogram has 2 pairs of parallel sides and 2 pairs of equal 
sides. 

(d) A rectangle has 2 pairs of parallel sides, 2 pairs of equal sides 
and 4 equal angles. 

(e) A rhombus has 2 pairs of parallel sides and 4 equal sides. 

(f) A square has 2 pairs of parallel sides, 4 equal sides and 4 equal 
angles. 

The Venn diagram based on the number of pairs of parallel sides a 


quadrilateral has is shown below. 







Quadrilateral 


Parallelogram 


pee 





Chapter 15 Probability of Single Events 


TEACHING NOTES 


Suggested Approach 


Students would not have learnt probability in primary school so the concept will be entirely new for them. Teachers may begin 


the lesson by first arousing the students' interest in this topic. This new topic can be introduced by using the chapter opener on 
Page 419 and discussing statements that are often used in our daily life (see Thinking Time on page 421). 


Section 15.1: 


Section 15.2: 


Section 15.3: 


Section 15.4 


Introduction to Probability 

From the statements discussed in our daily life (see Thinking Time on page 421), teachers can build upon them 
and guide the students to determine the chance of each event happening. This measure of chance is the definition 
of probability. 


This can then lead to relating the chance of any event happening to a number line taking on values between 0 
and 1 inclusive. Teachers should further discuss the reason for a ‘certain’ event to take the value of 1 as well as 
the reason for an ‘impossible’ event to take the value of 0. 


At the end of this section, a simple class activity can be carried out by encouraging students to form statements 
to describe an event. Words such as ‘unlikely’, ‘likely’, ‘impossible’ or ‘certain’ are encouraged to be used in 
the statements. Students can then mark the chance of the event occurring on a number line. At the end of this 
section, students should be able to define probability as a measure of chance. 


Sample Space 

Teachers can do a simple experiment such as tossing a coin to introduce the words ‘outcomes’ and ‘sample space’. 
Going through the different experiments listed in the table on Page 422 can help to reinforce the meanings of 
‘outcomes’ and ‘sample space’. 


For the last experiment, teachers are to let the students know that there is a difference between drawing the first 
and second black ball. Thus, there is a need to differentiate the two black balls. Similarly, there is a need to 
differentiate the three white balls. Hence, the outcomes are two individual black balls and three individual white 
balls. 


Teachers can assess students’ understanding of the terms using the Practise Now exercises available. 


Probability of Single Events 

To start off this section, students should attempt the two activities (see Investigation: Tossing a Coin and 
Investigation: Rolling a Die). The terms ‘experimental probability’ and ‘theoretical probability’ and their 
relationship should be highlighted and explained to students. Students are expected to be able to conclude that as 
the number of trials increase, the experimental probability of an outcome occurring tends towards the theoretical 
probability of the outcome happening. 


At the same time, teachers can illustrate the meanings of ‘fair’ and ‘unbiased’. If any of the two terms are used, 
then the chance of any outcome happening in an event is exactly equal. 


In the previous sections, students would have learnt events with a probability of 0 or 1. Here, they are to grasp 
that for any event E, 0 < P(E) < 1 and later P(not E) = 1 — P(E). 


As a recommended technique for solving problems involving probability, teachers should encourage the students 
to always list all the possible outcomes in a simple chance situation to calculate the probability. Doing so will 
allow better visualisation of the outcomes for a particular event to happen. 


Further Examples on Probability of Single Events 
In this section, there are more calculations of probability using real-life examples. Teachers should use this 
section to reinforce the concept of probability. 


Challenge Yourself 


For Question 1, teachers can provide a hint to students to focus solely on the picture cards by recalling the number 
of it in a standard pack. By listing the possible outcomes in Question 2, students should be able to answer all 


three parts. 
C2» OXFORD 


WORKED SOLUTIONS 
Thinking Time (Page 421) 
1. A B C E D 
| | | | | 
| | | | 
(impossible) (unlikely) (50 : 50) (likely) | (certain) 
2. Ittakes a value of 0.5. 
3. Suggested answers: 
P: The sun will rise from the west at least once a year. 
There is a 20 percent chance that it will rain tomorrow. 


A lady will give birth to a boy if she is pregnant with a child. 


A red ball is drawn from a bag which contains 9 red balls and 
1 black ball. 


A die will land on a number between | to 6 inclusive. 


га 


Р Q R S T 


(impossible) 0.5 (certain) 


Investigation (Tossing a Coin) 


1. No. 
(i) Teachers may guide the students to fill in the necessary 


information in the table. 
(ii) The fraction should be close to 5 : 


(iii) The results each classmate got are likely to be different. 

The results obtained are those of a random experiment. 

3. (a) Teachers may guide the students to fill in the necessary 
information in the table. 

(b) Teachers may guide the students to fill in the necessary 


information in the table. 
4. Yes,the probabilities are approaching 1 when there are more tosses. 


5. No, we can only expect to get close to it as every outcome cannot 


be predicted with certainty before a coin is tossed. 


Investigation (Rolling a Dice) 


1. Teacher may ask students to visit the website: 
http://www .shinglee.com.sg/StudentResources/and open the 
spreadsheet 'Rolling a Die' to obtain the outcomes so as to fill in 
the necessary information for the table. 

2. Teacher may guide the students to fill in the necessary information 
for the table. 


3. Yes,the probabilities will approach i when there are more rolls. 

4. No,we can only expect to get close to it as every outcome cannot 
be predicted with certainty before a die is rolled. 

Thinking Time (Page 429) 


1. The probability of D occurring is 1. Event D will definitely occur. 
2. The probability of A occurring is 0. Event A will never occur. 
3. No. 


OXFORD 


UNIVERSITY PRESS 


Performance Task (Page 429) 


Suggested answers of other real-life applications of probability theory 
are in 

* risk assessment, 

* trades on financial markets, 

* reliability of consumer products etc. 

Teachers may wish to group the students for this task. Each group can 
be responsible to do research on one of the above applications and then 


present their findings to the class. 


Practise Now 1 


1. The spinner has the colours Red, Orange, Purple, Yellow and Green. 
i.e. the sample space consists of the colours Red, Orange, Purple, 
Yellow and Green. 


Total number of possible outcomes = 5 


Practise Now 2 


(a) Let B,, B,, B,, B,, B; represent the 5 blue marbles; 
R,, R;, R;,, Ry represent the 4 red marbles. 
The sample space consists of B,, Bj, B4, B,, Bj, R, R;, R and R,. 
Total number of possible outcomes = 9 
(b) The sample space consists of N;, A,, T, I, O, Nj, A; and L. 
Total number of possible outcomes = 8 
(c) The sample space consists of the serial numbers 357, 358, 359, 
..., 389. 
Total number of possible outcomes 
= first 389 receipts — first 356 receipts 
= 389 – 356 
=33 


Practise Now 3 


Total number of possible outcomes = 24 — 9 
=15 

(i) P(drawing a ‘21’) = = 

(ii) There are 7 odd numbers from 10 to 24, i.e. 11, 13, 15, 17, 19, 21 


and 23. 
P(drawing an odd number) = 5 


(iii) There are 10 composite numbers from 10 to 24, i.e. 10, 12, 14, 15, 
16, 18, 20,21, 22 and 24. 

10 

15 

== 


3 
(iv) There are no perfect cubes from 10 to 24. 


P(drawing a composite number) 


P(drawing a perfect cube) = = 


=0 


Practise Now 4 


Total number of possible outcomes = 52 
(i) There are 26 red cards in the pack. 


P(drawing a red card) = 2 


1 


2 
(ii) There are 4 aces in the pack, i.e. the ace of clubs, the ace of diamonds, 


the ace of hearts and the ace of spade. 
: 4 
P(drawing an ace) = — 
( g )= =5 
= 
13 
(iii) There is only one three of clubs in the pack. 


P(drawing the three of clubs) = 3 


(iv) Since there is only one three of clubs in the pack, there are 
52— 1 2 51 cards which are not the three of clubs. 


P(drawing a card which is not the three of clubs) = 3 


Practise Now 5 


1. Total number of letters = 8 
(i) There is 1 ‘D’. 


P(a ‘D’ is chosen) = 1 


(ii) There are 6 consonants, i.e. 1 ‘С’, 1 “Н”, 1 7, 10°, 1 В”, 
and 1 ‘N’, 


P(letter chosen is a consonant) = 


Al ww olan 


(iii) Method 1: 
There are 2 vowels, i.e. 1 'T and 1 ‘E’. 


P(letter chosen is not a consonant) = 


Method 2: 
P(letter chosen is a consonant) 


- ] - F(letter chosen is a consonant) 


2. Total number of possible outcomes 29 - 6 c 445 
= 24 
(i) There are 4 purple marbles. 


P(drawing a purple marble) = 


AIH Pn 


(ii) There are 9 + 5 = 14 red or blue marbles. 


P(drawing a red or a blue marble) = x 
2014 
712 
(iii) There are no white marbles. 
P(drawing a white marble) = 0 
(iv) Method 1: 
There are 24 marbles that are not white. 


P(drawing a marble that is not white) = A 


=1 
Method 2: 


P(drawing a marble that is not white) 


= 1 — P(drawing a marble that is white) 


=1-0 
=1 
3. Method 1: 
P(drawing a red ball) = 5 
Number of red balls = 1 
Total number of balls 3 
-. Number of red balls = 5 х24 
-8 


- 


P(drawing a green ball) = 


6 
Number of green balls _ 1 
Total number of balls 6 


-. Number of green balls = 1 х 24 


=4 
-. Number of Ыџе Ба115 = 24 – 8 – 4 
= 12 
Method 2: 
P(drawing a blue ball) 
= 1 - P(drawing a red ball) — P(drawing a green ball) 
iio 
3 6 
_ 1 
5 


Number of blue balls 1 


Totalnumberofballs 2 


-. Number of blue balls = 5 х24 


=12 
Practise Now 6 
(i) Number of girls = 40 – 24 
= 16 
: : 16 
P(student chosen is a girl) = — 
40 
= 
5 
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(ii) Number of boys who are not short-sighted = 16 
Number of girls who are not short-sighted = 16 – 4 





=12 
Number of students who are not short-sighted = 16 + 12 
= 28 
P(student is not short-sighted) = = 
s 
~ 10 
Practise Now 7 
(i) P(point selected lies in the red sector) 
_ Area of the red sector 
^ — Area of the circle 
_ Area of the red sector 
ar 
. 135? 
73609 
23 
(8 
(ii) Angle of the blue sector = 360° — 90? — 135? — 45? — 30? 


= 60° 
P(point selected lies in the blue sector) 
Area of the blue sector 
Area of the circle 
Area of the blue sector 
360? 

60° 

360° 

1 
6 
(iii) P(point selected lies in the purple sector) 





Area of the purple sector 

Area of the circle 

0 

Area of the circle 

=0 
(iv) P(point selected lies in the green or white sector) 
Area of the green sector + Area of the white sector 

Area of the circle 





Area of the green sector + Area of the white sector 
360° 





_ 45° + 30° 
^ .. 360? 
75° 
360° 

5 

24 





Practise Now 8 


1. (i) Total number of balls 2 12 + (x + 2) 
=х+ 14 


х+2 
х +14 





(ii) P(drawing a yellow ball) = 
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x+2 _ 2 
x+14 5’ 
5(х + 2) = 2(х + 14) 


5х + 10 = 2Х + 28 





(iii) Given that 





3x 218 
x26 
Total number of boys and girls = 28 + 25 
= 53 
After y girls leave the hall, 
- : 25 - 
P(selecting a girl at random) = 530 | 


5-y 
Bey 
7(25 — y) 2 353 - y) 
175 – Ту = 159 – Зу 
Ду = 16 
у=4 





Given that 2 == : 
5 7 


Exercise 15A 


1. 


The dart board has the numbers 1,2,3,4, 5 and 6. 
i.e. the sample space consists of the numbers 1, 2, 3, 4, 5 and 6. 
Total number of possible outcomes = 6 
(a) The die has the labels 2,3, 4 and 5. 
i.e. the sample space consists of the labels 2, 3, 4, 5 and 6. 
Total number of possible outcomes = 5 
(b) The box has the cards A, B, CD, E, F, G H, 1 and J. 
i.e. the sample space consists of cards A, B, C, D, E, F, G, H, 
Тапа J. 
Total number of possible outcomes = 10 
(с) Let R,, R,, R,, R,, R; represents the 5 red discs; 
B,, B,, B, represent the 3 blue discs; 
G,, G, represent the 2 green discs. 
The sample space consists of R,, Ry, R3, Ry, Rs, By, By, Bs, 
С, апа С. 
Total number of possible outcomes = 10 
(d) The sample space consists of T, E,, A, C, H, E, and R. 
Total number of possible outcomes = 7 
(e) The sample space consists of the numbers 100, 101, 102, 
...,999. 
Total number of possible outcomes 
= first 999 numbers — first 99 numbers 
= 999 – 99 
= 900 
Total number of possible outcomes = 8 
(i) There are 3 *7's. 
P(getting a *7’) = 5 
(ii) There are 2 ‘3’s and 1 ‘4’. 
P(getting a 3° ог 4) = 5 


(iii) There are 8 numbers less than 10, i.e. 2, 3,3, 4, 7, 7, 7 and 9. 


P(getting a number less than 10) 


(iv) Method 1: 
There are 7 numbers that are not '2',i1.6. 3,3, 4, 7, 7, 7 and 9. 


P(getting a number which is not 527) - 


оо| -3 


Method 2: 
There is | ‘2’. 


P(getting a *2’) = 5 


P(getting a number which is not 27) 
- ] - P(getting a '27) 


4. Total number of possible outcomes = 22 — 9 


= 13 
(i) There are 7 even numbers from 10 to 22, i.e. 10, 12, 14, 16, 18, 
20 and 22. 


P(drawing an even number) u 


(ii) There are 7 numbers between 13 and 19 inclusive, i.e. 13, 14, 
15, 16, 17,18 and 19. 
P(drawing a number between 13 and 19 inclusive) = = 
(iii) There are 3 prime numbers less than 18, i.e. 11, 13 and 17. 
3 


P(drawing a prime number that is less than 18) = Е 


(iv) There are no numbers greater than 22. 


P(drawing a number greater than 22) 2 0 


(v) There are 3 numbers divisible by 4, i.e. 12, 16 and 20. 7. 


P(drawing a number that is divisible by 4) = a 
Total number of possible outcomes = 52 
(i) There is only one ace of spades in the pack. 


P(drawing the ace of spades) = 5 


(ii) P(drawing a heart or a club) = 26 
ud 


2 
(iii) There are 3 x 4 = 12 picture cards in the pack. 


P(drawing a picture card) = = 


13 8. 


(iv) Method 1: 
There are 10 x 4 = 40 non-picture cards in the pack. 


P(drawing a non-picture card) = 2) 


Method 2: 
P(getting a non-picture card) 
- ] - P(getting a picture card) 
3 
13 
_ 10 
713 
Total number of possible outcomes = 11 
(i) There is 1 ‘A’ in the cards. 


P(card shows the letter ‘A’) = П 
(ii) There are 2 ‘B’s in the cards. 
P(card shows the letter ‘B’) = 2 


(iii) There are 4 vowels in the cards, i.e. 1 ‘O’, 1 ‘A’ and 2 ‘T’s. 
P(card shows a vowel) = + 


(iv) Method 1: 
There are 7 consonants, i.e. 1 ‘P’, 1 ‘R’,2 ‘B’s, 1 ‘L’, 1 ‘T’ 
and 1 ‘Y’. 

КА 


P(cards shows a consonant) = i 


= 


Method 2: 

P(card shows a consonant) 

= | - P(card shows a vowel) 
4 


je. 
1 


"ER: 

п 
Total number of possible outcomes = 5 
(i) There is one sector with the label ¥. 


P(stops at a sector whose label is ¥) = І 


(ii) There are 3 sectors with a letter of the English alphabet, i.e. A, 
V and F. 
P(stops at a sector whose label is a letter of the English alphabet) 
3 


5 
(iii) There is one sector with a vowel, i.e. A. 


P(stops at a sector whose label is a vowel) = i 
(iv) There are 2 sectors with a consonant, i.e. V and F. 
P(stops at a sector whose label is a consonant) = = 


Total number of possible outcomes = 4 


(i) There is one caramel in the bag. 
P(candy is a caramel) = i 


(1) There are 2 pieces that are either a chocolate or gummy in the 


bag. 


QI AIN 


P(candy is either a chocolate or a gummy) 
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(iii) Method 1: 
There are 3 pieces that are not a licorice, i.e. caramel, chocolate 


and gummies. 


P(candy is not a licorice) = 


~ | 02 


Мегћоа 2: 


There is one licorice. 


P(candy is a licorice) = 


Ble 


P(candy is not licorice) 


= | — P(candy is a licorice) 


zis 


9. Total number of possible outcomes = 40 
There are 15 vouchers with a value of $100 each. 


P(voucher has a value of $100) = i 


oo| w 5 


10. (i) Total number of possible outcomes = 30 
There are 9 + 12 =21 males in the group. 
1 21 
P(person is a male) = — 
(p ) 30 
~ 10 
(ii) Method 1: 


There are 6 + 12 + 3 = 21 people in the group that is either a 
woman, a boy or a girl. 


P(person is either a woman, a boy or a girl) = 21 
~ 10 
Method 2: 
There are 9 men in the group. 
: 9 
Р(регзоп 1$ а тап) = — 
(р ) 30 
_ 3 
10 


P(person is either a woman, a boy or a girl) 
= Р(регзоп is not a man) 
= 1 — P(person is a man) 
3 
210 
204 
710 
11. The sample space consists of the numbers, 10, 11, 12, ..., 99. 


Total number of possible outcomes = 99 — 9 


= 90 
(i) There are 10 numbers less than 20, i.e. 10, 11, 12, ..., 19. 
P(number is less than 20) = 10 
90 
zd 
9 
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12. 


13. 


(ii) There are 6 perfect squares that are two-digit numbers, 
i.e. 16, 25, 36, 49, 64, 81. 
90 
1 
15 
Total number of possible outcomes = 54 


P(number is a perfect square) = 


(i) There are 26 red cards in the pack. 


P(drawing a red card) = 26 
54 
_ 13 
797 
(ii) There are 4 ‘2’ cards in the pack. 
: 4 
P(drawing a two) = 54 
_ 2 
27 


(iii) There are 2 joker cards in the pack. 


P(drawing a joker) = 1 


54 
= 1. 
27 
(iv) There are 4 + 4 = 8 cards that are either a queen or a king in the 
pack. 
P(drawing a queen or a king) = x 
_ 4 
27 
Total number of possible outcomes = 52 — 13 
= 39 
(i) There are 13 black cards in the pack, i.e. 13 spades. 
P(drawing black card) = == 
= 
3 
(ii) There are 13 diamonds in the pack. 
P(drawing a diamond) = x 
2 
3 
(iii) There are 3 x 3 = 9 picture cards in the pack. 
P(drawing a picture card) = 5 
= 
13 


(iv) There are 3 aces in the pack, i.e. the ace of hearts, the ace of 


diamonds and the ace of spades. 


: 3 
P(drawing an ace) = 30 
_ 1 
7 13 
P(drawing a card which is not an ace) = 1 – P(drawing an асе) 
Eje 
13 
_ 12 
2013 


14. (i) The sample space in column A consists of the integers 0, 1, 2, 
3, 4 and 5. 
Total number of possible outcomes = 6 


P(number in colum A is a 4) = Е 


(ii) The sample space in column B consists of the integers 0, 1, 2, 
gD 
Total number of possible outcomes = 10 
P(number in column B is an 8) = d 
(iii) There are 6 numbers that are less than 6 in column A. 


P(number in column A is less than 6) = ° 


= 1 
(iv) There are 4 numbers that are greater than 5 in column B, 
1e. 6,7, 8 and 9. 


P(number in column B is greater than 5) 


15. Total number of possible outcomes = 2 x 12 
= 24 


P(draw a pair of tinted lenses) = A 


1 


3 
P(draw a pair of non-tinted lenses) 


= 1 - P(draw a pair of tinted lenses) 
apa 
3 


чә| кә 


16. (a) Total number of possible outcomes = 26 + 62 + 8 +9 + 12 
=117 
(i) There are 62 teachers in the school. 


P(school personnel is a teacher) = a 
(ii) There are 26 management staff in the school. 
P(school personnel is a management staff) = a 
=2 
9 


(iii) There are 9 + 12 = 21 staff that are either an administrative 
or maintenance staff in the school. 
P(school personnel is an administrative or maintenance 
staff) 

21 

117 

7 

39 

(b) Total number of possible outcomes 2 117 - 2-1 

= 114 


(i) There are 9 — 1 = 8 administrative staff in the school. 


P(school personnel is an administrative staff) = ял 
2 
57 


= 


(ii) There are 8 laboratory staff in the school. 


P(school personnel is a laboratory staff) 


as SE 


P(school personnel is not a laboratory staff) 
= 1 – P(school personnel is a laboratory staff) 
4 
57 
_ 53 
E 
17. Total number of possible outcomes = 117 


(i) P(pair of socks is yellow) = 


Number of yellow pairs of socks 


Total number of pairs of socks ~ 


OIN OIN 


-. Number of yellow pairs of socks x 117 


“| 


= 26 
(ii) P(pair of socks is neither yellow nor grey) 
- ] - P(pair of socks is yellow) — P(pair of socks is grey) 





ALS 3 
TUUS B 
_ 64 
M 
Number of pairs of socks neither yellow nor grey 64 
Total number of pairs of socks = 117 


-. Number of pairs of sock neither yellow nor grey 


= 64 х117 
117 


= 64 
18. The sample space consists of the question numbers 1, 2, 3, ..., 80. 
Total number of questions = 80 
(i) There are 9 question numbers containing only a single digit, 
16.1,2,3,...,9. 


P(question number contains only a single digit) — = 


(ii) There are 13 question numbers greater than 67, i.e. 68,69, 70, 
ws 80. 


P(question number is greater than 67) = = 


(iii) There are 7 + 9 = 16 question numbers containing exactly 


one ‘7’, 
Le. 7, 17, 27, 37, 47, 57, 67, 70, 71, 72, 73, 74, 75, 76, 78 
and 79. 
P(question number contains exactly one ‘7’) = 19 
ээ 
2 
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(iv) There are 8 question numbers divisible by both 2 and 5, 


i.e. 10, 20, 30, 40, 50, 60, 70 and 80. 


P(question number is divisible by both 2 and 5) 


19. The sample space consists of the two-digit numbers 
23,25,27, 32, 35,37, 52, 53, 57,72, 73 апа 75. 
Total number of possible outcomes = 12 
(i) There are 3 numbers divisible by 4, i.e. 32, 52 and 72. 
P(two-digit number is divisible by 4) = 5 


Ши! 
4 
(ii) There are 4 prime numbers, i.e. 23, 37, 53 and 73. 


P(two-digit number is a prime number) = = 


w| = 


20. Let the probability of getting a ‘1’ be x. 
P(getting a *3') Z 2x 
Р(вешпв а '2') = 3(2х) 
= 6х 
P(getting a *4") 2 6x 
“о Х+2х + 6х+6х =1 
15х =1 
1 
15 
2 and 3 are prime numbers. 


P(getting a prime number) = 6x + 2x 
= 8х 


28| 
15 

5. 

15 


Exercise 15B 


1. (i) Total number of girls =8 +3 + 1 
=12 


: s 12 
P(student is a girl) -- 
| girl) 30 


_ 2 
5 
(ii) Total number of non-Chinese students = 3+1+4+3 


-11 


P(student is not a Chinese) = 3 
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(iii) 


(iv) 


0) 


(ii) 


) 


(ii) 


P(student is an Indian boy) = = 


30 
_ 1 
710 
P(student is not an Indian boy) = 1 — P(student is an Indian boy) 
1 
|. 10 
2 


= 


0 
Number of Eurasian students = 0 


P(student is a Eurasian) = o 
30 
=0 
Total number of books = 5 + 5 
= 10 
P(book chosen is in Japanese) = 10 
Number of novels in Japanese = 3 – 2 
=1 
Number of novels in English = 10 5 – 1 
=4 


P(book chosen is a novel in English) = — 


и 
> = 
l о 


P(student prefers apple) 


. Area of the sector of denoting apple 
Area of the circle 
. Area of the sector of denoting apple 
360? 





_ 150° 

73609 

5 

12 

Angle of the sector denoting mango 
= 360° — 150° — 90° — 45° 

20757 


P(student prefers mango) 


_ Area of the sector denoting mango 
Area of the circle 





_ Area of the sector denoting mango 
360° 





75° 
60° 





о 


glo 


7. 


(iii) Angle of sector denoting papaya or guava 


= 90° + 45° 
= 135° 
P(student prefers papaya or guava) 


_ Area of the sector denoting papaya or guava 





Area of the circle 


Area of the sector denoting papaya or guava 





360° 
135° 
360° 
3 


8 
(i) Total number of sides in an octagon = 8 





P(point lies in region R) = 5 


(ii) P(points lies in region $) = 5 








(iii) P(point lies in region P or Q) = ere 
_4 
(8 
Ши! 
ја 
(i) Total number of students = 15 +x 
=х+15 
(ii) P(student is a girl) = 208. 
х +15 
(iii) Given that I? = 1, 
x+15 5 
5(15) =х + 15 
75 =х+ 15 
и. х = 60 


(i) P(student is a girl who did not check in her luggage) = 


(ii) Total number of girls = 38 – 18 
= 20 


Total number of girls who checked in their luggage = 20 – 8 


Total number of students who checked in their luggage 


=12+6 
=18 


P(student checked in his/her luggage) = 


(a) (i) Total number of students = 16 + 24 
= 40 


P(student is a boy) = 


ма 


(ii) Total number of left-handed students = 3 + 2 








=5 
P(student is left-handed) = = 
40 
e 
8 
(b) (i) Total number of students who can borrow the visualiser 
240-1 
= 39 
P(students is a boy who is left-handed) = s 
Ell 
13 
(ii) Number of girls who are not left-handed = 24 — 2 — 1 
=21 
P(student is a girl who is not left-handed) = = 
S 
13 
8. Total number of presents = (3h + 11) + (h + 5) 
=4h+16 
P(Ethan obtains a red present) = Mtl 
4h+16 
Given that 2880 = m 1 
4h+16 26 


26(3h + 11) = 19(4h + 16) 
78h + 286 = 76h + 304 


2h = 18 

h=9 

9. ый 

13 k 2k 

14k + 26 + 13 = 26k 
12k = 39 

k= 2 

12 

-31 

4 


The value of k is 3 1 5 


10. Total number of toothbrushes = 15 + 5 


= 20 
P(draw a toothbrush with soft bristles) = РР 
Given that popa 2га : 
20 4 
4(р + 5) = 20(3) 
Ар + 20 = 60 
Ар = 40 
p= 10 
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11. Total number of boys and girls remaining after graduation 
= 23 +35-4- (4+4) 





= 54 – 24 
Total number of boys remaining after graduation 
-23-4 
: 23-4 
РФ lected f 9 = 
(boy is selected for event) 54—24 


Given that 23-4 _2 
54-24 5 
5(23 – 4) = 2(54 – 24) 
115 – 59 = 108 – 44 
а =7 
12. (i) P(drawing a black ball) 
= | — P(drawing a red ball) — P(drawing a yellow ball) 
= 
4 5 
7 
20 
(ii) Total number of balls in the bag now 
= 40 + (22+ 1) + (х+ 2) – (х-– 3) 
= 40 +2х+1+х+2-х+3 
= 2х + 46 


(iii) Before the balls were added, 





, 


P(drawing a yellow ball) = 


Number of yellow balls _ 
Total number of balls 


AIN оу > 


-. Number of yellow balls = 2 x 40 


= 16 
After the balls were added, 
Total number of yellow balls = 16 +х + 2 








=x+18 
P(drawing a yellow ball) = СЕСЕ 
2x + 46 

Given that 2+ == 

2x+46 7 
7(х + 18) = 3(2x + 46) 
7х + 126 = 6х + 138 

х=12 

Number of yellow balls in the bag now = 12 + 18 


= 30 
13. Total number of students = 50 
2x+y=50 — (1) 
After some boys left and some girls entered the auditorium, 
Total number of students = 50 – (у –— 6) + (2х – 5) 
=50-y+6+2x-5 
=2х-у+51 
Total number of girls = у + 2х – 5 
= 2х+у-5 
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P(girl is selected at random) = IU 
2х+у-5 _ 9 
2x-y-51 13’ 
13(2х+у-– 5) = 9(2х-у + 51) 
26х + 13у – 65 = 18х – 9у + 459 
8х + 22у = 524 
4х + 11у = 262 — (2) 
From (1), 
у=50-2х — (3) 
Substitute (3) into (2): 
Ах + 11(50 - 2x) 2 262 
4x + 550 — 22x = 262 
18x = 288 
“.х=16 
Substitute x = 16 into (3): 
/. у=50- 2(16) 
= 18 
The value of x and of y are 16 and 18 respectively. 


Given that 


Review Exercise 15 


1. 


(a) (i) The sample space consists of the numbers 
5,6,8,56,58,65,68,85,86,568,586,658,685, 856,865. 
(ii) Total number of possible outcomes = 15 
(b) (i) There are 6 two-digit numbers, i.e. 56, 58, 65,68, 85 
and 86. 


P(number consists of two digits) = — 


WIN Fla 


(ii) There are 5 numbers that are a multiple of 5, i.e. 5, 65, 
85, 685 and 865. 


P(number is a multiple of 5) = 2 


Wl = 
| Сл 


The sample space consists of 1, 2, 3, 4, 5 and 6. 
Total number of possible outcomes = 6 
(i) There are 3 even numbers, i.e. 2,4 and 6. 


P(rolls an even number) = 


(ii) There are 2 composite numbers, i.e. 4 and 6. 


Wl AIN 


P(rolls a composite number) 


(iii) There is only one number divisible by 4, i.e. 4. 


P(rolls a number divisible by 4) = s 


3. Total number of possible outcomes = 26 (iv) There are 4 + 9 = 13 symbols that are either ‘cherry’ or ‘peach’. 


(Ci) There is only ons qúcen òf hearts mthe pack, P(shows either the symbol ‘cherry’ or the symbol ‘peach’) = 5 
P(drawing the queen of hearts) 2 
26 : : ] : 
Е . . . 6. (i) P(sweet is a mint wrapped in red paper) = 
(ii) There is no jack of clubs in the pack. 


P(drawing the jack or clubs) = x 


“| = ЭГ 


-0 (ii) There are 7 + 3 = 10 toffees in the bag. 


10 


(iii) There are 2 cards that are either the six of hearts or the seven P(sweet is a toffee) = 25 


of diamonds. 








P(drawing either the six of hearts or the seven of diamonds) 21 
2 
2 
E 26 (iii) There are 7 + 6 = 13 sweets wrapped in green paper. 
21 P(sweet is wrapped in green рарег)= — 
13 20 
(iv) There are 2 cards that are a nine in the pack, namely, the nine 7. (a) (Gi) Total number of staplers = 7 + 11 
of hearts and the nine of diamonds. =18 
2 There are no green staplers in the bag. 
P(drawing a card that is a nine) = — 0 
26 P(stapler is green) = — 
1 18 
=== 20 
P(drawing a card that is not a nine) (1) Thereare 7 11 2 18 staplers that are either white or orange 
= | — P(drawing a card that is a nine) in the bag. 
-1- 1 P(stapler is either white or orange) = a 
13 
_ 12 =1 
213 (b) (i) Total number of staplers 2 18 + 12 
4. Total number of possible outcomes = 6 = 30 
(i) There is only one sector that has an umbrella as a prize. There are 12 red staplers in the bag. 
P(wins an umbrella) = > P(stapler is red) = 2 
(ii) There are 3 sectors that has a voucher as a prize, namely a $30 4.2 
shopping voucher, a $50 supermarket vourcher and a $40 dining 5 
voucher. (ii) There are 11 orange staplers in the bag. 
: 11 
P(wins a voucher) = 2 P(stapler is orange) — 55 
1 : 11 
E P(stapler is not orange) 2 1 - — 
2 30 
(iii) There are no sectors with a prize of $100 cash. = 19 
) 0 30 
P(wins $100 cash) = 6 8. (i) Angle of the sector denoting travel by car 
=0 = 360° – 90° – 110° – 60° 
5. (i) There are 7 ‘orange’ symbols. = 100° 
7 P(student travels to school by car) 
P(shows the symbol ‘orange’) = — . 
22 . Area of the sector denoting travel by car 
(ii) Number of 'grape' symbols 222-4- 7-9 Area of the circle 
=2 _ Area of the sector denoting travel by car 
: , 2 360° 
P(shows the symbol ‘grape’) = 72 _ 100° 
1 360° 
E == 
(iii) There are no ‘pineapple’ symbol. 18 


P(shows the symbol ‘pineapple’) = = 


=0 
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(ii) 


Angle of the sector denoting travel by train or on foot 


= 110° + 60° 
= 170° 
P(students travels to school by train or on foot) 


Area of the sector denoting travel by train or on foot 





Area of the circle 


Area of the sector denoting travel by train or on foot 





360° 
170° 
360° 
17 
36 





(iii) Angle of sector denoting travel by bicycle = 0° 


9. 0) 


(ii) 


10. (i) 


(ii) 


P(student travels to school by bicycle) 


_ Area of the sector denoting travel by bicycle 
Area of the circle 





Area of the sector denoting travel by bicycle 








360° 
0° 
~ 360° 
=0 
Number of tulips = 100 – 20 – ћ 
=80-h 
T : 80 – ћ 
P(picking a stalk of tulip) = EM 
Given that 80-h 1 , 
100 4 
4(80 – ћ) = 100 
320 – 4ћ = 100 
4h = 220 
h=55 
Number of flowers remaining = 100 – 10 
= 90 
Number of roses = 55 
P(picking a stalk of rose) = 22 
_ 11 
7 18 
Total number of vehicles 2 125 + 3p + 27 + 20 
= Зр + За + 145 
P(vehicle is a motorcycle) = S 
3p+2q+145 
3p 3 


Given that 


, 


3p+2q+145 40 
40(3р) = 3(3р + 24 + 145) 
120р = 9р + 64 + 435 
111р- 64-435 =0 
ЗТр – 2а – 145 =0 
20 
3p * 2q +145 


20 1 
that ——————— 2 — 
Given that оар" 


10(20) = 3p + 2q + 145 
200 = 3p + 2q + 145 
3р-24-55-0 


P(vehicle is a bus) = 
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(iii) 37р-24- 145 =0 — (1) 
3р+24-55 =0 — (2) 


(1) + (2): 
(37р – 24 – 145) + (3р + 29 – 55) =0 +0 
40р – 200 = 0 
40р = 200 
2 р= 5 


Substitute p = 5 into (2): 
3(5) + 24 – 55 =0 


15 + 24 – 55 = 0 
24 = 40 
“. а = 20 


The value of p and of q are 5 and 20 respectively. 


Challenge Yourself 


1. 


Let the number of cards in the smaller pile be x and number of cards 
in the bigger pile be 52 — x. 
Total number of picture cards in a standard pack of 52 playing cards 
=12 
„ #у+ edo singu 
11 15 
60х + 22(52 – х) = 1980 


60х + 1144 — 22х = 1980 


38х = 836 
“x =22 
Number of cards in the bigger pile = 52 — 22 


= 30 
There are 22 cards in the smaller pile and 30 cards in the bigger pile. 
(i) Let the 3 friends Farhan, Vishal and Michael be А, В and C, and 
the letters be 1, 2 and 3. 
i.e. Farhan should receive letter 1, Vishal should receive letter 
2 and Michael should receive letter 3. A & 1, B 32, C 3. 
The sample space consists of (A1, B2, C3), (Al, B3, C2}, 
(A2, B1, C3), (A2, B3, C1), (A3, B1, C2), (A3, B2, C1]. 
Total number of possible outcomes = 6 
There are 3 ways where exactly one of his friends receive the 
correct letter, 
i.e. (A1, B3, C2), (A2, B1, C3) and (A3, B2, C1). 


P(exactly one of his friends receive the correct letter) 


ој со 


(ii) There are no ways where exactly two of his friends receive the 


correct letters. 


P(exactly two of his friends receive the correct letter) = 


alo 


=0 
(iii) There is only one way where all three of his friends receive the 
correct letters, i.e. {Al, B2, C3}. 


P(all three of his friends receive the correct letters) = 


ale 


Chapter 16 Statistical Diagrams 


TEACHING NOTES 


Suggested Approach 


In Secondary One, students would have explored the usage of some statistical diagrams like pictograms, bar graphs, pie charts 
and line graphs. 


In this chapter, students will learn about other statistical diagrams, namely dot diagrams, stem-and-leaf diagrams, scatter 
diagrams and histograms. 


Other than illustrating how each type of diagram is used, teachers may either provide more examples than shown in the textbook, 
or instruct students to develop their own examples. Students are expected to be familiar with the similarities and differences, 
advantages and disadvantages among various statistical diagrams and decide the most suitable statistical diagram to use. 


Section 16.1: 


Section 16.2: 


Section 16.3: 


Section 16.4: 


Section 16.5 


Statistical Diagrams 
Students will recap what are pictograms, bar graphs, pie charts and line graphs here. Teachers may revise examples 
from Book 1 to allow recollection and application of the diagrams. 


Dot Diagrams 

Teachers should go through the worked examples clearly with the students and introduce the dot diagram. 
Students should know how to draw dot diagrams, extract relevant information from the diagram and describe 
the distribution of the data. 


It is important that the values on the number line are spaced evenly and one dot is used to represent one data 
value. 


Stem-and-Leaf Diagrams 

The features of a stem-and-leaf diagram should be explained clearly to students. Teachers can state and explain 
the points listed on the right (see Attention on page 448). Using the worked examples and questions available, 
students should be familiar with the different types of stem-and-leaf diagrams, namely the stem-and-leaf diagram, 
stem-and-leaf diagram with split stems and back-to-back stem-and-leaf diagram. 


Students should also be given opportunities to compare between two stem-and-leaf diagrams, interpret and explain 
the findings according to the context of the data. 


Scatter Diagrams 

Teachers can introduce the concept of scatter diagrams by establishing everyday situations with correlations that 
can be positive or negative, and others that have no correlations at all. Teachers can illustrate how the use of 
scatter diagrams can verify claims as to the type of correlation two variables have, which might not be as evident 
when using other statistical diagrams. 


Histograms for Ungrouped Data 

Teachers may want to introduce histograms by revising the drawing of a dot diagram on Page 465. It is important 
that students realise that histograms and bar graphs, though they look similar, are different representations of 
sets of data. 


Teachers may want to group students, discuss and present the similarities, differences, advantages and 
disadvantages between a dot diagram and a histogram (see Journal Writing on page 466). The same may be done 
for the Class Discussion (see Class Discussion: Evaluation of Statistical Diagrams) 
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Section 16.6 Histograms for Grouped Data 
It is crucial that the differences between ungrouped data and grouped data are stated at the beginning. The use 
of class intervals for grouped data is what differentiates both types of data, as the interval ‘groups’ similar data 
together. Students are also required to make frequency tables in this section. 


Similar to the previous section, students can be grouped together to discuss and present the similarities, differences, 
advantages and disadvantages between a stem-and-leaf diagram and a histogram for grouped data (see Journal 
Writing on page 470). 


To assess and reinforce students’ understanding, teachers can get the entire class to measure the length of their 
right shoe and present the results in the form of a histogram (see Performance Task on page 472). 


The last activity in this section is to expose students to the usage of histograms for grouped data with unequal 
class intervals (see Class Discussion: Histograms for Grouped Data with Unequal Class Intervals). 
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WORKED SOLUTIONS 
Thinking Time (Page 454) 


Yes,the equation ofthe line of best fit can similarly be found by obtaining 
two points on the line to find the gradient and the y-intercept, which was 
covered in Chapter 2. 


Class Discussion (Scatter Diagram with No Correlation) 





1. 
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2. There is no correlation between the height and English marks of 


the pupils, as no clear trend can be observed. 


Thinking Time (Page 459) 


l. Positive. This is true in most cases for students preparing for an 
examination. 

2. Positive. More cars on the road generally will cause more traffic 
accidents. 

3. Zero. A person's IQ will not be affected by everyday activities. 

4. Zero. There is no relationship between the house number and 
weight of an occupant. 

5. Positive. The amount of interest earned depends on the principal 
you have. 

6. Zero. The price of a shirt usually varies by design, and shirts of the 
same design can also have small variations, such as colour. 

7. Negative. The amount of food one can consume depends on its 
accumulated quantity; the smaller the cupcake, the higher the number 
of cupcakes that can be eaten. 

8. Zero. Human beings generally have 10 fingers and height does not 
affect this. 


9. Positive. It is assumed that the sprinter competes in the same league. 


Journal Writing (Page 459) 


Teachers can get students to come up with a list of variables, and assess 
their understanding. A few of these answers can be used for a class 
discussion to further consolidate what was covered in this section. 


Journal Writing (Page 466) 


1. Both the dot diagram and histogram can be used to show the 
frequency of a certain variable. The horizontal axis in both 
diagrams is the same and the values in the axis have to be arranged 
in a certain order. The range, clusters, extreme data or symmetry 


can be identified from the dot diagram and histogram. 


There is only one axis in a dot diagram while there are two axes in 
a histogram. In a dot diagram, dots are used to represent the values 
in the data, while in a histogram, the frequency of a value is collated 
and represented as a rectangle. There are spaces between vertical 
rows of dots in a dot diagram while there are no spaces between the 
rectangles in a histogram. 

2. (a) A dot diagram is more appropriate than a histogram when there 
are extreme values and gaps in between values. Also, a dot 
diagram is more suitable when the number of data and the data 
set is small. 

(b) A histogram is more appropriate than a dot diagram when there 


are no gaps in between values and the data set is large. 


Class Discussion (Evaluation of Statistical Diagrams) 


1. The favourite ice-cream flavours of Nora’s classmates is a form of 
categorical data. Pictograms, bar charts or pie charts are suitable for 
showing categorical data. 

Dot diagrams are more suited for numerical data, where the 
horizontal axis is the number line. 

Therefore, the choice of a dot diagram to present Nora’s survey data 
is not suitable. 

2. Jun Wei’s first statement, that there are three times as many 
households which own 2 smartphones as that which own 
0 smartphones and that which own 1 smartphone, is incorrect. 


The numbers of households who own 0, 1 and 2 smartphones are 
100, 100 and 200 respectively. Hence, the number of households 
who own 2 smartphones is actually twice, and not three times 
that of households which own 0 smartphones and that which own 
1 smartphone. 


His second statement, that the number of households which own 
3 smartphones, is half of that which own 2 smartphones is incorrect 


as well. 


The numbers of households who own 2 and 3 smartphones are 200 
and 125 respectively. Hence, the number of households who own 
3 smartphones is more than half that of households which own 
2 smartphones. 


The most probable reason why Jun Wei was mistaken with his 
statements was that he took the height of the rectangle to be 
proportional to the frequency. However, the vertical axis starts from 


50, and not 0, in this histogram, which contributed to his error. 
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Journal Writing (Page 470) 


(a) Astem-and-leaf diagram is more appropriate than a histogram when 
the range of the data is small. It is better to use a stem-and-leaf 
diagram when we want to know the exact values in the data set. 


(b) A histogram is more appropriate than a stem-and-leaf diagram when 


Class Discussion (Histograms for Grouped Data with 


Unequal Class Intervals) 


Fig. 16.12 gives a more accurate representative of the data. 


The heights of the rectangles are obtained by dividing the frequency by 


the range of the data is large and we are not concerned with the exact 1. 


values in the data set. A histogram also provides a better graphical 


representation of a data set compared to a stem-and-leaf diagram, 


as we can simply identify the data set with the lowest and highest 


frequencies. 


Performance Task (Page 472) 


1. Thelength of the right shoe for most students, correct to the nearest 


cm, should range from 23 cm to 28 cm. 


2. Sample frequency table for a class of 40 students: 





Length of right shoe (cm) 





Frequency 





23 
3 





24 
8 





25 
10 





26 
12 





27 





28 














oo 
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Frequency 


с 
| 
T 
































Length of right shoe (cm) 


№ 23 24 25 26 27 28 


4. The length of the right shoe, correct to the nearest cm, for a class 


of 40 students ranges from 23 cm to 28 cm. The length is clustered 


around 24 cm to 28 cm. 
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the class intervals multiplied by 20. 
























































Frequency density 
Income 
P Frequency Frequency 
($x, in thousands) EC c 
Size of class interval 
0 = х < 60 6 Í 2401 
и 60 =" 
60 = х < 80 7 7 2035 
Е acm 
30 
Е == =15 
80 = х < 100 30 n 
34 
SS 34 Ael 
100 = х < 120 а) 
20 
= ПОШТИ ан 
120 € x « 140 20 x 
140 « x « 200 3 3 2005 
60 
Тађје 16.7 
Frequency density 
А 
20-- 
1.8 + 
16+ 
14+ 
12 + 
10+ 
0.8 T 
0.6 
04 + 
02- 
0 Income 





20 40 60 80 100 120 140 160 180 200 ($x, in thousands) 


3. Area of rectangle for 0 < x < 60 
=0.1 x 60 
= 6 units” 
Area of rectangle for 60 < x < 80 
= 0.35 x 20 
-7 units? 
Area of rectangle for 80 « x « 100 
=1.5х20 
= 30 units” 
Area of rectangle for 100 « x « 120 
=1.7x20 
= 24 units? 
Area of rectangle for 120 < x < 140 
-1х20 
= 20 units” 
Area of rectangle for 140 « x « 200 
= 0.05 х 60 
= 3 units? 
The frequencies in Table 16.7 are the same as the areas of the 
rectangles. 
4. The histogram with unequal class intervals is preferred over the 
histogram with equal class intervals because it has no gaps. 
5. Some examples where unequal class intervals are used in histograms, 
beside income, are mass, height, temperature, age etc, where there 


are extreme values and gaps in between the data. 


Practise Now 1 


(i) Step 1: Identify the range of values, i.e. 3 marks to 20 marks. 
Step 2: Draw a horizontal number line with equal intervals to 
represent the range of values identified in Step 1. 
Step 3: Using the data from the table, plot each datum with a dot 
over its value on the number line. 


| | | | | | | | | | 
012345678 9 10 11 12 13 14 15 16 17 18 19 20 
(ii) Number of students who passed the test 2 5096 x 16 
= 50 x 16 
100 
=8 


From the dot diagram, passing mark = 14 


(iii) The marks obtained by 16 students in a class for a Mathematics test 
ranges from 3 marks to 20 marks. There is an extreme value of 3 
marks. 


Practise Now 2 


(i) The youngest contestant is 11 years old. 
(ii) The total number of contestants who join the karaoke contest is 20. 
(iii) Number of contestants less than or equal to x years 
=! x2 
4 
=5 
Since1 4242-25, 


| пе 
ө ө 
' өө 
| өө 
| e ecce e 
| e е ecce e e 
+444 


10 15 20, 25 30 


-. Value of x z 20 

(iv) The age, in years, of 20 contestants who join a karaoke contest 
ranges from 11 years to 29 years. The age clustered around 20 to 
23 years. The extreme ages of 11 years, 14 years and 29 years deviate 
considerably from the other ages recorded. 


Practise Now 3 





Stem Leaf 
1 2 4 
2 0 3 
3 03 5 7 
4 14 
5 69 


Key: 1 |2 means 12 text messages 


Practise Now 4 


(i) To construct a stem-and-leaf diagram with spilt stems, we separate 
the stems into smaller number of equal-sized units. 
Stem Leaf 
8 
8 
9 
9 
10 
10 


Key: 8|3 means 83 kg 


(ii) The most common mass is 90 kg. 





oO © © © с © 
соо кє с\ © с о 
NACA R 
Bo Oo 
Зоос оо 
= 


8 


(iii) Required percentage = 3 x 10096 


= 25% 
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Practise Now 5 


(i) A back-to-back stem-and-leaf diagram consists of a stem and leaves 
on both sides of the stem. 
Step 1: Construct a stem-and-leaf diagram for Michael. 
Step 2: Using the same stem, construct the stem-and-leaf diagram 
for Khairul on the left side of the stem. 


Leaves for Khairul | Stem | Leaves for Michael 





99663211 4 17 
3 2215 189 
6 155 
988 7 |02 7 
5422| 8 1113334899 
520 9 1189 


Key: 4 | 7 means 47 minutes 

(ii) Michael used his tablet computer for the longest time of 99 minutes 
in a day. 

(iii) Khairul used his tablet computer for the shortest time of 41 minutes 
in a day. 

(iii) Michael. The times for Michael clustered from 80 to 89 minutes 
whereas the times for Khairul clustered from 40 to 49 minutes. 


Practise Now 6 


(i) 







































































































































































































































































(ii) A strong positive correlation is shown. 


(iii) From the graph, 12.8 litres of petrol will be needed for a truck 
with a total mass of 2.62 tons to travel 100 km. 


OXFORD 


UNIVERSITY PRESS 


(iv) Take two points on the line (2.4, 11.8) and (2.5, 12.3). 


. rise 
Gradient = — 


run 
_ 123-118 
^ 25-24 
_ 05 
701 
= 5 


From graph, y-intercept = 9.8 
-. The equation of the best fit line is y = 5x + 9.8. 

(v) No, it would not be reliable as a total mass of 4.8 tons is out of 
the range. 


Practise Now 7 


0) 































































































(ii) A strong negative correlation is shown. 


(iii) From the graph, a pupil aged 14.5 years is expected to complete 
the 100 m race in 12.7 seconds. 
(iv) Take two points on the line (14.5, 12.7) and (15.3, 12). 
Gradient = —— 
run 
_ 127-12 
7 145-153 
07 
ET 
22 
208 
From graph, y-intercept = 16.3 


-. The equation of the best fit line is y 2 — : х+ 16.3. 


(v) No, the above data should not be used as the age 17 years is 
outside the range of the study. 


Practise Now 8 


Practise Now 10 













































































(i) | Number of mistakes | 0 1 3 516 Method 1 (Using the heights of rectangles) 
Frequency 4 12 8 3 | 2 Circumference Class width Frequency | Rectangle’s 
(ii) а (х ст) height 
8-- 40 <х = 70 30 | 3 x standard 33 33+3=11 
TT 70 «x « 80 10 | 1 xstandard 27 2721227 
6 її. 
С 80 <х = 100 20 | 2x standard 30 30+2=15 
8 5- = 
$ 4| 100<x<110 | 10 | 1x standard 6 6+1=6 
sg 
E 
3T 110 «x « 120 10 | 1 xstandard 4 4+1=4 
2 
1 E 
28 
000013 304 5 8 Ex 
Number of mistakes * 
(iii) The most common number of mistakes made is 3. $ 20 
(iv) Fraction of students who made at most 3 mistakes in the test = 16 
_ 4+2+5+8 5 12 
30 = 8 
= 19 4 
30 
0 140 70 80 100 110 120” 


Practise Now 9 



























































Circumference (x cm) 
























































































































































(i) | Waiting time (x minutes) | Tally | Frequency Method 2 (Using frequency densities) 
5<x<10 // 2 Fr cv densi 
10 < 15 my 6 Circumference F Class equency аепзпу 
<x< requenc 
5 (х сш) quency | width . Frequency 
15 = х < 20 TH |] 7 Class width 
20 s x «25 Ш 3 40 « x « 70 33 30 33 230-2 1.1 
25 < х < 30 III 4 
70 « x « 80 27 10 27 = 10=2.7 
30 =х<35 III 4 
80 < х = 100 30 20 30 = 20 = 1.5 
35 = х < 40 Ill 3 
45 = х < 50 1/1 3 110 <х = 120 4 10 4+10=04 
50 =х<55 // 2 А 
Total frequency 36 30+ 
(ii) A B 257 
TT $20 
"S 
6 Bist 
8 5- 5 
= ЕЈ 104 
Boat Р 
T Б 0.5 = 
= 
m 3T 
zd. И 1 70 80 100110120" 
Circumference (x cm) 
1 ыр 
0 5 10 15 20 25 30 35 40 45 50 55 á 
Waiting time (minutes) 
OXFORD 


UNIVERSITY PRESS 








Practise Now 11 























(a) Mid-value = 45 
(b) Marks (x) Mid-value Number of students 
20 <x < 30 25 2 
30 < х = 40 35 3 
40 < х = 50 45 8 
50 < х = 60 55 9 
60 <х = 70 65 11 
70 < х = 80 75 5 
80 «x x 90 85 2 






































Exercise 16A 
1. (i) 





e 
e e 
e e e e e 
e e ө өө ө ө ө 
и и tt и ли 
15 20 25 30 35 40 45 


(ii) The mass of the lightest bag of rice is 15 kg. 

(iii) The most common mass is 36 kg. 

(iv) Number of bags with a mass of less than 30 kg = 9 

2. (i) The most common time taken was 1 minute. 

(ii) Shortest time = 1 minute 
Longest time = 14 minutes 
Difference = 14-1 

= 13 

(iii) Total number of people who completed the questionnaire 
=5+2+2+2+1+2+2+2+2+3+3+2+2+1 
=31 

(iv) Number of people who took 10 minutes or longer 
=3+3+2+2+1 
-11 
Required ratio = 11 : 31 


OXFORD 
UNIVERSITY PRESS 


© Stem Leaf 





2 |5 8 8 

3 |3 5 5 6 
4 10 5 8 8 
5 155 

6 |4 5 5 6 8 
7 |0 5 


Key: 2 | 5 means 2.5 hours 
(ii) Percentage of students who spent less than 3 hours 


= 3 х 100% 
20 


= 15% 
(iii) Fraction of students who had 2 marks deducted 
_ 7 
720 
(a) Strong, negative correlation 
(b) Moderate, positive correlation 
(c) Strong, positive correlation 
(d) No correlation observed 
From the graph, the monthly income of an individual with 18 years 
of experience is estimated to be $7000. 





0) ө ө 
• ө ө 
• ө ө 
e о ө ө ө 
о оо ө ө ө ө 
| | | | | | 
i ae 9 0 л 22 23 


(ii) Percentage of temperatures recorded that are at most 20 °C 


= 12 x 100% 
20 


= 60% 

(iii) The average daily temperature of a city in autumn for 20 days 
ranges from 17 °C to 23 °C. The temperature are symmetrical 
about 20 °C. 

(i) The most common attention span is 5.4 minutes. 

(ii) P(attention span of pre-schooler not more than 5.5 minutes) 

_ 12 
E 
_ 6 

тп 

(iii) The attention span, in minutes, of 22 pre-schoolers, ranges from 
4.0 minutes to 7.0 minutes. The time is clustered around 5.4 
minutes to 5.8 minutes. 

(a) Number of boys who failed the test = 2 


(b) (i) Percentage of girls who scored distinctions = 2 х 10096 
-412 9 
3 
(ii) Percentage of boys who scored disinctions = 2 х 100% 


=162 % 
3 


10. 


п. 


(c) The girls performed better in the test, as they had a higher 
percentage of students who scored distinctions. 





G Stem Leaf 
2 10 2 4 4 4 
2 15 6 6 6 6 6 7 8 9 9 9 
3 |1 1 12 2 3 4 4 
3 15 5 7 7 8 8 
4 10 12 3 3 3 
4 15 5 6 8 


Key: 2| 2 means 22 
(ii) The most common number of chocolates is 26. 


(iii) Required percentage = P x 10096 





= 35% 
@ Stem Leaf 
7 04 4 
7 5 7 8 9 
8 0113333 
8 5 5 5 
9 4 4 
9 8 


Кеу: 7 | 4 means 7.4 minutes 
(ii) The fastest time taken was 7 minutes. The slowest time taken 
was 9.8 minutes. 


(iii) Percentage of sportsmen who took at least 8.5 minutes 





229 х 10096 
20 
= 30% 
(iv) P(sportsman failed the test) = £ 
=. 
10 
(a) ‘Good years: 2007, 2008, 2010, 2011, 2012 
(b) @ 
ө ө ө 
өөө ө ө ө ө 
Шин шин шин шин хир шин шин шин шин шин шин шин шин шин ид шин шин шин шин шин 
20 25 30 3.5 40 
Gi) Stem Leaf 





Key: 2|2 means 22 
(с) (i) An advantage of using the dot diagram is that it is easy to 


display the data. 
(ii) An advantage of using the stem-and-leaf diagram is that 
the shape of the data distribution can be easily observed. 


14. (i) FS H | 


12. (i) School Q had the highest score of 100 marks. 


(ii) School P has the lowest score of 50 marks. 

(iii) Fraction of students in school P who scored 80 or above marks 
18 

29 

Fraction of students in school Q who scored 80 or above marks 
13 

29 

School P performed better in the quiz as it has a larger fraction 


of students who scored 80 marks or above. 


13. (i) Leaves for Class B | Stem | Leaves for Class A 





3119 
2| 4 557 
5 5 10059 
998765 6 036889 
98520 7 1007 
8720 8 15 
4 2001 9 18 


Key: 4| I means 41 marks 
(ii) Percentage of students who scored distinctions in Class A 


2: х 10096 
20 


= 25% 
Percentage of students who scored distinctions in Class B 


= 12 x 100% 
20 


= 60% 
(iii) Class B performed better in the examination as it had a larger 
percentage of students who scored distinctions. 
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(ii) A positive correlation is observed i.e. older women tend to have 
higher blood pressure. 
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(iv) From the graph, Mary's blood pressure would be 137 mm Hg, 16. (i) 
given her age of 58 years. 

(v) No, it would not be reliable as the study was done on women 
only and gender differences are not accounted for. Moreover, 


the age of 86 years is out of range. 


15. (i) 


















































































































































(ii) There is no correlation between the weight of a pupil and his/ 
her IQ score. 

































































17. (i) ө 
ө ө ө 
ө ө ө ө ө ө 
ө ө ө ө ө ө 
——  — 


0 1 2 3 4 5 
(ii) A strong negative correlation exists i.e. the шоге cigarettes Gii) The most common number of goals scored is 3. 
Stoked the Шоо шеше е рецапсу о шешшу, (iii) Percentage of number of matches that have at least 3 goals scored 
(iv) From graph, Johnny's life expectancy is expected to be 68 years. 








9 
(v) Take two points on the line (30, 63) and (40, 55). = 16 х 100% 
rise 
Gradient = —— Lugd 
radien m =56 Fi 96 
- 80-39 (iv) In 2010, number of matches with not more than one goal at full 
10 – 60 dirige s 
= E 100% — 37.5% = 62.5% €» 5 matches 
From graph, y-intercept = 88 100% => 2 x 100% = 8 matches 
a 62.5% 
-. The equation of the best fit line is y 2 — 50 х+88. In 2006, number of matches with not more than one goal at full 
time - 8 


vi) No, it ld not be reliable as the data ided are based on a . 
(VINo; it would not be reliable asthe provice -. In 2010, number of matches with more than one goal at 


smoking lifestyle. Рајн ss 
=8 
18. The heights, in cm, of 14 plants after 8 weeks range from 4.4 cm 
to 8.6 cm. 


The only repeating heights are 7.2 cm and 8.1 cm. Since the range 
is rather wide, with many distinct values and few repeating values, 
a dot diagram is not very useful in this case. 

A stem-and-leaf diagram should be used. 
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Exercise 16B 3. 


1. 





) | Averagenumberofhours(hour) | 1] |2]3]4 5 6 





Frequency 5181614(1211 





























@ 4 
8 














Frequency 


























OT 2325 6° 


Average number of hours (hour) 





(iii) The most common average number of hours is 2 hours. 

(iv) Number of teachers who participated in the survey 4. 
=5+8+6+4+2+1 
=26 


(v) Fraction of teachers who spent an average of 3 hours = — 


) 
16 
14 


12 


Number of days 


N A A oc 





00123456 7 
Number of fire incidents 
(ii) Required ratio = 16 : (2 + 2) 
=16:4 
=4:1 
(iii) No. The most common number of fire incidents is 0, of which 
16 days out of 60 days had 0 fire incidents. 


(i) A 





Frequency 





























0 75 10 15 2025 ^ 
Number of laptops 


(ii) Number of days number of laptops sold are more than or equal 
to 15 
































=2+1 
= 3 days 
(i) | Number of hour (x hours) | Frequency 
0«-х«2 0 
2=х<4 30 
4xx«6 40 
6 =х<8 60 
8 =х<10 20 
Total frequency 150 
(ii) Number of students who spent more than or equal to 4, but less 
than 6 hours 
= 40 
(iii) Total number of Secondary Two students 
= 30 + 40 + 60 + 20 
= 150 
(iv) Percentage of students who spent less than 6 hours 
= um х 100% 
– 46 2 % 
3 
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(а) 7. (а) 








































































































































































































Lower class | Upper class Height of 
Marks Tally УУ Frequency Class interval Class width Frequency 5 
boundary boundary rectangle 
56—60 HH // 55.5 60.5 7 10-14 5 ] x standard 5 5+1=5 
61—65 HH // 60.5 65.5 7 15 – 24 10 | 2x standard 8 8-2-4 
66-70 HH 65.5 70.5 5 25—29 5 ] x standard 6 6-126 
71—75 HH HH 70.5 75.5 10 30 – 34 5 ] x standard 11 1121211 
76 — 80 HH 75.5 80.5 5 35—39 5 ] x standard 13 13421213 
81—85 HH 80.5 85.5 5 40 – 54 15 | 3 x standard 3 3+3=1 
86 – 90 // 85.5 90.5 2 55 – 64 10 | 2 x standard 4 4+2=2 
91-95 Ill 90.5 95.5 3 (b) А 
13 + 
96 – 100 Ill 95.5 100.5 3 j5 
(b) 90.9: 91 — 95 yd: 
66.2: 66 — 70 o 
81.5: 81 - 85 
Sg 
(c) A Ё 
10+ = 8+ 
Ё 
9T = 71 
8+ & 6T 
7 Я 5+ 
m 
Ё 64 4 
S 
7 5+ з 
ы 
„| 21 
31 1+ 
27 0 \ 10 15 25 30 35 40 55 65 
ber 8. (a) 
" LE: 60.5 65.5 70.5 75.5 80.5 85.5 90.5 95.5 100.5 ^- Frequency density 
Marks Class Class 
2 1 ийн Егедиепсу 2 Егедиепсу 
(а) Total number of shops 2 4 * 11 15+24+ 18+9+3 cR ыг в 
= 84 
0«x x20 20 4-20 =0.2 
(b) A 
24 1 20 < х = 30 10 12210212 
227 30 <x = 40 10 14 14+10=14 
20-r 
40 <х = 50 10 11 11+10=1.1 
18 T 
161 50 <х < 70 20 8 8-20-04 
> 
Е 147 70 < х = 100 30 6 6-30-02 
= 
= 124 
ы 
= 
10 T 
8 эр 
6 EA 
4 
2 lI 





























0 "Eoo 95 100 105 110 115 120 125”. 
Cost (x cents) 


OXFORD 
UNIVERSITY PRESS 


9. 


(b) 
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o i № 
| | | 
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Frequency density 
oo o =; 
N O0 o. 

HH 
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(а) 


20 30 40 50 70 


Bum 


100 























Class 
interval 


Class 
width 


Frequency 


Frequency density 
_ Frequency 
Class width 























10 =х< 15 


5=5= 1.0 





15 =х<25 


10 


8 - 10 =0.8 





25 = х < 29 


6-5-12 





30 =х< 35 


35 =х<40 


11 


13 


1125222 


13+5=2.6 





40 =х< 55 


15 


3+ 15 =0.2 








55 =х< 65 





10 








4+10=04 








26+ 
24- 
2.27 
2.0 
1.8 + 
1.6 + 
14> 
12r 
10 


Frequency density 

















0.8 


0.2 + 





0 





10 15 

















25 30 35 40 





55 65 


































































































(0) 
: : Height of 
Class interval Class width Frequency 
rectangle 
0 <х= 20 20 2 х standard 4 4+2=2 
20 <х = 30 10 1 x standard 12 12+1=12 
30 < х = 40 10 1 x standard 14 14+1=14 
40 < х = 50 10 1 х standard 11 11-1211 
50 <х = 70 20 2 x standard 8 8+2=4 
70 <х = 100 30 | 3x standard 6 6-3-2 
А 
14-- 
$12 
Я 10 = 
= 8T 
© 
2 01 
m o4 
^ __ | 
0 20 30 40 50 70 100”. 
10. 0) 
Average amount ($x) Tally | Frequency 
0<x<20 Ш 3 
20 = х < 40 НЕ ИМ 9 
40 = х < 60 НЕ ТИ 8 
60 = х < 80 #H lll 8 
80 = х < 100 HH II 7 
100 =x < 120 1 4 
120 = х < 140 / 1 
Total frequency 40 
(ii) А 
9 
8 
77. mu 
5 6-- 
5 
271 
È 4+ 
3 
2 JE 
1 JE 
0 20 40 60 80 100 120 140 = 
Average amount ($) 
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11. (i 4 
0) Time (x seconds) Frequency B+ 
50 = х < 55 8 12+ 
55 = х < 60 4 1+ 
60 = х < 65 3 10+ 
65 « x « 70 4 9T 
> 8+ 
70 = х <75 3 2 
3 7 
z = 
(1) А È 64 
8 = 
5 " 
7 = 
4 - 
m 6-4 3 
g 44 2T 
Ё al 
3 - 
24 0 100 15 20 25 30 35 40 45 50” 
14 Daily Wage ($) 
0 150 55 60 65 70 75 B Waiting a Е 
Time (second) aiting time (x minutes) requency 
(iii) Required percentage = 3 х 10096 0«x x10 4 
2 10 <х « 20 15 
=114=% 
| 20 « x « 30 12 
(iv) Advancements in nutrition, fitness and training regiments lead 
to fitter and better swimmers over the years, thus resulting in 30 « x « 40 8 
the faster times from 1920 to 2012. 40 < х = 50 5 
12. 
Daily wage ($) Frequency 50«xx 60 6 
10-14 3 60 « x « 70 3 
15-19 7 70 < х = 80 4 
20 – 24 8 80 < х = 90 2 
25-29 13 90 < х = 100 1 
30 – 34 8 
А 
35—39 6 16 4- 
40 — 44 3 Laa 
2y 
45 – 49 2 1041 














Frequency 
oo 
Ї 
































10 20 30 40 50 60 70 80 90 100 
Waiting time (x min) 
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16. (i) А Review Exercise 16 



















































































30+ — 
$ 1. 
8 25- 
ы 
«4 20 
g 154- 
2 
5 10+ 
= 
5 E 
0012343467829 № 
Rotten oranges from Country A 
50 
45 
40 
2 
Я 35 
5 
= 30 
5 25 
Е 
2 20 
zZ 
15 
10 
5 — 
0012345678” 2. 
Rotten oranges from Country B 
(ii) Largest number of rotten oranges found in a crate from 
country A = 9 
Largest number of rotten oranges found in a crate from > 
country B = 8 
(iii) Total number of rotten oranges from country A 
= (4х0) + (9х 1) + (12 х2) + (28 х3) + (22х4) + (15 х5) + 
(5х6) + (2х7) + (2х8) + (1х9) 
=0+9 + 24 + 84 + 88 + 75 + 30 + 14 + 16 + 9 
= 349 
Total number of rotten oranges from country B 
=(51х0) + (30 х 1) + (8 Х 2) + (4 Х 3) + (1Х 4) + (2 Х 5) + 
(2х6) + (1х7) + (1х8) 
=0 + 30 + 16 + 12 + 4 + 10 + 12 + 7 + 16 4 


= 99 
(iv) P(crate contains no fewer than p rotten oranges) — 2 


Number of crates with no fewer than p rotten oranges 


5шсе1-242-5-415-22-28-275, 
“ p=3 
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= 
= 

= 

ө 


6 


_-ө«оөөөөөөоө 
о-ө өөөөөөөө 
о өөө ө 

~ өФөөөө 

vut © © 


ө 
| 
7 


Gi) The common time taken were 1 minute and 2 minutes. 
(iii) Percentage of students who took at most 3 minutes to read 

= 22 x100% 
30 


=731% 
3 


(iv) The time taken, measured to the nearest minute, for 30 students 
to read a passage ranges from 1 minute to 7 minutes. The time 
is clustered around 1 minute to 2 minutes. There is one extreme 
value of 7 minutes. 

(i) Most children eat 4 sweets in a week. 

(ii) The greatest number of sweets the children eat in a week is 6. 


(iii) Fraction of children who do not eat sweets in a week — x 





G) Stem Leaf 
13 0 0 1 2 3 
14 1 1 5 5 5 6 6 7 
15 0 1 2 3 8 
16 5 5 


Key: 13 | 1 means 131 cm 
(ii) The length of the longest metal rod is 165 cm. 
(iii) The most common length is 145 cm. 
(iv) Required ratio = 10:5 
22:1 
0) The most common speed is 82 km/h. 
(ii) Percentage of vehicles that exceeded the speed limit 


= > x 100% 
60 
=5% 
(iii) P(speed exceeds x km/h) = = 


Number of vehicles that exceeded the speed limit = i x 60 


= 18 
Counting from the fastest speed, 1 +4 + 13 = 18, 
“x= 84 





5. 0 Leaves for Class B Stem | Leaves for Class A 

7 2 |8 

98652 з |00 6 
65 2 4 2 

9 9 5 15 
210 6 4688 

3 7 103 4 
0 8 15 
9 16 








Key: 2 | 8 means $28 
(ii) Greatest average amount saved by students in group A = $96 
Greatest average amount saved by students in group B = $80 
(iii) The students from group A save more money in a month. The average amount saved by students in group A cluster around $60 to $70, while 


the average amount saved by students in group B cluster around $30 to $40. 





(c) From graph, 
() Whenx=17,y=9 
.. It is estimated that there will be 9 road accidents in a month with 17 rainy days. 
(ii) When x = 27, y= 14 
-. It is estimated that there will be 14 road accidents in a month with 27 rainy days. 
(d) From the graph, two points are (15, 8) and (17, 9). 


: rise 
Gradient 2 —— 





run 
_ 9-8 
© 17-15 
21 
ас 


: 2 
y-intercept — 5 


; ted 1 2 
-. The equation of the best fit line is y = 3 x+ = 


(e) There is a strong, positive correlation between rain and road accidents. 
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7. There is no correlation between the variables in the scatter diagram. 


8. 


A possible scenario would the height of students and their test marks. 


(i) 


(ii) 


(iii) Total salary to workers who worked 49 hours in that week 


A 
18-Г 
16-Г 





~ 
| 
1 





















































41 42 43 44 45 46 47 48 49 


Number of hours 


50 


10. 


Fraction of workers who worked no more than 45 hours in that 


week = 37 
60 


22x [(42 x $6) + (7 x $9)] 


= (8252 + 563) 
= 2($315) 
= $630 


Total salary to workers who worked 50 hours in that week 


22 x [(42 x $6) + (8 x $9) 


= 2($252 + $72) 
= 2($324) 
= $648 


Total salary paid to workers who worked more than 48 hours 


in that week 
= $630 + $648 
= $1278 





Amount spent ($x) 


Tally 


Frequency 





50 = х < 60 


Ill 


3 





60 = х < 70 


АЁ 111] 


9 





70 = х < 80 


HH HH II 


12 





80 = х < 90 


шиний 


8 





90 = х < 100 


1 


2 





100 = х < 110 





1 








Total frequency 





35 
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(ii) 


Number of families 


А 








Ee = 
Fa со O N 
| | | | | 
Ї 


N 
| 




















о 


150 60 70 80 90 100 110 g 


Amount spent ($) 


(iii) P(family selected is eligible for draw) = £ 


(a) 


(b) Тога! пшпбег о! Лаб =2 + 5 + 6 + 12+7 +4 + 3 


(с) 


(д) 


























Height (x m) Number of flats 
10 <х= 15 2 

15 <х = 20 5 

20 <х= 25 6 

25 <x < 30 12 

30 <х = 35 7 

35 < х = 40 4 

40 <х = 45 3 

































































Нејоће (х т) Mid-value Frequency 
10 <х = 15 12.5 
15 <х = 20 17.5 
20 <х = 25 22:5 
25 <х = 30 255 
30 <х = 35 32.5 
35 <х=40 35.5 
40 <х = 45 42.5 
А 
I24- 
107 
5 
8 87 
= 
= 6+ 
ї- 
= 
4 == 
2 














0 


с 15 20 25 30 35 40 45” 


Height (m) 








11. (а) 


(b) 
















































































Time (x minutes) Tally Frequency 
20 <х = 25 MIT 4 
25 < х = 30 // 2 
30 < х = 35 Hit HH Illl 14 
35 < х = 40 HH II 7 
40 « x « 45 HH HH HH III 18 
45 < х < 50 Ht // 7 
50 <х = 55 HH 5 
55 < х = 60 Ill 3 
А 
18 + 
167 
14+ 
С 12 + 
ЕЭ 
8107 || 
& 8+ 
6 Ha 
4 
2 





0 LET 25 30 35 40 45 50 55 60 
Time (min) 
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Challenge Yourself 


Let the number of students who obtained 3 marks be a, 

the number of students who obtained 4 marks be b, 

the number of students who obtained 9 marks be c. 
О+0+1+а+Ь+х-1+х+х+3+х+5+с+4=36 

а+р+с+4х+ 12 = 36 
а+р+с+4х= 24 — (1) 

Since 25% of the students scored at least 9 marks, 
с + 4=25% х 36 


= D х 36 
100 
=9 
Sce» 
Since P(student obtained more than 4 marks but not more than 9 marks) 
_2 
зэ 
х-1+х+х+3+х+5+5= е х 36 
Ах + 12 = 24 
4х = 12 
xm 


Since the average marks by students who scored more than or equal to 


4 marks but less than or equal to 6 marks is 4.8, 
(2х4) +[3- 0) х 5]х (3х6) 


b+G-D+3 =48 
4b+10 +18 
Uy c 
4b 428 =4.8b +24 
0.86 =4 
apes 


Substitute b =5,c =5 and x = 3 into (1): 
а+5+5+4(3) =24 









































а+ 22 = 24 
ла=2 
А 
щл 
g st 
3 
B 6+ 
Dn 
$ 4- 
5 
а 2- 
E 
e Ug» 2 3 4 3 57 & 9419" 


Marks obtained 
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Chapter 17 Averages of Statistical Data 


TEACHING NOTES 


Suggested Approach 


In primary school, students have learnt that the average of a set of data is the sum of all the data divided by the number of data. 


Teachers can further explain that in statistics, there are other types of ‘averages’. The average that students are familiar with is 


also known as the mean. In this chapter, students are to know and learn the properties of median and mode as well. 


By the end of the chapter, students should know how to calculate mean, median and mode from the various statistical diagrams 


and be aware of the situations where one numerical measure is preferred over another. 


Section 17.1: 


Section 17.2: 


Section 17.3: 


Section 17.4 


Mean 
Teachers can guide students through the worked examples to show how the mean is calculated. Students should 
be reminded to be careful not to miss out any values or use any wrong values in the calculation. 


Teachers should note calculating the mean from a frequency table as well as estimating the mean of a set of 
grouped data are new to students. More practice and guidance may be required for some students here. 


Median 

The definition and purpose of a median should be well-explained to the students. The example on page 501 is a 
good example why the median is preferred over the mean. Students may need to be reminded that the numerical 
average is to give the best representation of any data. 


The main features of finding the median, namely whether the number of data is even or odd and that the data 
must be arranged in order, are important and must be emphasised to students. The activities are meant to test 
and reinforce students’ understanding (see Thinking Time on page 502 and Class Discussion: Creating Sets of 
Data with Given Conditions). 


Mode 

The mode is arguably the easiest numerical average that students will need to learn, as it involves identifying 
the most frequent data without any calculations involved. Teachers ought to be able to quickly go through the 
examples of finding the mode from the various statistical diagrams. 


Students should be reminded that a data has to be the most frequent, meaning it occurred at least two or more 
times, otherwise the set of data may not have a mode (see Exercise 17B, question 4(e)). 


Mean, Median and Mode 
Questions involving all three numerical averages will be covered in this section. Students may need to recall the 
algebraic skills they have picked up at the first half of the textbook. 


In this section, teachers should use the activities that compare the mean, median mode and question students on 
the most suitable numerical average depending on the set of data provided (see Thinking Time on page 510 and 
Class Discussion: Comparison of Mean, Median and Mode). 
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WORKED SOLUTIONS 
Thinking Time (Page 502) 


Rearranging the data in descending order instead, we have, 
30, 21,19,14,12,9,8,5 
-. Median = mean of the data in the 4" and the 5" position 
_ 14+12 
"t 
= 13 


Hence, the median remains the same if the data is arranged in descending 





order instead. 


Class Discussion (Creating Sets of Data with Given 
Conditions) 


Some sets of data are shown as follows. 
() 1,1,1,1,2,4,11 
Difference between minimum and maximum value = 10 
Mean = 3 
Median = 1 
(1) 1,1,1,2,2,3,11 
Difference between minimum and maximum value = 10 
Mean = 3 
Median = 2 
(iii) 1, 1, 1, 1, 5,8, 11 
Difference between minimum and maximum value = 10 
Mean = 4 
Median = 1 
(іу) 1,1,2, 2,2,9, 11 
Difference between minimum and maximum value = 10 
Mean = 4 
Median = 2 
(v) 1,2,3,4,5,9, 11 
Difference between minimum and maximum value = 10 
Mean =5 
Median = 4 
Teachers may wish to note the sets of data are not exhaustive. To come 
up with a set of data, it is recommended that the mean and median are 


decided, before working backwards. 


Thinking Time (Page 507) 


Some sets of data are shown as follows. 
(1) 41,56, 56, 58, 59, 60 

Меап = 55 

Моде = 56 

Median = 57 

(1) 39, 56, 56, 57, 58, 59, 60 
Меап = 55 

Моде = 56 

Median = 57 

(1) 35, 55, 56, 56, 58, 59, 60, 61 
Меап = 55 

Моде = 56 

Median = 57 





OXFORD 


UNIVERSITY PRESS 


(iv) 36,57, 57,59, 60, 61 


Mean = 55 
Mode = 57 
Median = 58 
(у) 27, 58, 58, 59, 60, 61, 62 
Меар = 55 
Моде = 58 
Median - 59 


Teachers may wish to note the sets of data are not exhaustive. To come 
up with a set of data, it is recommended that the mean, mode and median 
are decided, before working backwards. Note that the number of data 


is not specified. 


Thinking Time (Page 510) 

LÁ 

xf 

12 x 1500 + 5 x 5000 + 2 х 10 000 


+4 х 15 000 +1 х 25 000 +1 х 50 000 
25 


Mean monthly salary 





198 000 
25 





= $7920 


The average monthly salary of the employees is $7920 refers to the 
mean monthly salary of the employees. The average monthly salary 
can mean the median monthly salary, which is $5000 or the modal 
monthly salary, which is $1500, as well. 

Hence, Devi's statement does not give a good picture of how much the 
employees earn. 


Number of employees who earn $1500 = 12 


Percentage of employees who earn $1500 = = х 100% 
= 48% = 50% 


Lixin's statement that almost half of the employees earn $1500 
is correct but it does not state the amount the other employees in 
the company earn. 

Number of employees who earn at least $5000 = 13 


Percentage of employees who earn at least $5000 = x x 100% 


= 52% > 50% 
The statement that more than 50% of the employees earn at least $5000 
is correct. It also gives the best picture of how much money the employees 
earn in the company, since the statement allows us to infer the amount 
the rest of the employees earn. 
Khairul’s statement gives the best picture of how much the employees 


in the company earn. 


Class Discussion (Comparison of Mean, Median and Mode) 


15 +17 +13 +18 + 20 + 19 + 15 





1. (i) Mean= 
0) 7 
_ 117 
7 
-162 
7 
Total number of data = 7 
Middle position = I 
= 4" position 


Rearranging the data in ascending order, 
13, 15, 15,17, 18, 19, 20 
z. Median = data in the 4" position 
=17 
Mode = 15 
(ii) The mean and median will change while the mode will 
remain the same. 
117+55 
“7410 


12 
8 


New mean = 


=21— 


Total number of data = 7 
Middle position = D 
= 4.5" position 
Rearranging the data in ascending order, 
13, 15, 15, 17, 18, 19, 20, 55 
.. New median = mean of the data in the 4" position and 
5" position 
_ 17 +18 
EE 
= 17.5 


New тоде = 15 





(iii) The mean is most affected by the addition of a large number. 


It had the biggest difference of 21 Ec 16 2m 4 п ‘ 
2 7 14 


(iv) The mean will be most affected by extreme values. 
The mode will remain unchanged by extreme values. 
Hence, the median is the most appropriate measure to use. 
б+7+8+8+7+9+5+6+6 





2. (i) Mean= 
(i) 5 
= 52 
9 
2 
9 
Total number of data = 9 
Middle position = HI 
= 5" position 


Mean score = 


44 +47 + y +58 +55 


Rearranging the data in ascending order, 
5,6,6,6,7,7,8,8,9 
-. Median - data in the 5" position 
=7 
Mode = 6 
(ii) The mode best represents the sizes of shoes sold because it 
represents the size of the shoes most sold. 
2+3+1+4+5+1+2+2+1+1 








3. (i Mean- 10 
_ 22 
~ 10 
=22 
Total number of data = 10 
Middle position = 10+! 





= 5.5" position 
Rearranging the data in ascending order, 
1,1,1,1,2,2,2,3,4,5 
~. Median = mean of the data in the 5" and the 6" position 
2952 
“2-8 
=> 
Моде = 1 


(ii) Even though the mean is not an integer, it still has a 





physical meaning. 
ie. 22 children per family is equivalent to 22 children in 


10 families. 


4. Themeanis preferred when there are no extreme values in the set of 


data. Comparatively, the median is preferred when there are extreme 
values. 
The mode is preferred when we want to know the most common 


value in a data set. 


Practise Now 1 


Sum of scores 
Number of students 
79 + 58 + 73 + 66 + 50 + 89 + 91 + 58 
8 





564 


8 
=705 


Practise Now 2 


5 -52 

44 + 47 + у + 58 + 55 = 260 
204 + у = 260 

“. у =56 
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Practise Now 3 


1. (i) Since mean = sum of el numbers 
then sum of the 7 numbers = 7 x mean 
=7х11 
EJ 
(1) 3 + 17 +20 +4 + 15 фу фу =77 
59 + у =77 
2у =18 
у =9 
sum of the heights of 20 boys and 14 girls 
34 
then sum of the heights of 20 boys and 14 girls 2 34 x mean 
= 34 х 161 


= 5474 ст 





2. Since mean = 


sum of the heights of 14 girls 
14 
then sum of the heights of 14 girls = 14 x mean 
= 14 х 151 
= 2114 ст 
Sum of the heights of 20 boys = 5474 — 2114 
= 3360 cm 


Mean height of the 20 boys = 2360 


Since mean = 


= 168 cm 


16+0+17+9+х+2+у+7 +2 
9 

16+ 0+ 17 +9 +х+2+у+7 +2 = 99 

Sl+wt+x+y+z=99 


3. =11 





и+х+у+ < =48 


Mean of w, x, y and z = 2 


= 12 


Practise Now 4 


(i) Total number of visitors = 12 + 32 +54+ 68+ 18 + 16 
= 200 
(ii) Total amount of money spent by the visitors 
= 12 х $40 + 32 x $60 + 54 x $80 + 68 x $100 + 18 x $160 





+ 16 x $200 
= $19 600 
(iii) Mean amount of money spent by the visitors = $ soe 
= $98 


Practise Now 5 


Lf 
Ef 


1. Mean number of siblings = 


_4х0+5х1+3х2+2х3+1х4 





15 
_ 21 
153 
=14 
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2. Mean pH value of the solutions 


У јх 
© у] 
14+14+19+23+26+2.7 +27 +27 +2.8 + 3.3 
+3.6 + 3.6 + 3.6 + 3.9 + 4.1 + 4.2 + 4.2 + 4.5 + 4.5 + 4.9 
20 





_ 64.9 
| 20 
= 3.245 
3. Mean time taken by the group of students 
У ух 
"EF 
5х20+3х30+10х40+1х50+1х60 
5+3+10+1+1 





_ 100 
20 
= 35 minutes 


Practise Now 6 


























Age (x years) | Frequency (f) | Mid-value (x) fx 
20 «x x 30 12 25 300 
30 < х = 40 10 35 350 
40 < х = 50 20 45 900 
50 < х = 60 15 55 825 
60 <х = 70 18 65 1170 
Lf=75 У/с- 3545 




















Estimated mean age of the employees = == 


= 47.3 years (to 3 s f.) 


Practise Now 7 


(a) Total number of data = 7 
Middle position= “+! 
= 4" position 
Rearranging the data in ascending order, we have: 
3,9, 11, 15, 16, 18 and 20 
.. Median = data in the 4" position 
=15 
(b) Total number of data = 5 
Middle position = +1 = l 
= 3" position 
Rearranging the data in ascending order, we have: 
11.2, 15.6, 17.3, 18.2 and 30.2 
.. Median = data in the 3" position 
=173 


Practise Now 8 


(a) Total number of data = 6 
Middle position = 52 
= 3.5" position 
Rearranging the data in ascending order, we have: 
12, 15, 15, 20, 25 and 32 
.. Median = mean of the data in the 3" and the 4" position 


15 + 20 
2 
17.5 


(b) Total number of data = 8 





Middle position = ын 
= 4.5" position 
Rearranging the data in ascending order, we have: 
6.7, 6.8, 7.3, 8, 8.8, 8.9, 8.9, 10 
. Median = mean of the data in the 4" and the 5" position 
-8-88 
138 
-84 





Practise Now 9 


1. Total number of data = 15 
15 +1 





Middle position = 


= 8" position 
.. Median = data in the 8" position 
=1 
2. Total number of data = 16 


Middle position = = 





th 


= 8.5" position 
.. Median = mean of the data in the 8" and the 9 
_ 3+3 
~ 
=3 


th n 
position 


Practise Now 10 


Total number of data = 20 
20 +1 





Middle position = 


= 10.5" position 


.. Median distance = mean of the data in the 10" and the 11" position 


_44+47 
2 
= 4.55 Кт 


Practise Now 11 


Total number of data = 28 


Middle position = eno 





14.5" position 


<. Median time = mean of the data in the 14" and the 15" position 
7+7 

2 
7 minutes 





Practise Now 12 


(i) Modal lengths = 60 cm, 110 cm 
(ii) Modal length = 60 cm 


Practise Now 13 


(a) Mode = 0.4 
(b) Modes = 32, 37 
(с) Mode = 1 


(d) Mode = $3000 


Practise Now 14 


2х0+хх1+3х2+4х3+1х4 _ 
2+х+3+4+1 


(а) 1.8 





х+22 

х +10 

х+ 22 = 1.8(х + 10) 
х+ 22 = 1.8х + 18 





= 1.8 


0.8х =4 
х=5 
(b) We write the data as follows: 
0,0,1,..,1,2,2,2,3, 3,3, 3,4 
4 
х 
The greatest value of x occurs The smallest value of x occurs 


when the median is here. when the median is here. 


„2+х =2+4+1 “. 2+Х+2 =4+1 
2+х =7 4+х =5 
х=5 х=1 
-. Greatest value of x 2 5 -. Smallest value of x 2 1 
-. Possible values of x 2 1,2,3,4,5 
(c) Greatest possible value of x 2 3 


Exercise 17A 


1. Mean number of passengers 
Sum of number of passengers 
Number of coaches 


29 + 42 + 45 + 39 + 36 + 41 + 38 + 37 + 43 + 35 + 32 + 40 
12 





_ 457 
12 
= 38.1 (to 3 s.f.) 
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Mean price of books 
_ Sum of prices of books 
Number of books 
19.90 + 24.45 + 34.65 + 26.50 + 44.05 
+ 38.95 + 56.40 + 48.75 + 29.30 + 35.65 





10 
_ 358.6 
> ig 
= $35.86 

1318412453419. 0 

6 
52 + ћ = 60 
ћ=8 


Since mean of masses of 5 boys = 5 


then sum of the mass of 5 boys 2 5 x mean 
25x62 
= 310 Ко 


Since mean of masses of 4 boys = 


4 
then sum of the mass of 4 boys = 4 x mean 
=4х 64 
= 256 kg 
Mass of boy excluded = 310 — 256 


= 54 kg 


(i) Since mean of 8 numbers = sum of the 8 numbers ; 


8 
then sum of the 8 numbers = 8 x mean 
=8х 12 
= 96 
(1) б+8+5+ 10 +28 +А+А+К =96 
57 + ЗК = 96 
ЗК = 39 
К = 13 


sum of the masses of 5 boys 


sum of the masses of 4 boys 


(i) Total number of matches played =6+8+5+6+2+2+1 


= 30 
(ii) Total number of goals scored 
=6х0+8х1+5х2+6х3+2х4+2х5+1х6 
= 60 


(iii) Mean number of goals scored per match = £ 


=2 
Mean number of days of absence 


У ух 


= у 


_23х0+4х1+5х2+2х3+2х4+1х5+2х6+1х9 





23+4+5 +2+2+1+2 +1 
_ 54 
7 40 
= 1.35 days 
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(a) 


(b) 


(c) 


(ii) 


Mean 
Xf 
= Tf 
1x64+2x741x8+4x9+3x104+1x114+1x12 
1+2+1+4+3+1+1 








17 
13 
=9 
Меап 
È fx 
= у 
7.2 + 7.3 + 7.5 + 7.5 + 8.2 + 8.7 + 8.8 + 8.8 + 8.9 


+89+89+9.1+9.3+9.7 +97 + 10.2 + 10.7 + 10.8 
4+7+4+3 





160.2 
18 
= $8.90 
У јх 
Ef 
3х3+5х4+6х5+4х6+2х7 
3+5+6+4+2 


Меап = 





ээ? 
20 
= 4.85 уеагз 


Since mean of 10 numbers = sum of 10 numbers 


э 


10 
then sum of 10 numbers = 10 x mean 
=10x14 
= 140 
Since mean of 3 numbers = sum of 5 numbers s 
then sum of 3 numbers = 3 X mean 
=3x4 
= 12 
Sum of the remaining seven numbers = 140 – 12 
= 128 
15+ 18 +21+5+т + 34 + 14 = 128 
107 + т = 128 
т= 21 


10. Since mean monthly wage of 12 workers = 


12 


then sum of monthly wages = 12 x mean 


= 12 x 1000 
= $12 000 


Since mean monthly wage of 5 inexperienced workers 


_ sum of monthly wages 


, 


5 


then sum of monthly wages = 5 x mean 


=5 x 846 
= $4230 


sum of monthly wages 


, 


Sum of monthly wages of 7 experienced workers = 12 000 — 4230 


Mean monthly wage of 7 experienced workers = 


11. (i) 


(ii) 


12. (a) 


= $7770 
7770 
7 


= $1110 


sum of heights of 3 plants 
шиг END 
then sum of heights of 3 plants 2 3 x mean 

=3 x30 

=90 cm 


Since mean height = 


3 


2+3+5 
= 3 x 90 
10 


- 27cm 


Height of plant B x 90 


sum of heights of 4 plants 
4 

then sum of heights of 4 plants = 4 x mean 

=4х 33 

= 132 ст 


Since mean height = 


Height of plant D 2 132 — 90 
=42 ст 
Mean mark of students for English 
Xf 
ОГ 
0х0+1х1+6х2 + 14 х3+4х4+8х5 


+2x64+4x7+0x84+1x9+0x10 
40 





_ 160 
~ 40 
= 4 marks 
Mean mark of students for Mathematics 
ХА 
Ef 
0х0+4х1+1х2+6х3+5х4 +10 х5 
-31х6-5х7-3х8-1х9-2х10 
40 





_ 200 
40 
= § marks 


(b) (i) 


Passing mark for English = 50% x 10 
= 50 x10 
100 
=5 


Number of students who passed English =8+2+4+1 


=15 
Percentage of students who passed English = E x 100% 
=371% 
2 
(ii) Passing mark for Mathematics = 50% x 10 
= 20 x 100 
100 


=5 


Number of students who did not pass Mathematics 
=4+1+6+5 












































=16 
Percentage of students who did not pass Mathematics 
= 16 х100% 
40 
= 40% 
13. @ Height p 
Frequency (f) | Mid-value (x) fx 
(x cm) 
0<x<10 4 5 20 
10 <х = 20 6 15 90 
20 < х = 30 14 25 350 
30 < х = 40 6 35 210 
40<х=50 10 45 450 
Ef-40 Efc- 1120 
, : 1120 
Estimate for the mean height of the plants = Emi 
=28 cm 
(ii) Number of plants not taller than 40 cm 2 4 - 6 - 14 4 6 
=30 
30 
P(plant not taller than 40 cm) = л 
== 
4 
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1450) Time taken | Frequency | Mid-value 
(t minutes) (Р) (х) fe 
116 <7< 118 1 117 117 
118 <7< 120 6 119 714 
120 = 1 < 122 23 121 2783 
122 = 1 < 124 28 123 3444 
124 = 1 < 126 27 125 3375 
126 = 1< 128 9 127 1143 
128 = 1 < 130 5 129 645 
130 = 1 < 132 1 131 131 
Xf- 100 dfx = 12 352 
Estimate for the mean travelling time of the lorries 
_ 12352 
100 


= 123.52 minutes 


(ii) Number of lorries which took less than 124 minutes 

































































=1+6+ 23 +28 
= 58 
Fraction of lorries which took less than 124 minutes = 26 
шог 
50 
15: ® Speed Frequency | Mid-value 
(x km/h) (Р) (x) tee 
30 « x « 40 16 35 560 
40 <х < 50 25 45 1125 
50 <x < 60 35 55 1925 
60 <х = 70 14 65 910 
70 «x « 80 10 75 750 
Xf-100 Xfx- 5270 
Estimate for the mean speed of the vehicles = 220 
= 52.7 km/h 
(ii) Required ratio = 16 : (14 + 10) 
= 16:24 
22:3 
16. (i) | Mean distance (d million km) Frequency (f) 
210 <d<21.5 7 
21.5 < d< 22.0 0 
220 «d«22.5 1 
22.5 < d < 23.0 1 
23.0 <d<23.5 8 
235 <d< 240 3 
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Gi) Mean distance | Frequency | Mid-value 
(dmilionkm) | — (f) (x) 5 
210 «d«21.5 7 21.25 148.75 
21.5 =4<22.0 0 21.75 0 
22.0 =4<22.5 1 2225 22.25 
22.5 < d < 23.0 1 22.75 22.75 
23.0 < 4 < 23.5 8 23.25 186 
23.5 < d < 24.0 3 23.75 71.25 

Х/-20 dfx = 451 
Estimate for the mean of the mean distances of the moons from 
Jupiter 
==) 
20 


= 22.55 million km 


17. Since mean of x, y and z= Sum of, yandz 1 
then sum of x, y and z 2 3 x mean 
=3х6 
= 18 


: Sum of x, y a and b 
Since mean of x, y, z, a and b = SUI OEXS y 5, байдалд 


5 


5 
then sum of x, y, z, a and b 2 5 x mean 
=5x8 
= 40 
Sum of a and b = 40 – 18 
222 
22 


Mean of a and b= = 
= 11 
18. (i) Mean 
Sum of the lifespans of 30 light bulbs 


30 


167 + 171 + 179 + 167 + 171 + 165 + 175 + 179 
+ 169 +168 + 171 + 177 + 169 + 171 + 177 + 173 
+ 165 + 175 +167 + 174 + 177 + 172 + 164 + 175 
+ 179 + 179 + 174 + 174 + 168 + 171 























30 
i 5163 
30 
= 172.1 hours 
Gi) Lifespan (x hour) Frequency 





164 = х < 167 3 
167 = х < 170 7 
170 = х < 173 6 
173 € x « 176 7 
3 
4 











176 € x «179 
179 x x «182 









































Gii) Lifespan Frequency | Mid-value 

(x hour) (Р (x) Д 
164 = х < 167 3 165.5 496.5 
167 = х < 170 7 168.5 1179.5 
170 = х < 173 6 1715 1029 
173 = х < 176 7 174.5 1221.5 
176 = х < 179 3 177.5 532.5 
179 =х< 182 4 180.5 722 

Х/-30 Х/с-5181 














Estimate for the mean lifespan of the lightbulbs — 25 


= 172.7 hours 
(iv) The two values are different. The value in (iii) is an estimate of 


the actual value (i). 


Exercise 17B 


1. (a) Total number of data = 7 
Middle position = TI 5 l 
= 4" position 
Rearranging the data in ascending order, we have: 
1,3,5,5,5,6,6 
.. Median = data in the 4" position 
=5 
(b) Total number of data = 6 
Middle position = s+ 
= 3.5" position 
Rearranging the data in ascending order, we have: 
25, 28, 29, 30, 33, 37 
.. Median = mean of the data in the 3" and the 4" position 
_ 29+ 30 
2 
= 29.5 
(с) Total number of data = 7 





Middle position = IM 
= 4" position 
Rearranging the data in ascending order, we have: 
1.1, 1.2, 1.6,2.8,3.2,4.1,4.1 
.. Median = data in the 4" position 
=28 





(d) Total number of data = 8 

Middle position = st 

= 4.5" position 

Rearranging the data in ascending order, we have: 

4.7,5.5, 8.4, 12, 13.5, 22.6, 31.3, 39.6 

<. Median = mean of the data in the 4" and the 5" position 
12 +13.5 
ха 
12.75 
2. (a) Total number of data = 20 
2041 

2 

10.5" position 


Middle position 





. Median = mean of the data in the 10" and the 11" position 





- 39 + 40 
2 
= 39.5 
(b) Total number of data = 21 
Middle position = ze 





= 11" position 
-. Median - data in the 11" position 
= 70 
(c) Total number of data = 17 
17 +1 





Middle position = 


= 9" position 
-. Median - data in the 11" position 
254 
(d) Total number of data = 42 


Middle position — = l 





= 21.5" position 
~. Median = mean of the data in the 21" and the 22" position 


_ 40 + 45 
| 2 
= 42.5 
3. (a) Mode =3 
(b) Modes = 7.7, 9.3 
4. (a) Mode - Red 
(b) Modes = 78, 79 
(c) Mode = 60 
(d) Mode = 30 
(e) Each value of x occurs only once. Hence, there is no mode. 
5. (i) Modal temperature = 27 °C 
(ii) Modal temperatures = 22 °C, 27 °C 
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7. 


(а) ө 
о ө 
• ө ө 
о о о ө 
о о о оо 
e о о o o 
—— M 


0 1 2 3 4 


2х0+5х1+6х2+4х3+3х4 


Ь) (1) Меап = 
Mean 2+5+6+4+3 





ша 

20 

=205 
(ii) Total number of data = 20 
Middle position = ae 


= 10.5" position 
-. Median = mean of the data in the 10" and the 11" position 
UN 
ШЕ; 
=2 





(iii) Mode = 2 
(a) The lengths of the pendulums measured by group A range from 
49 cm to 85 cm. 
The lengths of the pendulums measured by group B range from 
53 cm to 83 cm. The length is clustered around 65 cm to 67 cm. 
(b) I disagree with the statement. The modal length for group A is 
53 cm, and is shorter than the modal lengths for group B, which 
are 66 cm and 73 cm. 
Let the eighth number be x. 
Total number of data = 8 
Middle position = set 
= 4.5" position 
Rearranging the numbers in ascending order, 
we can have x, 1,2,3,4,9,12, 130r 1,2, 3, 4,9, 12, I8, x orx is 
between any 2 numbers. 
The median is the mean of the 4" position and 5" position. 


344 449 


Since = 3.5 + 4.5 апа 








= 6.5 #4.5, x must be in the 
4" position or 5" position. 


x+4 =45 





If x is in the 4" position, 
х+4 =9 
x =5 (rejected, since x « 4) 


4+х 





If x is in the 5" position, =4.5 
4+х =9 
х=5 


The eighth number is 5. 


9. (a) 


(b) 


10. (a) 


(b) 


11. (a) 
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(i) Mean distance 


23 + 24 + 26 + 29 + 30 + 31 + 32 + 32 
+ 32 + 34 + 34 + 35 + 38 + 42 + 42 
RO EDAM 
484 
15 

= 32.3 km (to 3 s.f.) 
(ii) Total number of data = 15 

Middle position = эн 

= 8" position 
.. Median distance = data in the 8" position 
=32km 

(iii) Modal distance = 32 km 


There are 3 prime numbers, i.e. 23, 29 and 31. 


P(distance covered is a prime number) = = 


м = 


(i) Mean allowance 


4x 3045 314+9x 3247x3344 х 34 +1 х 35 
4+5+9+7+4+1 








965 

30 

$32.17 (to the nearest cent) 
(ii) Total number of data = 30 


30 +1 
2 


Middle position = 





= 15.5" position 
-. Median allowance 

= mean of the data in the 15" and the 16" position 

_ 32 + 32 

T 

= $32 
(iii) Modal allowance = $32 
Fraction of students who receive an allowance of at most $32 








a week 
_4+5+9 
~ 80 
. 18 
~ 30 
_3 
"5 
G) х+2+у+6+ 14 =40 
х+у+22 =40 
“x+y = 18 (shown) 
(ii) Mean = 64 
хх2+2х4+ухб+6х8 + 14х10 —64 
40 


2х + 8+бу+48+140 =256 
2х + бу+ 196 =256 
2х + бу =60 

“. х + 3у 230 (shown) 


(iii) x+y =18 — (1) 
x+3y =30 — (2) 
(2) – (1): 
(x + 3у) – (х+ у) = 30 – 18 
х+3у-х-у = 12 





2у = 12 
у =6 
Substitute y = 6 into (1): 
x+6=18 
x=12 
“x=12,y=6 
(b) (i) Total number of data = 40 
Middle position = ~ ! 


= 20.5" position (v) 
. Median= mean of the data in the 20" and the 21" position 
_ 6+8 
— 2 14. (i) 
= 
(ii) Mode = 10 
We write the data as follows: 


0, ...,0,1,1,2,3, ..., 3 
V ee 





(ii) 
12. (a) 


x 


Since the median is 2, 


'.5+2 =х 
х=17 
(b) 0,..,0,1,1,2,3,..,3 
e у 
х 


(iii) Total number of data = 9 


Middle position = +! 
= 5" position 
Rearranging Jun Wei’s scores in ascending order, 
2,2,2,3,3,4,5,7,17 
<. Jun Wei's median score = data in the 5" position 
=3 
Rearranging Raj's scores in ascending order, 
2,3,3,4,4,6,6,6,8 
г. Ва| 8 median score - data іп the 5" position 
=4 


(iv) Jun Wei's modal score = 2 


Raj's modal score = 6 

The mode gives the best comparison. The mode shows the most 
common score of each player, thus demonstrates the ability of 
each player the best. 

The number of students who did less than or equal to 5 pull-ups, 
or more than or equal to 10 pull-ups are grouped together. 
Total number of data = 21 


21-41 
2 
11" position 





Middle position 


-. Median number by secondary 2A = data in the 11" position 
=7 

-. Median number by secondary 2B - data in the 11" position 
207 


(iii) Modal number by secondary 2A = 6 


Modal number by secondary 2B = 8 


(iv) The mode gives a better comparison. The mode shows the most 


The smallest value The greatest value 


of x occurs when the of x occurs when the 


15. (i) 

median is here. median is here. 
'.5=1+1+х 225415:14Хх 

5=2+х б=1+х 

хэ 23 х=5 
-. Smallest value of x 23 .. Greatest value of x 2 5 
-. Possible values of x 2 3, 4,5 (ii) 

13. (i) Jun Wei’s mean score = = 
=5 


з 4 
Raj's mean score = "0 


= 4.67 (to 3 s.f.) 
Jun Wei scored better on most of the holes. The mean scores 


(ii) 


do not indicate this. 


common number of pull-ups by students in both classes, thus 
giving a better comparison. 

The number of SMS messages sent by students in June ranges 
from 65 to 95 messages. Most students sent between 75 to 80 
messages in June. 

The number of SMS messages sent by students in July ranges 
from 60 to 95 messages. Most students sent between 80 to 85 
messages in July. 

If a datum of 25 is added into June, the mean will be affected 
more than the median. 

Most of the values range from 65 to 95, thus a value of 25 is an 
extreme value. 


Extreme values affect the mean more than the median. 
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16. (а) 5+13+15+х+1+у+2 =50 


x+y+36 =50 
х+у = 14 — (1) 
Меап =2.18 


5х0-13х1-15х2 
+хх3+1х4+ух5 +2х6 
50 
3х + 5у + 59 
з 
Зх + 5y + 59 = 109 
Зх + 5у = 50 — (2) 
5х (1): 5х+5у=70 — (3) 
(3) – (2): 
(5х + 5у) – (3х + 5у) = 70 – 50 
5x + 5y — 3x — 5y = 20 
2x =20 
x=10 
Substitute x = 10 into (1): 
10+у=14 
у=4 
.х=10,у=4 
(b) (i) Total number of data = 50 
50 +1 
“22 


-2.18 


-2.18 


Middle position = 


= 25.5" position 
-. Median- mean of the data in the 25" and the 26" position 

















_ 2+2 
2 
=> 
(ii) Mode = 2 
(c) Number of years with at most p major hurricanes = 36% x 50 
= 50. х50 
=18 
Since 5 + 13 = 18, 
"о р=1 
17. (а) Mean 2 22 
4х0+6х1+3х2+хх3+3х4+2х 5 -22 
4+6+3+х+3+2 
6+6 + 3х +12 +10 
oie om 
Зх + 34 =2.2(х + 18) 
3x + 34 = 2.2x + 39.6 
0.8x = 5.6 
же 
(b) Total number of data=4+6+3+7+342 
=25 
25 +1 


Middle position = 





= 13" position 
The median is the data in the 13" position. 
The greatest possible value of x occurs when 
4+6+ (3—1) =х+3+2 
12 =х+5 
nw m 
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(c) Since modal number = 3, 
-. Smallest possible value of x = 7 
18. (i) Total number of students 
=х+1+х-2+х+2+х+х-2+х-4+х-3 
=7x-8 
(х+ 10) х0 + (х- 2) х1+(х+ 2) х2+хх3 
+(х- 2) х4 +(х- 4) х5 + (х - 3) х6 








Меар = 
7x -8 
_ х-2+2х+4+3х+4х-8+5х- 20 + 6х- 18 
7 7x-8 
_ 21x - 44 
© 7х-8 
Моде =2 
ч 21x — 44 —2 
7x-8 


21х-44 =2(7х- 8) 
21x -44 2 14x - 16 
7х =28 
х 4 





Gi) Number of books 0111213141516 


Митђег ог зе пдеп | 5121614121011 
































Total number of дага = 7(4) – 8 
= 20 

20 +1 
2 





Middle position = 


= 10.5" position 
.. Median = mean of the data in the 10" and the 11" position 
_ 2+2 
E 
=2 





Review Exercise 17 


8-11-14-134-14-9-15 


1. (а) Меап- 
(а) Меап 7 


= 12 
Total number of data = 7 
Middle position = ЇЕ 

= 4" position 
Rearrange the numbers in ascending order, 
8,9, 11, 13, 14, 14, 15 
.. Median = data in the 4" position 
=13 

Mode = 14 


_ 88 + 93 + 85 + 98 + 102 + 98 


(b) Mean 6 
_ 564 
Нил 
= 94 
Total number of data = 6 


Middle position = гн 
= 3.5" position 
Rearranging the numbers in ascending order, 
85, 88, 93, 98, 98, 102 
.. Median = mean of data in the 3" position and 4" position 
_ 93 + 98 
лр 
= 95.5 
Mode = 98 





2. Since mean of 16 numbers = SUD Ot the -b numbers of the 16 numbers 


16 
then sum of the 16 numbers = 16 x mean 
= 16х7 
= 112 
Since mean of 6 numbers = Sum of the © numbers ; 
then sum of the 6 numbers = 6 x mean 
=6x2 
=12 
Sum of the other set of 10 numbers = 112 — 12 
= 100 
100 


Mean of the other set of 10 numbers, x = *30 


= 10 
3. Since mode - 29 and a « b, 
a or b 2 29,as 29 will be the value that occurs most frequently. 
Total number of data = 10 
Middle position = шэн 
= 5.5 position 

Consider a = 29. 
Rearranging the numbers in ascending order, 
22, 24, 24, 25, 28, 20, 29,29, 34. b 
<. Median = mean of the data in the 5" position and 6" position 

_ 28+29 

"3 

= 28.5 #27 
Hence, b = 29. 
Rearranging the numbers in ascending order, 
a, 22, 24, 24, 25, 28, 29, 29, 29, 34 





27 


By observation, a = 26, since median = 2328 = 


“a= 26,b=29 


(а) (i) h+ 800 +200 + k = 2000 
h + k + 1000 = 2000 
h+k = 1000 
Gi) h+k =1000 — (1) 
9h =k — (2) 
Substitute (2) into (1): 
h + 9h = 1000 
10h = 1000 
ћ = 100 
Substitute h = 1000 into (2): 
9(100) = k 
k = 900 
«<. h = 100, К = 900 





(b) (i) 

























































































Number of donors 


































































































Blood type 


(ii) Mode = O 
(i) Mean annual increment 
XA 
= ху 
2х3+1х4+6х5 +1х6+2х7+7х8+1х15 
20 





_ 131 
~ 20 
= 6.55% 
(ii) Total number of data = 20 


20 +1 
2 





Middle position = 


= 10.5" position 
-. Median annual increment 
= mean of the data in the 10" and 11" position 
2647 
2 
= 6.5% 





(iii) Modal annual increment = 8% 


(a) (i) Mean current 


52 + 68 + 69 + 69 + 70 + 70 + 70 + 71+ 72 
+72 + 72 + 72 + 73 + 74 + 74 + 76 + 76 + 77 


Е 77 + 77 + 84 + 84 + 85 + 90 + 93 
25 




















1867 
25 
= 74.68 А 
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(ii) Total number of data = 25 8. (a) Mean number of songs 





Middle position = гэл У јх 

2 = ху 
: : fas _ 5x10+12x15+4x20+mx25+5 x 30 
-. Median - data in the 13" position 5+12+4+т+5 


=73 А 


= 13" position 











_ 25m + 460 
(iii) Mode = 72 A ^ m-«26 
(b) The current flowing through 25 electrical conductors ranges 25т + 460 _ 3335 
from 52 A to 93 A. The current is clustered around 68 A to m 4 26 ' 
77 A. There is an extreme value of 52 A. 25т + 460 = 20.25(т + 26) 
7. (a) 11) 21+х+у= 18 + 17 = 100 25т + 460 = 20.25т + 526.5 
х+у+ 56 = 100 4.75m = 66.5 
x+y = 44 (shown) т = 14 
(ii) Mean of the distribution (b) We write the data as follows: 
- 28 10, ..., 10, 15, ..., 15, 20, ..., 20, 25, ..., 25, 30, ..., 30 
zf MM TT TM M LY 
21x I4 xx2* yx 3418x417 x5 3 d 5 т 5 
100 
_ 21+2Х + Зу+72 + 85 
100 Since median - 20, 
_ 2x+3y +178 the smallest possible value of m occurs when the median is here. 
109 5+12 =(4-1)+m+5 
ич ЗУ ЖИЫ зээ 17 =т +8 


2х + Зу + 178 = 290 = 


2x + 3y = 112 (shown) 
(Ш х+у=44 — (1) 


(c) Since mode = 15, 


-. greatest possible value of m= 11 





















































2x+3y=112 — (2) э. @) Height (x cm) Frequency 
3 x (1): 3x + 3y = 132 — (3) 110 =х< 120 3 
6) - (2): 120 = x < 130 11 
(Зх + Зу) — (Ох + Зу) = 132 – 112 
че еб ушы 130 =х< 140 13 
x» 140 = х < 150 3 
Substitute x — 20 into (1): (b) (i) A 
20 + у =44 sul 
у=24 = 12+ 
x= 20, y = 24 Bod. 
(b) (i) Total number of data = 100 É elt 
Middle position = 100+! = «| 
2 5 
= 50.5" position Е 4T 
-. Median Z 27 
= mean of the data in the 50" position and 51" position 0 А 120 130 140 150 ® 
_ 3+3 Height (cm) 
CU oe 
=3 
(1) Моде = 3 
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10. (а) (1) Mean score of team Cheetah = 























Gi) Height Frequency | Mid-value 
(xem) 0) 2 А 
110 = х < 120 3 115 345 
120 = х < 130 11 125 1375 
130 = х < 140 13 135 1755 
140 = х < 150 3 145 435 
Х/-30 Х/с- 3910 

















Estimate for the mean height of the structures = 20 


=130} cm 
3 


(iii) Percentage of structures shorter than 140 cm 


23311413 оро 
30 


27 100% 
30 


= 90% 
65 + 95 + 32 + 96 + 88 


5 
- 376 
5 
= 75.2 
Mean score of team Jaguar = 2090 T T YLTNT 
_ 379 
5 
= 75.8 
Mean score of team Puma = Хал 
son 
5 
=69 


I would join team Jaguar as the team has the highest mean 
score. 
(ii) Total number of data = 5 
Middle position = шаал 
= 3™ position 
Rearranging the scores of team Cheetah, 
32, 65, 88, 95, 96 
Median score of team Cheetah = data in the 3" position 
= 88 
Rearranging the scores of team Jaguar, 
50, 65, 87, 87, 90 


Median score of team Jaguar = data in the 3" position 


= 87 

Rearranging the scores of team Puma, 

44, 46, 80, 85, 90 

Median score of team Puma = data in the 3" position 
= 80 


I would join team Cheetah as the team has the highest 


median score. 


Ca» 


(b) I would report the median score as the median score of 87 is 


higher than the mean score of 75.8. 


Challenge Yourself 


1. Letthe 4 numbers be a, b, c and d, where a € b « c « d. 


1 sum of the 4 numbers 
Since mean - ий, 


4 
then sum of the 4 numbers = 4 x mean 
=4х(х+у+5) 
= 4х + Ду + 20 
“atb+c+d=4x+4y+20 — (1) 
Total number of data = 4 
Middle position = = 
= 2.5" position 
Arranging the numbers in ascending order, 
a,b,c,d 
Median = mean of the data in the 2" position and 3" position 
_ Б+с 
702 





p OPE ayyy O) 





Since mode = x, 


x occurs twice. x cannot occur 3 times because median 


= шхжх-у. 
7 y 


Since the 4 numbers are whole numbers, 





S asbzx 
Substitute b = x into (2): 


ХС 





=х+у 


X+c=2x+2y 

c=x+2y 
Substitute a = b = x and c = x + 2y into (1): 
х+х+х+2у+4 =4х+4у+ 20 

а + Зх + Зу = 4х + Ду + 20 


а =хХ + 2у + 20 
“. Тће пштђелз аге х, х, х + Зу, х + у + 20 
gets. -üj 
2 2 


1 1 
c+ —e+f =8- —b-d —(2 
2° f 2 (2) 


(1) * (2): 


222 + (cese = (3-3 + (#-у5-а) 


а+ ee eee 1ь-а- ын 
2 2 2 2 


a+b+c+d+e+f=21 


a+b+c+d+e+f 


Mean ofa, b, c,d, e and f = є 


21 


3.5 
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Given: There are 3 (and only 3) boys with a height of 183 cm and 
one (and only one) boy with a height of 187 cm. 


$їпсе теап = от of the heights of the 9 boys 


9 
then sum of the heights of the 9 boys 2 9 x mean 
=9х 183 
= 1647 ст 


Since 3 boys have a height of 183 cm, and the tallest boy has a height 

of 187 cm, 

Sum of the heights of the remaining boys = 1647 — (3 x 183) – 187 
= 1647 – 549 – 187 
= 911 ст 

Total number of data = 9 

Middle position 2Н 

- 5" position 

Median = 183 cm and this data is in the 5" position. 

Since mode = 183 cm, it occurs 3 times. And the other heights can 

occur at most 2 times. 

We let the heights of 4 boys be 186 cm, 186 cm, 185 cm and 

182 cm. 

Least possible height of the shortest boy 

= 911 - 186 – 186 – 185 – 182 

= 172 ст 

Сћеск: 

Rearranging the heights of the 9 boys in ascending order: 

172, 182, 183, 183, 183, 185, 186, 186, 187 

172 + 182 + 183 + 183 + 183 + 185 + 186 + 186 + 187 





Меап = 
9 
_ 1647 
9. 
= 183 ст 
Median = data in the 5" position 
= 183 cm 
Mode = 183 cm 
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Revision Exercise D1 3. 


1. 


(а) Е = (21,22, 23,24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34} 
А = 24,28, 32) 
B = {21, 22, 23, 24, 25, 26, 27, 28} 
A’ U В’ = {21, 22, 23, 25, 26, 27, 29, 30, 31, 32, 33, 34} 
(b) £ 





(c) & 





The sample space consists of the integers 10, 11, 12, ..., 99. 
Total number of possible outcomes = 99 — 9 


= 90 
(i) There are 45 even numbers, i.e. 10, 12, 14, ...,98. 
P(number is an even number) = 5 
ud 
2 
(ii) There are 3 numbers less than 18, i.e. 11, 13 and 17. 
P(number is a prime number less than 18) = a 
4. 
_ 1 
30 


(iii) There are 9 multiples of 10, i.e. 10, 20, 30, 40, 50, 60, 70, 80 
and 90. 


P(number is a multiple of 10) 51 
1 
10 


(iv) There are 8 numbers divisible by both 3 and 4, i.e. 12, 24, 36, 
48, 60, 72, 84,96. 


P(number is divisible by both 3 and 4) 


Total number of possible outcomes = 52 – 13 
= 39 

(i) There is no ten of hearts in the remaining pack of cards. 

P(drawing the ten of hearts) = 
=0 

(1) There аге 13 red cards in the remaining pack of cards, i.e. 13 
diamonds. 

13 

39 

1 


3 
(iii) There are 6 cards that are either a king or an ace. 
P(drawing either a king or an асе) = S 
=2 
13 
(iv) There are 3 cards that are a two, i.e. the two of diamonds, 


P(drawing a red card) 


the two of clubs and the two of spades. 
P(drawing a card which is a two) = 3s 
ed. 
13 

P(drawing a card which is not a two) 


= | — P(drawing a card which is a two) 





24. A 
22013 
_ 12 
13 
0) ө 
ө 
ө ө 
ө ө 
ө ө ө ө 
ө ө ө ө ө ө 
ө ө ө ө ө ө ө ө ө 
ө ө ө ө ө ө ө ө ө ө 
| | | | | | | | | 
0 1 2 3 4 5 6 T 8 9 10 
(ii) The most common number of times is 5 times. 
(iii) Percentage of students who did not fall ill last year 
- l х100% 
35 
2254, 
7 
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(c) From graph, 
(i) Whenx=1.5,y=71.5 
-. It is estimated that a student who spends 1.5 hours playing 


video games daily will score 71.5 marks. 

(ii) When x = 7.5, y=3 
.. It is estimated that a student who spends 7.5 hours playing 
video games daily will score 3 marks. 


(d) Gradient = Z 
run 

_ 715-3 

15-75 


=-114 (to3 sf.) 
y-intercept = 89 
-. The equation of the best fit line is y 2 -11.4x 4 89 
(e) A strong, negative correlation exists between playing video 
games and test scores. 
(i) Total number of Secondary Two students 
=40+30+50+35+15+5 
= 175 
(ii) Required ratio = 30 : 50 
=3:5 
(iii) P(student consumes at least 3 servings of rice) 
_ 35 +15 +5 
m ~ 
55 
175 
_ l1 


35 
(i Mean 


Үд 

Ef 

бх 10 + 10 х 11+ 20х12 + 22 х13 
+14 х 14+6х 15 +2 х16 

6+ 10 + 20 + 22 + 14 +6 +2 

_ 1014 

| 80 

= 12.675 
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(ii) Total number of data = 80 


Middle position = 2 : 





= 40.5" position 
<. Median = mean ofthe data in the 40" position and 41" position 















































_ 13+13 
2 
=13 
(iii) Mode = 13 
8. 0) Lifespan Frequency | Mid-value " 
(x days) (7) (x) 
0<х=10 6 5 30 
10 «x « 20 T 15 165 
20 < х = 30 22 25 550 
30 < х = 40 29 35 E 
40 <х = 50 32 45 1440 
У/= 100 ХИ = 3200 
Estimate for the mean lifespan of the bees = M 
= 32 days 


(ii) Fraction of bees whose lifespans are at least 40 days = 22. 


_ 8 
795 
Fraction of bees whose lifespans are at most 40 days 
8 
7 25 
17 
25 


Revision Exercise D2 


1. 


8-13,4,5,6,7,8,9) 
А= {4,8} 
В= {3,6,9} 


0) 5 
А В 








(ii) n(A 1 B) 0 
(iii) A U B = {3, 4, 6, 8, 9} 
Total number of possible outcomes = 28 
(i) Number of boys who have visited the park = 28 — 16-6 
=6 
6 


28 
_ 3 
UE 
(ii) Number of students who have not visisted the park 
-28-2-6 
= 20 


P(student is a boy who has visited the park) 


P(student has not visited the park) = x 


ES 
7 


Total number of boys and girls after the sports fair 
=48+2+х+2х 

=50+3х 

Total number of boys after the sports fair = 48 + x 


P(boy selected at random) = 2 
48-х _ 2 
50 + 3х 5 


5(48 +х) = 2(50 + 3х) 
240 + 5х = 100 + 6х 
х = 140 
Number of girls who joined the team = 2 x 140 
= 280 
G Stem Leaf 
10 
10 
11 
11 
12 
12 
13 
13 
14 |0 





88999 


NN NH Nw 
шо ANAA 
со ~ ~ 
oo ~ ~ 
© ~ ~ 

+= оо 





Key : 10|3 means 10.3 seconds 


(ii) Number of students who took less than 11.5 seconds 
2241247 
= 21 
Percentage of students who scored an A for the run 

















0) 







































































Number of people 


































































































Number of times 
(ii) Total number of people = 14 - 30 - 15 € 124 9 
= 80 


P(withdrew at least p times last week) = 40 


Number of people who withdrew at least p times last week 
= 33 у 80 
40 
= 66 
5тсе 30 + 15 + 12 + 9 = 66, 
“ p=2 
Since mean of a,b,c and d= gum ope, Doc and d 
then sum of a, b, c and d 2 4 x mean 
=4х8 
= 32 
sum ofa, b,c, d, e and f 


Since mean of a, b, c,d, e and f = 6 


then sum of a, b, c, d, e and f 2 6 x mean 


=6х7.6 
= 45.6 
Sum of e and f = 45.6 – 32 
= 13.6 
13.6 


Mean of e and f = EN 


= 6.8 
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(а) 3+4+х+7+у+5+4 =36 
х+у+ 23 =36 
х+у= 13 — (1) 
Меап = => 
бы 3х3+4х4+хх5 + 7х6б+ух 7+5х8+4х9 
36 
6= 5х + 7у + 143 
36 
5х + 7у-+ 143 = 216 
5х +7у =73 — (2) 
Егош (1), у= 13-х — (3) 
Substitute (3) into (2): 
5х + 713 –х) = 73 
5x +91 -7x =73 
2х = 18 
х=9 
Substitute x — 9 into (3): 
у= 13-9 
=4 
“x=9,y=4 
(b) (i) Total number of data = 36 
Middle position = 38-03 
= 18.5" position 
-. Median 
= mean of the data in the 18" position and 19" position 
_ 6+6 
EE 
=6 
(ii) Mode = 5 
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1. Kate's mean time = 


Problems in Real-World Contexts 


2 minutes 21 seconds + 1 minute 50 seconds + 
2 minutes 31 seconds 


3 
. 6 minutes 42 seconds 


B 3 
= 2 minutes 14 seconds 





1 minute 58 seconds + 2 minutes 11 seconds + 


А . 2 minutes 20 seconds 
Lixin’s mean time = 





3 
_ 6 minutes 29 seconds 
7 3 
- 2 minutes 10 seconds (to the nearest second) 


1 minute 59 seconds + 2 minutes 1 second + 





: . 2 minutes 
Nora’s mean time = 5 
6 minutes 
3 
= 2 minutes 


Based on the mean timings, Nora is the fastest swimmer. Moreover, 
her timings are consistent because they differ from her mean timing 
of 2 : 00 by at most one second. Hence, Nora should be selected to 
participate in the swimming competition. 

The median is not used as the three students had only 3 attempts 
and the number of data is too low to consider the median as a basis 
for selection. 

Similarly, the mode is not used as the number of data is too low and 
no times were repeated. 


For weaker students, more scaffolding questions can be given, for 
example: 
(i) For the 1" attempt, who is the fastest swimmer? Explain how 
you got your answer. (Fastest swimmer — shortest time) 
(й) What criteria would you use to select the participant for the 
swimming competition? 
(a) Fastest overall, i.e. Kate has the shortest time overall 
(4 : 50) 
(b) Fastest based on mean timing, i.e. Nora has the shortest 
mean time (2 : 00) 


Teachers may wish to ask students who should be selected to 
participate in the swimming competition if the fastest timing of each 
student is considered and the potential drawback for the choice. 
The following conclusions may be made: 
(a) Nora's timing is the most consistent among the three students. 
(b) Nora's timing may not improve much. 
(c) Kate's timing may improve with training as her best time is 
much better than Nora's. 
() Atthe side of the pyramid with the entrance, 
number of rhombus-shaped glass panels 2 603 — 3 x 153 
= 603 — 459 
= 144 
number of triangular glass panels 2 70 — 3 x 18 
= 16 


3. 


(ii) Volume of the pyramid = > x base area x height 


wl= ој 


x 35 x 35 x 20.6 


2 
= 84115 m’ 


(iii) Using Pythagoras’ Theorem, 


з5ү 
2 
Slant height, / = + 20.6 


= 27.03 m (to 4 s.f.) 
Total area of glass panels on each side of the pyramid without 


the entrance 


x 35 x 27.03 


N| = 


= 473 m’ (to 3 s.f.) 


Teachers may expand the question and ask students to consider how 
the rhombus-shaped glass panels and triangular panels are arranged 
at each side of the pyramid without the entrance. 

Students should note 

(i) there is 1 rhombus at row 1 

(ii) there are 2 rhombuses at row 2 and so on 

(iii) there are n rhombuses at row n, so rown 


represents the bottommost row where the base is. 


By varying the number of rhombuses/rows, using number patterns, 
teachers can ask students to find the number of rhombuses/rows/ 
triangular panels required (e.g. when number of rhombuses = 153, 
number of rows = 17 and number of triangular panels = 18) 
(a) In 2010, 

percentage of reported cases where victims were cheated 


= 175 x 100% 
346 


= 50.6% (to 3 sf.) 
In 2011, 
percentage of reported cases where victims were cheated 


183 100% 
298 


61.496 (to 3 sf.) 
In 2012, 
percentage of reported cases where victims were cheated 


- 181 , 100% 
327 


= 55.4% (to 3 s.f.) 
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(b) In 2010, 
mean amount of money cheated = a 
= $22 000 (to the nearest 
thousand) 
In 2011, 
mean amount of money cheated = ow 
= $35 000 (to the nearest 
thousand) 
In 2012, 
mean amount of money cheated = a 
= $41 000 (to the nearest 
thousand) 


Teachers may wish to note that for each of the given years, 
the mean amount of money cheated per case is an estimate 
because the total amount of money cheated per case is correct to 
2 significant figures. Thus unless we want each of the answers 
to be corrected to 1 significant figure (which we prefer not to 
because we would like to obtain $35 000 for the mean amount 
of money cheated per case for the year 2011, we have to write 
it as an estimate to the nearest thousand, knowing it may not 
be accurate to the nearest thousand. Notice also that the 
question requires students to leave their answers ‘to the nearest 
thousand’, not ‘correct to the nearest thousand’ . 

(c) Yes, the lucky draw scams should be a concern for the police. 
The total amount of money cheated has been increasing and the 
mean amount of money cheated has been increasing for the past 


3 years. 


Beside the total amount of money cheated and the 

mean amount of money cheated, teachers may prompt 

students to look at the other data given and computed 

(i) Number of reported cases 

(ii) Number of cases where victims were successfully cheated 

(iti) Percentage of cases where victims were successfully cheated 
and decide if these should also be a cause for concern for 


the police. 


4. The average walking speed of a human is approximately 5 km/h. 


In 5 minutes, Vishal will walk a x5z З, km 


12 
= 0.417 Км (© 3 $..) 
= 417 т 
Distance of route which Vishal takes to walk from Clementi MRT 
Station to his block « 650 m 
Since 417 m « 650 m, Vishal's claim is not true. 


Teachers may instruct students to obtain an estimate of the distance 
of the route Vishal walks and the average walking speed of a human 


by searching relevant sources, e.g. maps, the Internet etc. 
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Teachers may want to ask the students to do the following. 

(i) Get students to find out their average walking speed. This can 
be done at the school running track. 

(ii) Using their walking speed, each student can compute the time 
taken to cover the distance in the given route. 

(iii) If none of the students’ timing is close to 5 minutes, then we can 
refute Vishal’s claim. 


Teachers can change the scenario to one situated near their school. 

Then, the students can verify the claim by walking along the route 

and recording their timings. They can then compute the timings of 

the class statistically and make relevant conclusions. 

(i) Ethan’s method is obviously wrong. Since the cross section of 
the lower half of the glass is smaller than the cross section of 
its upper half, the volume of the wine will be less than half the 
volume of the glass. 

(ii) Teachers may conduct a poll to find out students’ guesses. It 
is likely that most students will think that either Jun Wei’s or 
Michael’s method is correct. 

(iii) Let the height and the radius of the glass be H and R respectively. 
Let the height and the radius of the cocktail be h and r 
respectively. 


Volume of glass = j МУН 


Volume of cocktail — 5 meh 





Using similar triangles, 

















i = h 
R H 
p n H 
ag cas cO 
Volume of cocktail — 1 
Volume of glass А _ 
12 
ЕА ћ _ 1 
Ioa. 
3 ВН 
rh 1 
= — — (2 
RH 2 e 
Substitute (1) into (2): 
Wh 1 
HH 2 
hol 
H? 2 
зул 
н) 2 
h _ 31 
н 12 
С! 
= T 
ihe : 


-=H 
10 
— 0.794H (to 3 sf.) 
*. Rui Feng's method of filling the glass to four-fifths of its 
depth is the closest to getting half a glass of cocktail. 


6. 


As mentioned in (ii), it is likely that most students will think that 


either Jun Wei's or Michael's method is correct. After students have 


found the answer for (iii), teachers may wish to guide them to see 


that they have underestimated the volume of the upper part of the 


glass, i.e. Ё of the volume of its upper part ~ 5 of the volume of 


its lower part. 


(a) If the speed just before the brakes are applied doubles, the 


braking distance does not always double. 

From the table, when the speed of the car just before the brakes 
are applied increased from 20 km/h to 40 km/h, the braking 
distance increases from 2 m to 8 m. 

When the speed of the car just before the brakes are applied 
increased from 50 km/h to 100 km/h, the braking distance 


increases from 12 m to 45 m. 


(b) (i) From the linear trendline, 


(c) 


(d) 


Braking distance of car « 16 m 
Using the equation of the linear trendline, 
Braking distance of car = 0.3694 x 45 
= 16.6 m (to 3 s.f.) 
From the quadratic trendline, 
Braking distance of car « 10 m 
Using the equation of the quadratic trendline, 
Braking distance of car = 0.0042 x 45° + 0.0385 x 45 
= 8.505 + 1.7325 
- 102 m (to 3 sf.) 
(ii) From the linear trendline, 
Braking distance of car ~ 2 m 
Using the equation of the linear trendline, 
Braking distance of car = 0.3694 x 5 
= 1.85 m (to 3 sf.) 
From the quadratic trendline, 
Braking distance of car « 0.5 m 
Using the equation of the quadratic trendline, 
Braking distance of car ~ 0.0042 x 5° + 0.0385 x 5 
= 0.105 + 0.1925 
- 0.298 m (to 3 s.f.) 
The quadratic trendline provides a better model of the braking 
distance of the car as the quadratic curve is a better fit to the 
points than the linear trendline. 
Moreover, from (b), we observe that it is unlikely that the 
braking distance and the speed of the car just before the brakes 
are applied are in direct proportion because if the speed of 
the car just before the brakes are applied doubles, the braking 


distance does not always double. 



































Speed (km/h) 0 10 20 30 40 50 
Braking distance (m) | 0 1 2 5 8 12 
Distance travelled (m) | 0 | 556 | 11.1 | 16.7 | 22.2 | 27.8 
Speed (km/h) 60 70 80 90 | 100 





Braking distance (m) | 17 | 24 | 31 38 | 45 
Distance travelled (m) | 33.3 | 38.9 | 44.4 | 50 | 55.6 


























(a) 


(b) 


Regardless of the speed the car it is travelling, the braking 
distance of the car is always less than the distance travelled in 
2 seconds. Hence, the car will always be able to come to a stop 


in time if the driver follows the two-second rule. 


Teachers may also wish to note that the braking time is not used 
to determine whether the car is able to come to a stop in time, as 
the speed of the car is not constant after the brakes are applied. 


As the braking distance of the car is much less than its distance 
travelled in 2 seconds, it is tempting to think that the two-second 
rule can be shortened. However, it is not possible for the driver 
to apply the brakes immediately when he sees that the vehicle 
in front has started to slow down or stop, i.e. we need to take 


into account his reaction time before he applies the brakes. 


Teachers should note that the reaction time of the driver is not 

considered in this question. The reaction time is determined by 

the alertness of the driver, and will affect and determine if he 
can keep a safe distance from the vehicle in front. 

Some examples of assumptions that need to be made are as 

follows: 

e The width of the river may not be the same for this stretch 
of the river (the bridge is longer than the line BC in the 
figure in (b)). 

• The far bank at this part of the river should preferably 
have an object to act as a point of reference since it is too 
troublesome, or sometimes not feasible, to travel across 
the river by boat or by another bridge at other parts of the 
river, to the far bank to erect a pole as a point of reference. 
Otherwise, a person has no choice but to travel across the 
river to the far bank to erect a pole as a point of reference. 

The figure shows a drawing of the river. B represents a tree 

near the edge of the river on the far bank (see the photo in the 

problem). 

The points C, A and F represent vertical poles on the railing on 

the near bank near the edge of the river. CAE is parallel to the 

river. If there is no railing on the near bank, poles can be erected 

at C, A and E. C is directly opposite B. 

We walk inland from E perpendicular to the railing CAE until we 

see that the pole at A coincides with the tree at B. This will be 

the position of the point D where a vertical pole will be erected, 


i.e. DAB is a straight line. 
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Measure the lengths of CA, AE and DE, 
Suppose CA = 10 m, AE = 2 m and DE = 11.2 m. 
Since AABC is similar to AADE, 


then RE = АС 


DE AE 
: ВС 10 
je. —— - — 
112 2 


» ВС = 10 «112 
2 


= 56 т 
-. Width of this stretch of Singapore River = 56 т 
(c) The mathematical solution may not be the same as the solution 
for the real-world problem because there is a need to take into 
account the first assumption made in (a), and the distance of 
the tree at B and the railing CAE from the edge of the river. 

The latter is not stated as one of the assumption in (a) because 

we have to take this into account, i.e. we cannot say that these 

distances are negligible. 
(d) Some examples of alternative methods of solution which may 
not be feasible are as follows: 

* Using congruent triangles instead of the similar triangles 
as shown in (b) because there may not be enough space on 
the near bank such that DE = BC. 

e Using similar triangles as shown in the following figure 
because a person has to travel across the river to the far 
bank to measure AB (the need for two points of reference 
on the far bank, instead of one point of reference as stated 
in one of the assumptions in (a), is less an issue since if a 
person has to travel across to the far bank, he can easily 


erect two poles to use as points of reference.) 
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NOTES 


